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BBEAEHHE

B Mmaremaruueckoit ¢usuke co Bpemern Hpwrona un Jleitbuuua
NPDMMEHATCS BeWecTBEHHNe vxcaa. Ecnu Berpevaercd Kaxas-
aubo npaxkTUYeckas 3axava, OOWYHO IJi1 €€ pemeHMs BHIIMCH-
BAWTCA COOTBETCTBYOUWME YDABHEHUA, pa3yMeeTcs Hal MHoJeM
BemecTBeHHNx 4yucea R. Bompoc, moueMy HYXHO MCHOTH30BATH
MMEHHO BeWeCTBEHHHE 4YHCIa, Jake He 3amxaerca. Illodemy Tak
npoucxoaur? Heno B ToM, uTO dM3MUecKMe NPOUECCH TPOUCXORAT
B NPOCTPDAHCTBE M BO BPEMEHH, a, KaK XOpouo M3BECTHO, TNPO-
CTPAHCTBEHHO-BPDEMEHHNE KOODAMHATH 3aJal0TCAd BEWECTBEHHHMH
yucnamMu. B kxauecTBe $M3HYECKOTO0 HNPOCTPAHCTBA €lie CO BPEMEH
Epxnuma paccmMarpuBaeTrcsi BeWECTBEHHOE TpPEeXMEPDHOE €BKJIMIOBO
npoctpanctso R°. Kax usBecTHO, BaxHOe NONMOJHEHME K STON
ToOuke 3peHMa Owino cpenano PumanoM M IAHWTEHHOM BBEJEHMEM
PMMaHOBO/ TreoMeTpMH, HO B CYHMECTBEHHOM MATEeMAaTHMYECKOM
MOZENBHY AJIS NMPOCTPAHCTBA X0 HACTOAWETO Bpemenu ocraercs R,
a s mpocTpancTBa-BpeMenu R*.

3TH TNPENCTABNEHMS CTAJM HACTONBKO NDPUBHYHEMM, YTO R
YaCT0 BOCINDMHMMAETCS Kak peailpHOoe ¢M3MYeCcKoe HPOCTPAHCTBO.
Mu xoteau OH MOAYEPKHYTHL, YTO eBKAUSOBO NPOCMPAHCMBO R® -
amo He 6osmee wYeN MameMamudecKas Modeab 08 PpeansbHO20
¢usudeckozo npocmpaHcmpa. [ns toro uyrobm ybemurnca, UTO
eBKIMIOBO mHpOCTpPaHCTBO R° gBitercs xopoweit Moxesbw OIA
¢u3snveckoro NpPOCTPAHCTBA, CJjeayeT NPOBEPHTL Ha  ONHTE
COOTBETCTBYOUME TIeOMEeTPUYECKME AKCUOMM 3JIEMEHTAPHOK MKOJIb-—
HO#t reomerpuu. J[Jna 3Toro HeobxomuMo u3MEPATH C OYEHSH
BHCOKOM TOYHOCTH® IJIMHN OTpe3KoB, yram u T.A. Ogmaxo B
KBAHTOBOH TEOpMM C YUYETOM TDABMTALMM MMEETCA CJeXyoupit
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pe3ynsrar. Ecim Az - mnorpemHocTr B M3MEPEHMM [UIMHH, TO,

OKa3NBaeTCA, MMEeTCsl] HepaBeHCTBO

Az 2l =V "3, (1)

rae h - mocroauuas llmaHka, ¢ - CKOpoCTh cBera M § - IpaBU-
TAUMOEHAA MNOCTOSHHASA. Benuuumua lpl OYeHb Majla, MNOopsAIKa
107 cM, oHa HOCHT Ha3BaHMe ITAHKOBCKON miuEN. Mm me Oymem
3xecy of6cyxzars BHBOL ¢YHIAMEHTaJILHOTO HepaBeHcTBa (1),
X0TOpOoe uMeer moaAryw uctopuw. logvyepxsuem, uwro B cuny (1)
HEBO3IMOXHO U3MepeHUe paccmossHUU MeHbLmUX NAAHKOBCKUX.
06paruMcs Teneps K AaKCHUOMAM EBKJIMIOBON TreoMetrpuu. B
CHUCKE aKCHOM MMeSTCA Tak Ha3WBaeMas AaKcuoMa Apxumena,
xoTopas BHnepeHe OwjIa BHIe/eHA M MPOAHANU3UPOBAHA BepoHese u
T'unp6eprom. OHa 3akgwuaercs B caegywuweM. PaccMoTpuMm npamyno
auHMI ¥ BHOGepeM Ha Hell aBa oTpe3ka a U b C HAYAIOM B OXHOM
ToYKe. AKCUOMA ApxXuMenma TIJACUT, YTO, NPUKIALHNBAS MEHbLWMI
0TPE30K ¢ BHOJL HNPAMOW NOCTATOYHO O6ONBWOE YMUCIO pPa3, MH B
KOHUE XOHUOB Npes3oiaem Gonpumi ortpesok b. Ilo cywmecrsy sta
AKCMOMA, ONMCHBAET TNpouexypy usMepenns. Mu cpaBmuupaem nxBa
macuraba ¢ u b. Huorpa axcuoMy ApxuMena HA3WBAKT AaKCHMOMOIM
uamepumocT®. Dua o03HAyaeT, YTO MM JOKHHN MMETHL BO3MOXHOCTH
U3MEPUTH CKOJIb YrogHo Maiase paccrosaus. 0OmgHaxo, kax MH
3HaeM, B Cuily HepaBeHcTBa (1) B peanbHOM M3MYECKOM HPOCT-
pancrTBe 93T0 HeBO3MOXHO. Takum of6pa3oM, MH [PUXOIUM K
BHBOY, 4YT0 reomerpus oOHYHOro eBKJIMAOBa u, Oosee o6uo,
PMMAHOBA MPOCTPAHCTBA HEAZEKBATHO ONMUCHBAET CBOMCTBA Deasb-
HOro QU3UYECKOro NMPOCTPAHCTBA HA OYEHb MAJNX PACCTOAHUIX.
HMeeTCSI COOTBETCTBME MEXIYy TIeoOMeTpMYEeCKMM M aHaJUTU-
YECKMM ONUCAHMEM INpM HOMOmM YHCIOBHX XOOPDAMHAT: YCJIOBHO

roBoOp4,
reoMeTpUs «—> YMCJI0Bas CUCTEMA.

Kax xopowo u3BecTHO, 0ONYHAA €BKIMIOBA TEOMETPUS ONU-
CHBAaEeTCH IpU TOMOMM BeWECTBEHHMX uucen. Ecam Mu  orxa-
3HBAEMCS OT MCIOJb30BAHUS €BKJIMAOBON IeoMETPUM IJIS ONMUCAHUSI
MaJIMX pacCCTOSHU B (QUIUYECKOM IPOCTPAHCTBE, 3TO O3HAYAET,
4YT0 BMECTO BeWECTBEHHHX YHCENA MH [JO/DKHN MCHOJbL30BaTh
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Kaxyw-To Apyryo uMciaoByo cuctemy. Kakxyw umenno? Yro moruo
6u OMTHL UCXOZHON TOYKO# HOBOro noaxona?

06paruM BHMMAHME HA TO, 4YTO B IOBCEXHEBHON XU3HM U B
HAYYHHX 3KCIEPUMEHTAX MH HMKOrjga He uMeeM Jeaa ¢ Oec-
KOHEYHHMH MECATHYHNMU ApobaAMM, T.e. C MPPAUMOHAILHHMU Beme-—
CTBEHHNMU uuciaaMmu. PesynbrTary /MOGHX NPAKTUHYECKUX AEMCTBUIl
MH MOXEM BHPAXATE TOJBKO B pPaUUOHANBHNX uuciaax. KoHeuHno,
uMeeTcs obuenpuHATas YBEPEHHOCTB B TOM, 4YTO €CIAM MH Oyaem
NPpOBOAUTE U3MepeHus co Bce Gosbwedl TOYHOCTHLW, TO B IPUHUUIE
MH MOXEM MOJYYUTH CKOJb YFOZHO MHOTO 3HAKOB NOCJE 3aNITOH M
MHTEPHPETHPOBATE PEe3yAbTAT Kak BemecrBeHHoe uucao. Oxmaxo
3TO MOeanu3auus M, KaK SBCTBYET M3 MNpeanaywero obcykaenus,
MH HOJDKHH OHTHL OCTOPOXHHM C TAKWUMH YyTBepKIeHMAMu. Umak,
npuMeM B KadecmBe HamelU omnpaBHoU MOYKU nome payuoHA/NbHHX
qucen @O. TeoMeTpHueckoMy NOHATHI® PACCTOAIHUA COOTBETCTBYET

aHAJNMTHYECKOe moHATHe HopuMe Ha O, T.e. ¢dymxuuum |[z| co

CBOHCTBAMH
1) |z| = 0, npuvyen |2| = 0 & z = O,
2) |yl = |=|lyl,

3) lz+yl = |zf+]y|
ot mo0HX pauMOHANBHEX 4ucen Z, y. Kaxkue HOpPMH CywecCTBYOT
na Q7 Hmeercs 3ameuartenbHas Tteopema 0CTPOBCKOro, ONUCH-
Baowas BCce HOpMH. UOraswsaercs, smobas HopMa Ha 0O sKBU-
BasmedmHa saubo obw4yHoMy abcosomHoOMy 3HA4YeRUb, Aubo p-adu-
dYeckoll HopMe &/ HeKomopoz2o npocmoezo dHucaa p, Tae p-agu-—
yeckad HODMA |x|p onpenensercs caenyouuM obpasom. Ilycts p -
npocroe wuucnao. JpeacTasuM pauMoHaJbHOE YMCIAO0 I B BUIE
T = pv %, rge m u B - UejgHe, KOTOPHe He JejsaTci Ha p, Takoe

npencraBjJeHUEe O0JHO3HAYHO. Torna
14
EIRERY ' (2)

HecMoTps Ha HeKOTOpYoO, HA NEepBHH B3rJAd, HCKYCCTBEHHOCTD
3TOr0 ONpeRe/IeHUs, MOAYEePKHeM, 4TO B Ccuiy teopemn 0cCTpos-
ckoro apyrux HopM Ha Q mer. HeTpyaHo mnposepurs Hanmuyue
crojicte 1) - 3) ana |x|p. PaxTUYECKH BMECTO HEPABEHCTBA



Tpeyronsauka 3) umeer MecTo Gojee CUABHOE HEPABEHCTBO

37) |zey|, = max(|z|,,ly],)-

HopMa, XoTopas YHOBIETBOPIET HEPABEHCTBY 3’'), HA3NBAETCH
HeapxuMedopol. llononHenue TmOJAS PAUMOHAIBHHX uucen O mo
0OMYHOM HOpPMe INPUBOAMT K IOJ0 BeWeCcTBEeHHHX uucea R.
AHATOrHYHO , HONOMHEHWE IO DPAUMOHAJIBHNX uucesn 0 nmo p-amu-
yeckoit Hopme |z|p NPUBOIUT K IMOJ0 pP-aAMUYCCKUX 4HUCel @P ans
moGoro mpocroro p.

Jlo6oe BewecTBeHHOE 4YUCJI0 MOKeT OHTH 3anuMCaHO B BUIE

gecaTUYHOR apobu, T.e. paga

w n
u 1
10 }:b Y (3)
L (10

AHATOTMYHG , M06OE pP-~aTMuYecKoe UUCI0 MOKET OHTL 3IANUCAHO B

BUOE DAL
r=7p Zanp, (4)

rae a - uemwe, 0 = a = p-1. Ecm a = 0, To mpeactasnenue
(4) oxnosmaumo. 3amerum, uto B oTauue oT (3), rae uMeem
PAR TO CTeneHaM Mmasioro mapamerpa 1/10, B (4) uMeeM psag mo
CTemeHsAM npocToro uucaa p. Pax (4), oueBMAHO, cxoauTca Mo
p-agMveCcKoil HopMe.

Bupaxenue (4) MOXHO CYMTATH 34 OIpeLeeHME P-agudec-
KOro uucia. ApudMeTuueckue OeHCTBMS CIAOKEHMS, YMHOKEHMS ¥
T.X. ¢ p-agudeckuMM unciamu Buga (4) NpoU3BOXATCA Kak CO
ctenenuuMu psagamu. Joboe pauMoHanpHOE, B YACTHOCTH, OTDH-
UATEeNbHOe YHCJI0, MOXEeT OHTh NpPEeACTaBieHo0 B Buge paga (4).
Hanpumep,

-1 = (p-1) + (p-1)p + (p-1)p° + ...

Beepmennne K.Tenzenem B xonue JXIX Bexa p-aagunueckue
UHCIA COCTABJIANT HEOTHEMIEMYO 4acTh TeopuM uucern, anreb-
pPaMyeckoit reoMeTpuM M JAPYTrMX pDa3fesioB COBPDEMEHHOU MaTe-
MATHKM.
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T'eoMeTpua HeapxuMeZ0OBa NPOCTPAHCTBA YAMBUTEJILHO HEINO-
XO0Xa Ha E€BKJIMIOBY I'€OMETPMI0 - 3TO BHTEKAE€T M3 CBOMCTBA HOp-~
MH 3). B uacTHoCcTH, BCe TPEYroOJbHUKM 3I0€Ch pannb6enpeunne.
Iea pa3HHMX wWapa B HEADXUMEXOBOH reOMeTDMM HE MOryT 4YaCTHYHO
NepeceKarshCs, BO3MOXHO JMWE, 4YTO0 JM60 OOMH M3 HMX COREDP-
XUTC BHYTPH Apyroro, Jjubo oHM He uMewT obumx TtodYex. 3TO
HAIIOMMHAET NOBeJeHUE [BYX Kanejab pryTu. llose p-agudeckux
YuCen Qp ¥MEET ECTECTBEHHYI MEepapXu4ecKy® CTDYKTYDY: Kakami
OMCK COCTOMUT M3 KOHEYHOIO 4YMCJIa HeNepeceKaovuyuXci [AUCKOB
MEHBWEro paguyca; none @p rOMeOoMOpPPHO KAHTODOBCKOMY MHOXE-
CTBY Ha BEWECTBEHHOM OCH.

Urax, Mm npuxoauM K CcJHexyomei# kxapTude. B ocuoBe
¢yHITAMEHTAJLHOK (U3UYECKOod TeopUM [HOJDKHH JIEeXaTs  pauu-—
OHAJILHHE YUCJIa, HA OYEHb MAJHNX pPAaCCTOSHAAX BaXHYO pOJb
OOJDKHN MI'paTh p-agudeckue 4YUCaa, a Ha OOoJbuMX' - BEMECT-—
BeHHHE. JTO0 HNpUBOIMT X HeobOxoZuMocTu mepepaboOTKM OCHOB
MaTreMaTU4Yeckoil U TeopeTHYeckoit ¢u3MKM, HaYMHAR C Kjaac-
CHYECKOH MeXaHMKH U KOHYAsg Teopuell CTPYH, C MHCHIOJb30BAHMEM
TEOPUM YHCeJ, p-adIudecKoro aHaiu3a, aarebpandeckoirt reo-
MeTpuu. 3T0 OrpoMHMi 1o o06meMy MarepHas, M B HACTOSWEH
KHMI'e MH HE CMOXEM OXBATMTh BCe ero acmexkti. llens 3To0it
KHMT¥M - JaTh BBEJEHME B TE€ pa3aeis p-aAudeckoro AaHAIL3a,
KOTOpHE oKa3anuck Haubosnee OMU3KMMM K NPUWIOKCHMSIM M ONMMCATH
HEeXO0TOopHEe u3 Pa3aenoB p-aguvYeCcKoil MATeMaTUYECKON ¢u3uxu.

Heapxumegora reoMerpusd W pP-agUdYECKUMil aHAIU3 NpPUME-
HAOTCS B QM3UKEe HE TOJBKO 1 ONUCAHKS TEOMEeTDPMHM Ha MAaJHX
PACCTOSIHMAX, HO M B DAMKaxX TPaIMUUOHHON Teopervdyeckoit ¢usu-—
KU AJIS ONMCAHUS CJIOKHHNX CHCTEM THUIa CIOMHOBHX CTEKOJI WIM
¢paxranor. Mu HaxomumMcs TOJBKO B Havajge p-aluyeckoil mare-
MaTuuyeckoit ¢usuxku. M HameeMcs, UTO p-aZudecKHe UHMCJIA
HaWgyT npuMeHenus B Takux objgacrax, xax Teopus rypby-
JIEHTHOCTM, OMOJOTHS, AMHAMHUYECKHE CHUCTEMH, KOMIBOTEDH,
npobaeMn nepexauyu undpopMauuyu, KPUITOrpadus ¥ OPYrUxX €cTecT-
BEeHHNX HAYKaX, B KOTODHX Yy3y4YalwTCSI CHCTEMH C XA0TUYECKUM
bpaxranruuM mMoBemeHUEM M MEDAPXUYECKOHN CTPYKTYpPOi.

Knura sHauuMHaeTcs € M3INOXKEHMS p-agMdEcKoro ananusa. B
OCHOBHOM DaCCMATDUBAETCA KBa TUNA aHAJNU3A: OAUH - B KOTODOM
usydawrcs oyukuun tuna f: Qp - Qp, M ApYrot - B KOTOpOM
U3yYalTCa KOMILUIEKCHO3HaudNe JyHxuuu f: Qp - C. Bxparue Mu
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xacaeMcs Takke CBOMCTB ¢yuxuuit Buaa f: R - Qp.

Auanu3 ¢yHkumst u3 ﬂp B ﬂp CTPOMTCH BO MHOIOM aHa-
JIOTMYHO OONYHOMY BemMECTBEHHOMY aHanu3y. Hanpumep, sKcHo-
HEeHTa ompexeasercs QopMyaoit

m)(

]
i1
2 |8

.

rae r € Qp H DEI CXORUTCA TO P-AIMYECKOH HODME AMA ,x]p <1
npu p = 2. Hpoussoauwe onpenenswrcs oONYHHM 06pa3oM, TOJIBKO
C MCHOab30BaHMeM p-aauyeckok Hopmu. Oy obnagawr crammapr-
HHMM CBOMCTBaMM. BHmucmBawrcs aub¢depeHLMANTBHHE YDABHEHUS —
0OMKHOBEHHNE M B YACTHHX NPOM3BOAHHX, M3Y4awTCH CBOMCTBA MX
pewenuit. YpaBHEHMS P-aAMYECKOH KJIACCUYECKOW MEXAHMKM AJIs
rapMOHMYECKOI'0 OCIMJLIATODA MMEOT BUI -

. aq - aH
X=—, P= - —,
aP axX
rae ramunbsToHuMaH H paBen
P? x?
B=—+—. (5)
2 2

3necs Bpems ¢, xoopmunara X = X(Z) u mMmnynsc P = P(t) sBnusa-
WTCH P-ANUYECKMMH TEPEMEHHNMH .

A  p-aguYHO3HAYHHX ¢YHKUMH OTCYTCTBYET €CTECTBEHHNI
ananor uHrerpana Jebera. Hamporus, ans QyHxumit Buza
f: Qp -» C uMeercs TeOpHA HHTEIDUDOBARMUS, NOCKOJLKY Ha Dp,
xaX ¥ Ha Jo6oH JM0KANBLHO KOMIIAKTHOM rpynmne, e€cts Mepa Xaapa.
Oanaxo Bo3uuxawT npobneMn ¢ auddepeHUUPOBAHMEM TakuX QYyHK-

it .
KOMU/eXCHO3HAYHAS 9KCIOHEHTa (XapakTep) onpegensercs
BHPAXCHUEM
xp(x) = exp2ni{z},
rae {z} - paunonansras uacth paga (4). Xapaxrtep xp(:z;) M

mepa Xaapa dz MCHONL3YOTCA A9 WNOCTPOCHHS TEOPUM npeolb-
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pa3oranus Pyphe KOMIJIEKCHOSHAURMX QyHxumit f(z),

F) = | flo)x (s2)dz.
Q
P
Kommnexcuosnaunyw ¢yskumo f(2) nennss audpdepeHUMpPOBATEL B
o6NuHOM cMHCJIEe N0 p-agMueckoMy apryMedty z. llostTomy mpu
NOCTPOEHUN Teopun o6obwennux J¢yHkuMit poas yCiaoBus pudde-
PEHUMPYEMOCTH B NOPOCTPAHCTBE OCHOBHMX (YHKHUUN BHNONHSIET
ycnoBMe sokambmoi mnocrosumoctv f(x). AmamoroM oneparopa
nudpepenuupoBanus gsasercd nceprogupdepeHUHANBHHIA OmEPATOD

°
F(@)-F ()
Df (z) = Jf|s|p?<e)xp(-sz>dg LA A AL

—dy. (6)
ptd lz-yl,

Kax cpaBHMTH DE3y/JALTATH p-afUUE€CKOit TEOPHM C BEULECTBEHHOH?
s 3TOro BCHOMHMM, YTO HENOCPEACTBEHHO HAD.T0IA0TCA TOJBKO
paunoHanpue uucia. CaeloBATENBHO, HYXHO MCCAEZOBAThL DallKO-
HAJILHHE TOYKH COOTBETCTBYyouMX pewenuit. Hampumep, nna rapmo-
HUYeCKoro ocuwmnatopa (5) paccMOTPMM pAUMOHAJIBHHE pENeHHS

YpaBHEKUS

P+ x?=1 (7)

TPACKTODUM B $A30BOM MPOCTPAHCTBE.
Kax wu3BecTHO, pauuoHanpHMe pewenus ypasHenus (7)

paorca dopMmynamu

roge m v n - uejue. Takum ob6pa3zoM, MH uMeeM GeCKOoHEYHOE MHO-
KECTBO PANMOHANBHHX TOYeK HAa aarefpawveckoit kpusont (7), u
BUd ¢asopoli mpaekmopuu p-aduyecKozo 2APMOHUYECKO20 OCUUJI-
A9mMOpa  SKCNepUMeHMA/JbHO HeomiIudUM om ¢$as3oBol mpaexmopuu
BemecmseHHO20 ocuuanamopa. Pasymeercs, mns mpyrux cucrem
orBer Oyaer APYrMM, Tak KaK 4YMCJI0 pPAUMOHAJILHEX TOYEX Ha

anrebpanyeckoil KpMBON CYWECTBEHHO 3AaBMCHT OT BHUIA KDUBOIL.
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KBaHTOBaS MeXxaHUKA TrapMOHMYECKOro ocuwjIasTropa 3ajlaeTcsa

TPONKOH
(L,(0), ¥(2),U(t)), (8)

rge LZ(QP) -~ ruas6eproBo HNPOCTPAHCTBO KBAADATHMYHO CYMMH-~
pyeMsux mo Mepe Xaapa KOMIUIEKCHO3HAYHHX (yHKUME HA @p, ¥(z)
- yaMTapHoe mnpexcTtasierue rpynnu [eiizenbepra - Bedns B
LZ(QP), T.€. NPEICTABIEHUE KAHOHMYECKUX KOMMYTAUUOHHHX CO-~
ornomenuit. u U(t) - omepaTop SBomoOUMM, B ZAHHOM Cjy4Yae -
CyXeHMe YHUTAPHOIC NPEACTaBJEHUS METAIIEKTHYECKOH rpynns Ha
abenery moarpynmy. B xEMUre NpPOBOAMTCAS U3YUYeHUE CHEKT-
pPaJIbHHX CBOHCTB oOmeparopa 3BOIOLKM, T.€. DPA3JIOKCHUE INpex-
crapaenus U(t) na nenpusogumsie. Kax cooTHocuTcs p-aaumyeckas

KBaHTOBAs Mexanuxa ¢ o6umunoit? MMeer mecto caenywmas ¢opmyna
exp 2mi(k°t-kz) = xp(ket-kx) (9)
P

ans pauuoHaJsuHux k, t u x. Taxkum obpasom, BOJHOBAA PYyHKUMA,
OTMUCHBAKIAS 9SBOMOUUD CBOoOOXHON wyacTuus B 00WEM KBAHTOBOM
MEXaHMKe, TakK Ha3HBAaeMas IUIoCKas BOJHA, MOXeT OHNTbL mnpea-
craBieHa Kax MNpou3BedeHUe BOJHOBHX (YHKIMH p-agudyeCKHUX
gacTUL. ITO MOXHO MHTEPIPEeTUPOBATL, C¢KasaB, 4YTO Ob6LYHAS
modedHAasa d4Yacmuuya Ha caMoM dJdesle cocmoum U3  p-aduvyeckux
yacmuy, nNOBob6HO mMOMYy KQakK 3/eMeHmapHhie YdacmuUsl cocmosim U3
KBADKOE.

Popmysnn tuna (9) HOCAT Ha3BAHME 3IIEPOBCKUX WIM axeshb-
HMX mnpoussegenuit. MHaBecrHsM mnpumepoM taxkoro Ttuna dopMmya

ABNAIETCS 3WIEPOBCKOE NpEeJCTaBJieHHe AAd I3eTa-QyHKUUHU

1
¢(s) =1 —-
p 1-p

Anasnoruynoe npegcrapjieHye MMeeT MeCTOo Qa4 npsnaratopa B

TEOPUU TOoJId

1 2
Lo=qn¥,
3

Lox
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AJISE PaUMOHAJBHNX k, & TaKkke B p-aAHYECKOHl TEOpDMH CTDYH.

Paspaborka ¢opManu3Ma MATEMATHYECKOM U TEOPeTUYECKOoi
¢éu3uxu HaAL moNeM pP-aAMYECKHUX UYHCEJ NPEeaCTaBIieT 3HAYU-
TEJNLHHI MHTEPEeC Jaxe HEe3aBMCHMO OT BO3MOXHHX IPUTOXEHMI,
Tak kak cnocof6creyer Oonee riyGokoMy moHuManuo ¢opManusMa
CTaHIADTHON MarteMatruyeckod o¢usuxu. MoxHo Bucka3satTer cuaemy-
UM TPUHUUN. FyHOAMeHmasbHbe QU3UYeCcKUe 3IAaKOHH JO/MKHH
donyckamb ¢OpMyAUDOBKY, UHBAPUQHMHYIO OmMHOCUmMenbHY Bub6opa
yucnopozo noast. TakuMm o6pazoM, MH BKIOYAEM B UTLDY He TOJBKO
OIS PAlMOHANBHHX, BEWECTBEHHHX M pP-agMdYeCKuX YHCEN, HO M

NIPOU3BOJJBHHE ITOJIA.

HMmenTcss pasnauuane ¢QOpMYJIMPOBKM KBAHTOBON MEXAHMKU U
KBAHTOBON TEODUM MOJIT, 3KBUBAJEHTHHE HAJ I0JIeM BEWECTBEHHHX
yucen. Ham moneM p-anMueckux vucea OHM mnepectawt OHTH

TAKOBHMHU .

B BupaxeHuu and OKeACTBUS B €BKJAUAOBOH GOpPMyIMpOBKe

P-aauYeCKolt KBAHTOBON MEXAHMKM MCHOJb3yeTcs omeparop (6):

5= [ [p@ @ + e @)]dr, (10)
J
Q
P
30ech ¢ - BemecTBEHHO3HAYHAd QYHKUMA P-aqU4LCKOTO apPTy-—

MEHTa. JKBHBAJEHTHOCTh KBAHTOBOM MexaHuku (8) # KBAHTOBON
MexXaHMKM, OCHOBaHHON Ha meiticTBuu (10), B HacTosmee BpeMs He
scHa. OouH M3 BApMAHTOB JAEeMCTBMA QA P-aAUYECKON EBKIMIOBOM

TE€OPpUU IIOJA HUMEeeT BUO

S = | ek)a(k)o(-k)dk + | V(e(x))dz.

Qn n
P P
rae a(k) - Hexoropai ¢ymkuus or k u V(p) - noremuuan

B3aumonpeitcteusa. llpy HaAMuYuU JgeMCTBUS HajJbHEMWAs TeopUs
CTPOMTCS 10 OONYHNM NpPaBWJIAM TEOPETHYECKOoH OQM3UKM, T.e.
M3y4aoTCsd KJIACCHYECKME YDABHEHMd, KOHTMHYAJIbHHE HHTErpajgs M

T.X.



CospeMeHHas TeOpud CTPYH HavajJach, KakKk U3BECTHO, C
aMIILTY AN Beneuunano

1

o oot r(e)r(d)
Aa,b) = |7 (1-z)" dz = , (11)
I'(a+b)
[}
roe o u b - mapaMeTpH, 3aBUCAWME OT MMIOYJILCOB CTAMKM-
BaOUMXCAd vacTun. PyHEkuus 27 - 9TO MyJTbTUILTMKATUBHHI Xapak-

Tep Ha pBemectseHHONM ocu. MoxHo uHTepnperuposars (11) xax
csepTky nByx xapaxkrtepos. Torga obobfuwenuem ammmrynu Bene-

nuano Oymer cieywlwee. BHDakeHMUe

A7 7)) = [7a(x)wb(1-z)dw, (12)

K

rge K - moje, 7, - XapakTep, dr - mepa Ha KA. [na pasauduux
K, B uwactuoctu, mnns K suga R, C, Qp MM Fq - moas [lanya,
nosyyaeM GOpMyaH, MTrpaouMe BAaXHY® pOJb B TEOPUM CTPYH M
TEOpUN uucena. AMIIMTYAH BeHeuuano ABAI0TCS YACTHHM CHydaeM
6onee obwmeit ammuryam Koba - Humscena, afcrpaktHas opMma
KOTODO# uMeeT BUI

4 = | Ty, (xl—xj)dml...dzn.
1<) 1)

B xauectBe K MoxHO BHODATH MmoJe p-aaudeCKUX UUCEJS M, TAKUM
o6paszoM, NPUATH X TEOPHU P-AAUYECKMX AYAJBHHX AMIUVIMTYX U
CTPyH. B passutum p-aaudeckoit MareMaTuieckol GM3MKM BaXHYD
PONp CHIpaJia ajejbHad popMmyna

0

n | |z|®|1-z|%dz = 1
P p

p=2

Q
P

oTkpuTas PpoitngoMm u Butrrenom.
Bosmoxuo gpyroe obobuwenue ¢opmyns (11), ucnonssyomee
p-agudeckyw ramMa-¢yskuuo. Ha s3ToM myTtu BO3HMKAWT MHTEpec-
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HHe cBaA3¥ ¢ cyMMaMu Jkobu M l-agMyeCKMMM KOT'OMOJOTMAMH KDpH-
Bux $epma Hax noasmu lanya.

06Hapyxunachk HEOKMIAHHAS CBA3b pP-aOUYECKOTO AHAIU3A C
g-aHAJIM30M M KBAHTOBHWMM TIpynmaMM, u, rtakum obpasom, c
HEKOMMYTATUBHON reoMerpueit. B g-amanusze paccmarpuBawTCcs
cBoeofpa3HNe KOHEYHOPA3HOCTHHE AaHANOrM ¢yHKuuit u3 0O0mu-
HOI'0 AHANMM3A, ¢-AHATH3Y yOensaaM BHuUMaHue eie Jinep, layce u
apyrue. Cdepuueckue ¢PyHKUMM HA KBAHTOBHX TIpPYNnax (BJISOTCI
g-cneunansuuMyu Qyukuusmu. Mepa Xaapa ma kxeBanTOBON rpynne

SUq(2) BHPAXAETCA 4Yepe3 ¢-HHTErpa

1

f@dz = (1) § £ (12)

]

3mecs 0 < ¢ <1 u f(z) - BemecrBensas ¢yuxkuus. C napyroi
CTOPOHH , MHTErpas mo mepe Xaapa Ha Dp MMeeT BUX

FQatyar = (1 - 3] § 16 (13)

B!

Bugum, uro mpu ¢ = 1/p supaxenus (12) u (13) cosnananr.
HMewrcas M pag XPYrUX yAMBHUTEJBHHX COOTBETCTBMIl ¢-dedopMauuii
¥ p-agMYECKOro AHAJIU3Aa.

IlpuBexeM B 3aKi0YeHHE OCHOBHHE HAINDPABJEHUT IPUMEHEHMI
P-aOUYeCcCKOT 0 AHAIU3a B MATEMATUYECKON ¢usuke:

reoMerTpus NPOCTPAHCTBA-BPEMEHM HA MAJHX PACCTOSHMAX;

o60o6menne dopManu3Ma TeopeTHYECKON GUIMKM HA Apyrue
YHCJIOBHE IOJIA ;

KJIACCHYECKUA M KBAHTOBHN Xa0C; M3yYeHHEe CJIOKHHX CHCTEM
TMIIA CIMHOBHX CTEKOJM M QPAKTAJIOB;

agesnbHie $OPMYJIH, MO3BOJAOWME PA3JOKUTE HEKOTODHE
dusnueckue cucrteMs Ha 6osiee NPOCTHE COCTABIAOULME ;

CTOXACTHYECKHE NPOUECCH U TEOPMS BEPOATHOCTEN;

CBS3M C ¢-aHAJIM30M M KBAHTOBHMM I DYTNIIAMHU.

B 3axI0YMTENIbHOM YACTH BBEIEHMS INpPUBEIEM KODOTKMIA
MyTEeBOAUTENb O duTarens. Mw crpemunucs x ToMy, 4TOOM He
Tpe6oBaTE OT UYMTATENs NPEIBAPUTENBHHX CBEIEHUN M3 p-agu-
Yeckoro aHaausa. Her Heo6xoaMMOCTM uMTATH XHUIY TMOCTIE-—
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XOBATEJIBHO B TNOPAAKE paCHojoxeHus mnaparpados. Baaumo-
3aBHCHMOCTH MATEPHMAJIA, M3JIOKEHHOr0 B. PA3JMYHNX naparpadax,
oueHs mnpocrad. llocie mpoureHMs mepBHX IOBYX myHKtoB (1.1 u
1.2), copepxauMx ONpegeNeHUd pP-agMYEeCKOM HOPDMH MU p-agu-
YEeCKMX YMCeJ, MOXHO NepexoauMTs K YTeHuw muboro Apyroro
naparpada.
* * *

Mu xorenu 6M BHpa3uTh OJAroXapHOCTH BCEM HAWMUM IPY3bIM
M KOJUIeraM 3a MHOTOYMCJIEHHHE NoJie3HHe O00CYXIeHUS BOIDOCOB,
PACCMOTPEHHNX B HACTOSMEN KHHTE.



TJNABA T

AHAJIM3 HAZR HOHEH‘p-AnHQECKHX YHCEN

§ 1. MNone p—agHMUECKHX YHUCel

1. p-anudeckas HopMa. Yepe3 Z 00603HAYMM KOJBUO LEIHX
pauvonaneuux uucen, Z = {0,+1,+2,...}; uepes Z+ - MHOX€CTBO
HATYPaNbHHX uucen, I, = {1,2,...}.

Hycrts @ - noje pauMOHAJIBHRX 4yucen. AGCOMOTHOE 3HAYEHHE
|z| mwboro z € @ ynoBNeTROPIET CAEAYOUMM XAPAKTEDHHM CBOMH-—

CTBaM:
(1) |z} = O, mpuuem |z| = 0 < 2z = 0,
(31) ley| = |=zlly|, y € O,
(iii) |w+y| = |z|+|y|, v € Q.
Jobas ¢yukumus co cpoitcrsamu (i) - (iii) HasuBaeTcs HopMoU .
Ilycts Teneps p - mpocroe uyucnao, p = 2,3,5,...,137,...

B mose Q BBexeM APYTY® HODMY |:1:|p MO TMPaBMIY
-7 0
0] =0, Jz| = 7", (1.1)
rae uesnoe uuciao y(«) ompexenserca u3 NPEeACTABIEHUS
r = p7 %} m, n, ¥y = 7(15) e Z (1.2)

H uesme uMcia m ¥ n He genircs Ha p. Hopma |m|p Ha3HBaercd
p-aduyeckoii HopMol.
HNpyMepH .

16], = [15], = 1/3, |1/4], = |3/4], = 4, |137|, = 1.
Hopma |x|p obramaer xapakTepHuMu ceolictBamu (i) -
(iii) nopmm maxe B Gosee cuibHOMK QopMe, a MMEHHO,
1) ]x]P =z 0, mpuuem Izlp =0 e z=0,
2) eyl = 1=] 1y,
3) |azey| = max({z] |yl )



B cayvae, kxorna |z|p * |y|p, Ml MMEEM PaBEHCTBO
3') |:1:+y|p = max(]x[p,|y|p).

Ilpu p = 2 Mu Takxke HMMeeM
3%) |aey), = 1/2]3] , ecmn 2], = |yl,-

m Ceoiictsa 1) u 2) ouesumuu. Jokaxem cpoiicTeBa 3).
v m

deitcTBATENLHO, €CM T M y = p' 7, NPEACTABTEHH B BUIe
(1.2), to B cuy (1.1) lx]p =p7 u |y]p =p ¥ . llycts, mna

onmpenenensocty, min(y,y’) = y. Toraa

. s ¥
. mn’ +nm' p
¥om y'm
r+y=p p*+rrP 5 =p — (1.3)
nn’

P
Henoe yucno nn’ He AEJUTCA HA P, & Uesoe UYUCIIO mn’+nm’p7 (4

Moxer geaursca Ha p. Jlosromy v(a+y) = v = min(r,v’) nu,
CRex0BATEBHO,
¥ (x+y) -y -7’
lzey] = 7% = max(p7, 7)) = max(fz| L ]y]),

T.e. HEPABEHCTBO 3) YCTAHOBJIEHO.
/
Ecou xe v’ > ¥, 10 B (1.3) uenoe uucio mn’+nm’p? 7 me
penurcs Ha p. NostoMy y(z+y) = v u

¥ ixdy) T

|z+y| = p p7 o= max(p, pT) = max(lz L yl).

T.e. pasBecTso 3’) ycramoBiaeno. llppy p =2 wu faﬂz =
- _ o7
= lyl, =2
YMT, YUCIO mn’'+nm’ 4YeTHoe, a YUCJI0 nn’ HeYeTHoe, TakK d4TOo

B (1.3) uucma m, n, m’, n’ - HEUETHHE M, 3IHA-

v(z+y) = 7+1 u, cremoBarensHo,

-y- 1
lz+y|, = 2777 = 5|z

2’

T.e. HEPABEHCTBO 3’’) HOKA33HO. m

3ameTuM, 4TO HOpMA |a:|p MOXET NPMHMMATH JIMWE CYEeTHOE
YUCJI0 IHAUYEHUN p'v, 7 e Z.

Hopma jz)p onpenenser ynbmpaMempuxy Ha 0 (u3-3a Hepa-
peuctBa 3)). Odra HopMa Heapxumedopa. MeiicTBuTEnBHO,
|n$|p s |z]|  ans moGoro n e Z,.

Hmeer MecTo cnemywowas

TeopeMa OCTpPOBCKOTro. HopMw |z| U |x|p, p=2,3,...,
UcYepnwBaom BCe HEMPUBUA/AbHbE HEIKBUBQ/JEHMHNE HOPMb nosas
pauuoranbHEx yucesa Q.

O6osmauum . |z| = |z|, =z e Q. CnpasennuBa cienyowas
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. (anensnas) ¢opMyna

n |x|p=1, z e @, z# 0. (1.4)
25p=ew
= JleitctBuTenbHO, pa3jaras pPauUHOHAJBHOE YHCAO T Ha
MHOXMTEJIH
a o o
z=¢€p p,---Pp, €= +1,
rae p, - PAasMMuHHe NPOCTHE WHCAA M o € Z (j=1,2,...,n),

B cumy (1.1) u (1.2) nonyumm
- o o

J= p)J, ‘x'pz 1, p = p), ‘a;im =P ---p,

oTkyxma u ciaexgyet dopmyna (1.4). m

21,

2. p-agwueckue uyvcna. llonmonsenue nonda 0 mo p-amuyeckon
HopMe obpa3syer mone @p p-amuyeckux wuucen (xapakTepuCTHKH
0). Tlone @p aganoryyHo nomw R = Q@ BeweCTBEHHNX UHCes,
monyyaeMux momosuenueM Q mo HopMe |T| = jx]m.

Jo6oe p-anuyeckoe uuciao x = 0 ONHO3HAYHO TPEeACTaB—

Jitercd B KaHOHOYEeCKOM BUIe

z

p? (x0+z1p+z2p2+ Sl (2.1)

rae ¥ = 7(x) ¢Z u T, - uemse WMCla  TaKue,  uTO
0 = T, = p-1, 2z, >0 (7 =0,1,...).
Ormerum, 4to pag crapaBa B (2.1) cxoouMTCd 5O HODME

|:1:|p, MOCKQ ThKY O0uMit UneH ero uMeeT OLEHKY
(4 J -v-J -
[Pzl =P "7 , 5 =0,1, ...
llpexcraaenne (2.1) anaseruyHo pa3joxeHuo Jwboro
BEWeCTBEHHOr0 4Y4Ciaa = B GECKOHEYHYW ZeCATHIHYK Zpo6b

T = 110"’(($0 + 15110'1 + 9;210'2 + ),

¥y € Z, T, = 0,1,...,9, Ly > 0,

! I0xa3HBAETCA AHAJOTUYHO.
Npexcrasnenue (2.1) osnavaer, uwro moGoe p-aguyeckoe
YMCJIO £ €CTh NpPEeIes N0 p-agKudeckoid HOPME NOCJAeI0BATENLHOCTH

PALNMOHANBHHX UYHCEJ
¥ ’ n
{p (¢, + 2, + ... +2p), no oo}.

Ecnu z e ﬂp npegcrasneno B Buge (2.1), To |:1:|r.p =p¥ oy
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BHNOJIHEHH CBOWCTBaA 1) - 3) p-amuveckoit HOPMH.

Npeacrapnenue (2.1) RaeT pauMOHANbLHME YHMCIA TOTAA W
TONBKO TOTAa, KOTRAa, HAMHHAL C HEKOTODOTO HOMEpa, 4MCIA ',
7 = 0,1, ... o6pa3dyoT HepHOAMYECKYO NOCJIEAOBATEIBHOCTH.

Mpumep .

-1 = p-1 + (p-1)p + (p-1)p° + ... |
C nomoupw mpexpcraBiaenus (2.1) omnpezeaserca xpofHag

4acTh {w}p uucna z e Q :

0, ectuy(z) =z O vin z =0,

{z} = (2.2)
P 7 |7]-1
P (xo+x1p+...+xl7|_1p ), ecim ¥(z) < O.
Herpynuo y6emurtbcs, uTo
7 s {x}p = 1-p7, ecam y(z) < O. (2.3)
Npueep. {1/6} = 2/3.
CymMa, ABYX p-aguMueckux uucen z suaa (2.1) u
(y) 2
y = 9" (yry,peype o) L 0 sy s pel, oy > 0,
MPEACTABASeTCd B KAHOHHYECKOM BHIE
- v (x+y) 2 < - _

T+Yy = p (co+c1p+czp +...), 0 = ¢, =p 1L, e¢, >0,
npuueMm uucna y(z+y) u C, OAHO3HAYHO OMPEEJANTCA M3 pa-
BEHCTBA

) ) (x+y)
p' ™ (wo+x1p+. L) o+ 'Y (yo+y1p+. L) o= pt B (cgre,pr.-.)

METOLOM HeomnpexeJeHHHX koadduuuentosr mno Momynw p. Axajgo-
TUYHO OMpEfeNseTCHd KAHOHUYECKMH BUX M Oid NPOMU3BELEHUT TY.

YpaBHenue a+xr = 0 OXHO3HAYHO pa3pewnMo B @p npu awbom
a e @P, npuyeM 2 = (~-1)e = -a; ypaBHeHUe aT = 1 Taxxe OxXHO-
3HAYHO Da3peumMMo B @p npu maoboM a € @p, a = 0, npuuem
z =1/0. (Jna onpepeneHus KaHoHW4ecKo# ¢opmm umcna 1/a
MCNOAB3YyETCS METORN HEOMPEIESIEHHNX KO03QOMUKEHTOB MO MOZYI0 P
B ypaBHeHMu ax = 1.)

Taxum o6pasoMm, B ﬂp MH MOXEM cOBepuwarh OONYHHEe apudme-—
TUYECKHE ONEepAUuMu: CJAOKEHHE, BHUMTAHWE, YMHOXKECHHE M Jgejie-
HMe. JTO 03HaAvYaer, 4YTO Qp €CTE IoJe.

llone @ saBagerca XOMMYTATMBHO-aCCOUMATMBHON TPYNHOR IO
CIIOKEHUIO ; 0: = Qp\{O} ABNAETCA KOMMYTATHBHO-3CCOUMATUBHOK

N ¥ . .
TPYNNOH II0O YMHOXEHMIO; Qp HA3HBACTCA NYALMUNIUKAMUBHOU 2pyn-
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noti nons Qp.

p-agvMueckue uMCIa T, AAA  KOTOPHX |a:|p =1 (r.e.
7(z) = 0 uan {:1:}p = 0), HA3NBAOTCA UeAHMU P~aTUIECKUMH UUC—
JaMM, M MX MHOXEeCTBO o6o03Havaercsd ZP. MuoXecTBO ZP - TMOA-
KOJBUO KOJBbLA Qp; Z+ NJOTHO B Zp. Henme uncna z e Zp, ans
KOTODHX |:1:|p = 1, HA3HBAWTCA eSUHUUAMU B Zp.

COBOKYNHOCTE 93JIEeMEHTOB & M3 Z , IJid KOTODHX |aﬂp <1
(r.e. v(z) = 1 wm |z|p = 1/p) 06pa3yoT TJIaBHNI MZEAT KOJb-
ua Zp; OYE€BMAHO, YTO 9TOT UIEAT UMEET BUX pr. llone BHueToOB
Zp/blp COCTOMT M3 p 3IJEMEHTOB. B MyJapTUINIMXATUBHON rpynne
noas Zp/blp cywecTByer egunuua m * 1 (npu p # 2; m = 1 npu
p= 2) nopsagka p-1 Takad, 4TO IJIEMEHTH O,n,nz,..., =1
ob6pa3ywrT noaHHM HabOp mpeacTaBUTEsNEl XKJIACCOB BHYETOB IIOJI
Zp/blp.

NpuMepsi. lipy p = 3 n = -1. llpu p=5 7= 2.

Tak xak uucaa 0,1,...,p-1 obpasyor Taxke nonHsit HAGOpP
NMpEeaCTABUTENIe KJIACCOB BHYETOB IOJS Zp/blp, TO M3 NpexcTaB-
genus (2.1) BHTExaeT BTOPOE KAHOHMYECKOE NPEACTABICHUE
moboro p-aguyeckoro yuciaa x = 0,

z = p’“)(x6+x;p+x;p2+...), (2.4)

) = 0,1,m,...,7°°%, z: 0, (j=0,1,...).

3. TNpocTpaHCTBO pP-~afNYECKUX uUCel Op. B cuny mepaBen-
ctea 3) m. 1 uopMa B moje Qp YIOBJETBOPSIET HEPABEHCTBY Tpe-

YroJbHUKA
ix""y'p = ma.X(IIl?Ip,lylp) = lep"'lylp, T,y € (Dp-
Hostomy B Qp MOXHO BBECTH METPHKY
p(z,y) = |z-y| -
llpy stTom O CTaHOBUTCS NOJSHLM MempUYeCKUM npocmpaHcmBoM. W3
npepcrasinenus (2.1) creayer cenapabenbHocmb Q .
P

0603uauuM wuepes B7(a) Kpyr paauyca p’ C ueHTpOM B
TOYKE a4 € Qp M uepes Sw(a) - ero rpanully (OKpPYKHOCTB)

. (4 - . ‘
B, (a) = {:z:. |z-a| = p } Sy = {-’b‘- |z-a| = p”},» v e L.
fcuo, uto Bw(a) - abeneBa rpynna mo CAGKEHHO U
T - ¥ = =
{z: 1a-al, < 9"} = B, (@), B,(a) ESOP
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Sy(a) = B (a)\B,_(a), B (a) < B, (a), v < 9"

QB"J&) = {a}, I;J B,,(a) = l;l Sv(a) = tDp. (3.1)
Ilpu ¢ = 0 oGo3uayum BV(O) = B7 u S,’(O) = S,‘.
Nemma 1. Ecau b e Bw(a), mo Br(b) = Bv(a).
s llycte z € B,’(b). Torzaa
|a-a| = |e-beb-al = max(|z-b| ,|b-a| ) = p¥,

T.e. T € Bv(a), TaK 4TO Bw(b) c Bx(a). Tak xax a e Bw(b),
TO 10 DOKA3aHHOMY By(a) c B7<b) M, CIef0BATENLHO, Bv(a) =
= B’l<b) .

Cnencreue 1. Kpyez Bw(_'a) U OKpYXHOCMb S,,(a) - OmKpbImo-
3aMKHYymbie MHOXecmBd B tDp.

Cnencreve 2, Bcgkds mMOYKa Kpyza B?’(a) aBasiemcsl ezo
UeHmpoM .

Cnepgcreue 3, Jlvbne S8BA Kpyza B Qp aubo He uMmeom o6mMUX
modex, AMubo O3UH codepXUmcss B OpPY2O0M.

CnencrBue 4. BcSKOe OMKPWMOe MHOXECMmBO B !Dp ecmb
obreduHeHue He b6osmee dYeM CYemHozO 4Yuc/ad KpyzoB bes obmux
moyex .

JNlemma 2. Ecau MHoxecmeo M ¢ ﬂ)p codepxum JBe pA3SIUYHNE
moyku a u b, a = b, mo ezo MOXHO npedcmasump B BuUde
06bedUHEHUS HenepeceKaoMUXCsl OMKpuWmo-saMxHymux (B M) wMuO-
xecms M1 u M2 maKux, 4mo a4 € M1’ b e Mz'

m PaccMoTpuM TpM BO3MOXHHX Ciydad.

1) a =0, |b|p = pw; B KauyecTse )Il1 U M2 MOXHO B34Th
muoxectsa M = M n B, u M, =M n (QP\B'J-l) .

2) |(z}p =9, |b[p =p¥', ¥ > ¥; Toraa M =Mn B
)ll2 =Mn <®p\B7)'

3) |a|p = p? = jb|p, a #* b; mycts

a = p"’y(a0+a1p+a2p2+. L), b= p_r(b0+b1p+b2p2+. -,

¥k
= R = * - = .
0 0 1 b1’ 7 k-1 bk—l’ak bk’ la blp p

Torna M = M n B,,_k_l(a), M, = M n (‘DP\B,,_k‘l(a)). "
Jemma 2 yrBepxmaeTrT, 4YTO BCSKOE MHOXECTBO NPOCTPAHCTBA
Dp, cocroawee u3 Oosee 4YeM OHHOM TOYKM, HECBA3HO. Jpyrumu

CJIoBaMM, CBA3HAA KOMIOHEHTA Jmo60% TOYKH COBIATACT C CAMOM
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aroi toukoi. Taxum obpasom,
Q0 - BnoAHe HeCBSI3HOE NPOCMPAHCMBO .
P

llpocnexuBas [OKA3aTEJBCTBO JIEMMH 2 QO Ccjaydas, XOTaa
MHOXeCTBO M COCTOMT TONBKO M3 nByXx Touex a u b, ybGexmaemcs,
YTO CYWECTBYWOT HENepeceKaouuecs OKPECTHOCTH STHUX ToYeK. ITO
3HAYHUT, YTO NPOCMPAHCMBO @p Xaycaop$oBo.

Nemma 3, JAast mozo umobw MHoxecmBo K ¢ @p 6n0 KOMNAk-—
moM, HeoBx0dUMO U AOCMAMOYHO, HYMOOW OHO O6bIO SAMKHYMBM U
02paHUYEeHHHM B @p.

a HeobxomumocTe ycnosuit ovesugua. HJokaxkeM uUX pgocra-
TOYHOCTEL. Tak xak @p - MOJIHOE MEeTPUYECKOE IPOCTPAHCTBO, TO
O [0KAa3aTeNbCTBA KOMHAKTHOCTYM OTDAHUYEHHOTO 3aMKHYTOIO
(6eckoneunoro) muHoxectBa K QOCTATOYHO AOKA3ATH €ro CYETHYWO
KOMIIAKTHOCTEL, T.€. 4YTO Kaxaoe OeckoneyHoe MHOxecTBO M c X
coxepkuT xoTsa OH OZHY npenejssHy0 Touky. Ilycte z € M, Torga
|$!p =p v (x)
can3dy. Paccmorpum nmBa ciayuas.

= C (M orpanwueno), Ttax ut0 (&) OTrpaHHYEHO

1) ¥(z) Heorpamuueno csepxy Ha M. Torma Haligercsa
nocnenosarensuocts {x , k > o} ¢ M raxas, uro ¥(z) > =,
-7

k
-0, k- w, T.eE.

k > o. Ho s1T0 3HAuUUT, uTO |xk| =p
z - 0, k> o, 3880 uOeld.
2) ¥(x) orpanuuena csepxy Ha M. Torga Haijercs Takoe

UMCT0 ¥, 9TO MHOXECTBO M comepxut 6eCKOHeUHO MHOTO0 TOYeK

¥

wmxpowwgpmJ%.HL Oszjspd,a%=O.Tu KaK I

npunuMaeT p-1 3IHAVEHMH, TO HAMAETCHs ~ TAaKOe UMCIO 4,

1 =a = p-1, uro M conmepxur OGeckoueuno MHOTO 4YMCeN BHAA
LS 2
p (a,* aup+xg7+...) u t.x. B pesyasrrare mnoayuum mnocnemo-
BATEJBbHOCTH aj, 0 = aj = p-1, a, = 0, 5y =20,1,... Hckxomasa
IpenesbHas TO4YKa €CTh pwo(ao+a1p+a2p2+...) e K (K 3amxuy-
TO). ®

Cnemcreue 1. BcsikUe Kpye Bv(a) U OKpyXHOCHmb Sw(a) -
KOMNAKmH .

Cnepncreue 2. lIpocmpaHCmBO Qp JIOKQ/IbHO KOMNaxmHoe .

Crnencreue 3. Bcsakull KOMNAKM MOXHO ROKDHMb KOHEYHHM
YUC/IOM Kpy2OB $UKCUPOBAHHO20 paduyca 6e3 obmux modexk (cM.
cnedcmpue 3 U3 neMMH 1).

Cnencrere 4. B npocmpaHcmBe Qp cripapednuBa snseMMa Iel—-
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He - FBopeas: u3 Kaxdozo OeCKOHEYHO20 noxpuwmusi, xoMnaxma K
MoXHO Bubpamb KOHe4Hoe nokxphmue K.

Npusep 1. OxpyxHOCTH 5} MOXHO TOKDHTD (p—l)p"y"‘("1
KpyTaMu BV,(a), 7 > 7', 6e3 obumx ToYeK C HEHTpaAMM

e = p'w(a0+a1p+...+a 1p7'7 M, (3.2)

v -

0 = &, = p-1, a, * Q.

DTOo moxpHTHE HA30BEM KAHOHUYECKUM NOKPWMUEM OKDYXHOCMU S .
» Jobyo Touky z = p 7(z-+:1:p+...) € S MOXHO npenCTd—
BMTh E€IMHCTBEHHHM 00pa3oM B BMIe I = a+I’, rne a Buga (3.2)

¥z e BW,. llosTomy

S, = U {a+37,} =U 8. (a).
Ocrasocs 3aMeTUTB, 4TO KPYyTH Bw,(a) He uMewT o6umMx ToOYek,
tak kak B cuny (3.2) ux uentpu {a} oTcroAT Zpyr OT Apyra Ha
paccrosHue = pwl’l. UYxcno Xpyros pasHO (p—l)p"’l'l, cM.
cnexcreve 3 u3 geMmu 1. = '

Npumep 2. Kpyr 37 MOXHO IIOKDHTb p7-7 KPyT aMu B},(a),
¥ > ¥, 6e3 obuMx TOYeK C LEHTpaAMu

a = p(a+apr.. LI _1‘17"'ar M, (3.3)

o= y,y-1,...,v'+1, O = a = p-1, a, * 0.

JTO NMOXpHTHE HA30BEM KAHOHUYECKUM NOKpHmueM Kpyzd BV.
s Burexaer u3 mnpumepa 1, ecinu 3aMeTUTH, UYTO
(4
B =B,U U S

v ¥ reyler T

U MHOXECTBA BV' u S He ument obuux Tovexk. Kosmuectso kpy-
r

r'oB DaBHO

¥ 1-p7°7
1+(p-1) ¥ p7T7 = 1+(p-1) =p"7 »
r=y’ 41 1_p

PaaMepHOCMb0 MOJHOI0 METPHYECKOro mpoctpaHcTBa X HasH-
BaeTCsd HauMeHbllee uejoe 4YMCJ0 7 Takoe, uro gasa jwboro
NMOKPHTHSA TNpOCTPaHCTBA X cymecTByoT BUMCAHHOE B HEro HOA-
nokputue kparHocty n+1l. (KpaTHOCTHO MOKDHTMA HA3HBaeTCH
Haubonbwee HeJ0€ HUCIAO M TAKOE, YTO B STOM NOKPHTHUM CYMECT-
BYET M MHOXECTB C HENYCTHM NepecedyeHueM.)
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TeopeMa. PasMepHOCmb npocmpaHcmsa Op pasHa O.

m llpocrpancTBO QP - nmoynoe MeTpuueckoe. M3 xaxkmoro
TMOKPHTHA QP MOXHO BHIEJINTHL TNOANOKPHTHE ﬂp 6e3 ofmux Touek
(cM. crnemctBMe 4 U3 JeMMH 1); 9T0 o3Hauaer, uro 1 = 0 B
OnpenejJieHMH pa3MEepHOCTH Dp, T.e. dim Qp = 0.

4. KpagpaTHyHbe pacuUMpeHNsl IIoNfA Qp. Ilycte £ - Takoe
p-aguM4YeCcKoe YUCNO0, XOTOpOe He ABNgeTcsS XBaApaATOM HUKAKOT O
IPYroro p-agM4yeckoro 4Yucjaa, € ¢ ﬂ:z. llpucoegurumM k moOJTO Q
uucno (cuMBOJ) VE; MHOKECTBO 9JIEMEHTOB Bula 2 = x+y¢E,
T,y € Qp, HA3HBAKWTCA KBAJdpPAMUYHHM pacmupeHUeM ToJs @p; OHO
ofosnavaerca Q (VE). 3IaemMeHTH Z+yVE MOKHO CKJIAIHBATEL U
YMHOXATH 10 og;qnum NpaBuMJIaM TIpPU OONOJHUTEJHLHOM YCJOBUMU
(ve)*

OueBuguo, z+yve = 0 TOorma M TONABKO TOrga, KOorga « =
= y = 0. llosTomy ypasHenue

(z+yve)z = 1, z+yve = 0,
uMeeT EIWHCTBEHHOE peumeHnue B QP(VE), paBHoOe
z Y
2 = - Ve . (4.1)

2 2 2
z-ey z-ey

(3amerum, urto smamenatens B (4.1) 2°-ey® = 0, umave ¢ Guio
6N XBAAPATOM pP-aAUYECKOr0 UUCJA.)

Takum ob6pa3som, xsaapamuvnoe pacmupernue Q (V_) obpasyem
none. 0603maunm uepes Q° (v’) MynLTunnuKaTuBHyn rpYyNILy IOJs
@p(v’).

BuscuuM Ttenepr, Kakue pP-aaMYECKMe UMCIIa HEe SBJIAONTCA
KBAADATAMM P-aIMYECKUX YMCEJI M KaKMe HMeOTCS Heu30MopdHue
KBAIDATHYHHE PpACUUDEHUS IOJIA @P.

HamoMuuM, 4TO 4YMCIO @ € Z HA3WBAETCA KBASPAMUYHLM Bbi-

YemoM No Modysmo p, €CjH ypaBHEHME
z° = a (mod p)

UMeeT peweHuMe T € Z; B NPOTHBHOM CJIy4Ya€ a4 HA3HBAETCA KBAd-
pamuyHNM HeBwdemoM no Modymo p. Jnsa obo3HayeHuMs 3TUX yTBEp-
KIeHuil ucnonssyerca cumsoia JexaHmpa

1, ecau @ - KBaAPATUYHHI BHYET IO MOAYJO P,
a .
[—] = {-1, ecnM a - KBaZPATHYHHI HEBHYET MO MOAYJO p.

0 (mod p)-

0, ecan a
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Nemma . A1 mozo 4Ymobun YpaBHeHUe
(
2 =a, 0=a=p" “(ao+a1p+...), (4.2)
O=a =p-1,a =0,
bl [
uMeso pemeHue I € Op, Heobxo0duMO U JOCmMaAmOYHO BHNOSIHEHUE

ycsaoBui :
1) #(e) - wemHoe 4ucrno,
a’O
2) 7 = 1, ecnu p+ 25 0 =a,=0, ecnu p = 2.

s Heob6xomumocTk. Ecnu ypasmenue (4.2) uMeerT peuweHue

(x)
r = p’ zygrrpr...), 0 = z s p-1, z =0,
TO
P @papee. )P = T (agrape. ), (4.3)
orxyna creayer, uro ¥(a) = 2y(z) - uerHoe uwucmo H

a

= ° o] _

a, = z, (mod p), ecnim p = 2, T.e. (5—] =1.
Ilpu p = 2 umeem

2
- T +T
a = 227""(1+x12+,__)2 = 277 [1+[_12__’ +x2]23+...] (4.4)

M, cAEN0BATENbHO, G = 4, = 0.
JocrarouHocTk. Ilycts @ yxoBaerBopseT yciaoBusMm 1) u 2).

NocTpoum peuwenue  ypaBHEHUA (4.2). Nonoxum

r(z) = (1/2)7(a).
Iycts p = 2. K3 (4.3) cremyer, 4T0 uucao T, ROJDKHO

YXOBAETBOPATE YCJIOBMAM

xz = a (mod p), 1 = z, s p-1.

a
Taxue T, CYWECTBYOT, TaK Kak 1 = a, = -1, [59] =1. Us
(4.3) Taxke CcJleXyeT, YTO OCTAJBHHNE YHCJA T, DOJLKHH yNOB-~

JIETBOPATE YCIOBUAM

22:01:J = aj+AG (mod p) , 0 = T, = p-1, 7 =1,2,..., (4.5)

Tae ueJNe YHCAA AG 3ABUCAT JMUE OT Z,Z,...,% .

YUCIaa xj nmocnexoBaTEJIBHO (onnosnaqno) onpeneadaouTcs M3 yCao-

NosTomy

Buit (4.5), MOCKONBKY UMCIO 2% He HeJUTCA HA p.
Iycte p = 2. U3 (4.4.) crnexyer ypasHeHMe
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z, (1+z,)
1
a= —21" + 2 (med 2),
3 2
2
KOTOpO€ BCerna pa3peumMo Npu o = 0, 1 (xl, z, = 0, 1). Us
(4.4) rakke ciaemyer, 4YTO OCTAJbLHNE 4YHCIA T, ROJDKHH yROB-
JIeTBOPATEH YCJIOBUIM

z, = aJﬂ+/VJ (mod 2), z, = 0,1, 75=23,4,..., (4.6)

j-1
Yucjaa ¥, MOCIEZ0BATENbHO (OJHO3HAYHO) ONPEReNsOTCi U3 yCjao-
Buit (4.6). =
U3 xoka3aHHOIl JIeMMH BHTEKAKT TAKHe CHEXCTBUA.

rge ueJjiie 4YUCaa ]Vj 38BMCAT JIMUL OT Z ,%_,.--,T . Mostomy

Nycts m -~ eauHMua, He SBAAKWAACT KBaAPATOM HUKAKOTO
n
p-aJUYECKOT0 YMuCHa, T.€. LI——Q = -1. 3Jror ¢aktr Mu Oymem
*
3aMMCHBATL TAakK: 7 ¢ ﬂ)pz. (Iipy p = 2 B KaYeCTBe W MOXHO

B3ATh E€XMHHLY, BBEJEHHYO B m. 2.)

Cnegcreue 1. JIpu p = 2 4ucna €, =M, €, = P, €, = PN
He 4apagiomcss KBadpamaMu HUKAKUX p-adudyecKux 4Yucen.

CnencTBHe 2. Bcgkoe p-adudecKkoe YUC/Ao T MOXHO npedcma-
BUmMb B OJHOM U3 4YemhpeX BUJGOB: I = e)yj , 2de yJ € @p, €, =
=1, €, m, €, =p, £, = p0-

Cnencreue 3. CymecmByem moAbKO MPU HEU3OMODQHHX. KBAd-
PamMUYHKNX pACHUDEHUS NnosAast Qp: Q (\/Ej), J =1,2,3.

P

Cnencreme 4. Ilpy p = 2 qucaa € = 1+2 = 3, £ =
1+4 =5, e = 14244 = 7, e, =2, as=2(1+2) =6, e =
2(1+4) = 10, e, = 2(1+2+4) = 14 (uau, oKBUBANEHMHO, £, =

1,#2,+3,4+6) U uUx B3AUMHNe NpoU3BedeHUS He SBASMCS

KBadpamaMU HUKAKUX 2-adUYyeCKUXx 4ucesi. Bcdkoe 2-adudyeckoe
HYUC/IO I MOXHO npeocmaBumb B OJCHOM U3 BOCbMU BUJGOB: I =
= ejy?, 2de Yy, s @2, €, = 1. THosmoMy cymecmByem ceMb
HeUZOMOD$HWX KBAdpamuyHwx pacmupenuld noas Q: QZ(VEJ) s
J=1,2,...,7.

Cneacrtsue 5. &axkmopzpynna D:/D:Z cocmoum U3 Yemupex
2/1eMEeHMOB €, 7 =0,1,2,3, npu p # 2 U U3 BOCbMU O3/eMEH-
moB €5 J =0,1,...,7, npu p = 2.

OrMeTuM rtakxe: npu p =3 (mod 4) B xayecTBe HUCIA T

MOXHO B34Th ~1, Tak Kax
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p-1

Ll] = [i] = (-1)2 = -1;
(% 1) -« 1 (4.7)
npy p = 3 (mod 8) mmm p = 5 (mod 8) B KawecTse T MOXHO
B3ITh 2, Tax xax {5] = -1, B cuny dopmynn
2
p -1
2 8
2] = (-1 = -1.
[7) = v
Cnencreme 6. JAast mozo 4mobw ypaBHeHue 1° = -1 uMeso

pemeHue B le, Heob6x0duMO U docmamoyHo, 4Ymobw p = 1 (mod 4);
2

npu amoM cymecmByem JBa pemeHUd ypapHenus I = -1, xomopwe

Mb 6ydeM oboanadyamb *T.

cnepcreue 7. Npu p = 3(mod 4) cnpapednuso paBeHCMBO
2, 2 2 2
|2%+y?| = max(|2|2,]y]2). (4.8)

B yacmHOCmu, ecnu :1:2+y2 =0, mozxz=9y=0.
s B nposepxe pasencrsa (4.8) Hykgaercs JaMWb CIydait
|x|p = \y|p. Ecnmu 6m Gmio |a:2+y2|P < |a;2‘p = {y|z, TG CpaB-~

HeHue

22 = -y (mod p)

6uo 6m paspewMMo, ¥, CJHeZOBaTeJbHO, -1 OHI0 OH KkBagpa-
TMYHHM BHYETOM N0 MOZYJI® p, 4TO HpoTusopeuut (4.7). =

5. MonsipHie KOOPAWMHEATH ¥ OKPYKHOCTA B THoOJe Qp(‘/s_:) .
lycts € ¢ Q:z. Jo6oit snemenr z moad Dp(fe') OXHO3HAYHO Npex-—
CTaBMM B BMIZe 2 = T+VEY, Z,Y € ﬂ)p (em. m. 4). Yucna (z,y)
Ha3HBAOTCA JeKapmOBHMU KOOpPOUHAMAMU 3JIEMEHTA 23 9SJIEeMEHT
Z = T-V€y HA3HBAETCA CONDPSIKEHHWM K- Z; MHOXECTBO 3JIEMEHTOB
z e Qp(\/E) , YAOBJETBODPAOUMX YPABHEHHW

2 2
2z = ey =¢c , c = 0, (5.1)
HA3HBAETCI <«OKPYXHOCMbIO» B Gp(\/é') (c mentpom B 0).
OueBugno, paBeHCTBO 2z = 0 3KBUBaJeHTHO 2z = O.
* *
06osnauum wuepez QO MHOXECTBO 4ucenr ¢ e @ BUIA
* p,€ ¥ p
(5.1); QP ¢ — TOATpYymna rpymnms Qp. Ilo nemme 1. 4 uMcno ¢ u3
’
c

* 2 2
Q . moxer 6uTL NpexCTaBJEHO B BUNE ¢ = 7r° WIM ¢ = KT°, rge

P

* * -2 *

re@ u k¢ QPZ. Ho Torma k =c¢cr° e Qp e W, 3HauMT,
P »

K=VV, Ve QP(VC).
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Mapa wumcen (p,c), rme aubo p=7r, o = rlz. aubo
p = vr, o = v'r"'z, HasWBaeTCS nNOASPHNMU KOODOUHAMAMU TOY-
KM 2 € Q:(\/E), z=po, oo = 1. fAcao, utro (-p,-0) TaKke
NMOJIIPDHHNE XOODAMHATH TOYKA 2.

Ocobyow pose urpaer eIMHMYHAS <«OKPYXHOCTB» B QP(VE)
2z = 1, onpemensemas pasescTBoM (5.1) mpu ¢ = 1. 3JnaemeHTH
3TOM <«OKPYXHOCTM» 006pasyowr rpynmy IO YMHOXEHHO, KOTODYl
obo3HaAYMM Ce’

HaitzeM mapaMeTpuyeckoe NDPeZCTaBJACHUE «OKDPYKHOCTH» Ce

z-ey® = 1. (5.2)
v
Beoga napamerp ¢ = ——, u3 ypasuenus (5.2) noxydaem
1+x
1+e¢? 2t
z = Yy = te@ . (5.3)
1-et? 1-e¢2 P

MHO%ecmBO Ce - xomnakm B O (VE).
P
m 3aMKHYTOCTH C8 O4YEBUAHA, OOKAXEM €ro OrPAHUYEHHOCTL

(em. m. 3). Ilpu |:t2|p > 1 wumeewm |1iz:t2|p = |et2|p, u B

cuny (5.3) |:v|p = 1; mnpu |st2|P < 1 umeem |1t&:t2|p =1, u B

cuny (5.3) Il'lp = 1; npu |8t2|p =1 MH [gOKaxeM, YTO

1-et?| =1 u B cuny (5.3 z| = |1+et®| = 1. O6senuuss
) P P

Tpu caydas, u3 (5.2) mosydum |:1:|p = 1, a Taxxe U3 yDaBHEHUH
(5.2) caenyer lyli = |e|;1, (z,y) € Ce, Tax uro C_ orpa-
HUYEHO .

Ocrtanoce noxa3aTb, YTO M3 YCJIOBUA |e:t2|p = 1 cnenyer
|1—et2|p =1. Hycrs p # 2. B m. 4 ycranosneso, ut0o B Xa-
yecTBe € [JOCTATOYHO B34ATh uyucaa 7, p u 7Mmp. Ho e = p umm
€ = Mp NPOTUBOPEYAT PABEHCTBY |e:t2|p = 1. Tlosromy ¢ = n. Ho
ypasnenue 1-mt = 0 (mod p) mepaspewumo, unHaue n, Gumo 61
KBAXPATHUYHHM BHYETOM [0 MOAYJO P, UTO NPOTUBOPEUUT JIEMME
n. 4). Tosromy | —nt2|p = 1. Illpy p = 2 pokxa3aTeabCTBO aHa-
JIOPMYHO, OAHAKO OHO CIOKHEEe. m »

6. OTo6Gpakenune ‘Dp B R. Iloctpoum B3auMHO OZHO3HAYHOE U
HelpepHBHOE 0TO6paxeHMe ¢ MHOXECTBA pP-aqUYECKHUX YUCes ‘Dp B
HEKOTODOE& NMOOMHOXECTBO q)(@p) BeweCcTBEHHNX uucen R.

Ina z e Qp ompegenuM ¢(z) no $opmyne
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0
o(z) = |z| Yy =™, (6.1)
k=0

rope uucna =z, 0 = z, = -1, z, * 0, onpemenswTcs KaHOHU-
yeckum pasnoxennem (2.1) wncna z.
Ynopsamouum uuciaa MHoxecrBa 0O  crmemyouum obpasoMm: z

npedmecmpyem Yy, & < y, ecnu: aubo [z[p < |y[p, aubo  npu

lz| = |y] cywecTByeT Takoe uemgoce uyuciao 7 = 0, uro
P P
= = P =X i .
Y, z,, v, T, R yj_1 1’ :Lj < yj Acuo, 4yTO
BHIIOJIHEHA, AaKCHOMa TPAH3UTHBHOCTU: ecau Yy < T U T < Z, TO
y < z. O - BnosHe ynopsdo4eHHoe MHOXecmBo; mnpu stom 2 > O,
P
T e EJP\{O}.

nemma. ¢(z) > ¢(y) mozdéa u moabko mozda, kozda x > .
s JocTratouHocTthb. Ilyctes 2 > y wu |:z:]p > |y|p =0, T.e.

jx]p = p]y]p. Hveem p(2z) = ].7;|p n

p(y) = |Z/|p Z?/kp-n < (‘7)_1)“”;; Z];_ak.

CnepoBaTensHo,
2

P p
p(z)-0(y) = |z| - — |y 2py[1———]=~' > 0.
(#)-0(y) = |z|, p+1| I, = plvl |15 p+1|ylp

llycrs Temeps ]xlp: }Z/lp u oz o=y, @

= $j_1 = y

1 Y

40 X2 Y, npu HexoTopom 37 = 0. Torga

bl J

i
p(z) = |o| Y op™,

k=0

] p—l
w(y) < |y|p Zykp—Zk + |y| ~2(§+1) <
k=0

P 1_p"2
j-1
, . 2K 2 2 RT3 B |
< ll:lp kZolkp * |$tppr * |1|Pp j;'

CiemoBaTesnHo,
- > 23 - - _1_.
p(z)-e(y) = |z| p [wj Y, p+1] > 0.

HeoGxomumocTs. Ecmu ¢(z) > ¢(y), T0 no mokxasammoMmy
curyaunn: aubo z = y, ysmbo < y OuTh He MOryr. =
H3 moxasanHOW jeMMH ciexyeT, 4To 0ToGpaxeHUe ¢ BIAUMHO
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OOHO3IHAYHO .
SFYHKUUS @ HenpephBHA.
s Kax n npu poxasarenscTee NEeMMM YCTAHOBHM CHAELYDILYD

OUeHKY
le(z)-e(y)| = plx-ylp, z,y € Qp s

M3 KOTODOM CJefyeT HeNnpepNBHOCTL oToGpaxeHus ¢: Qp > R. =
06o3nauum K = w(ﬂp). Crpyxrypa Muoxecrsa K maercs cne-
ayowei reopeMmoit.
TeopeMa. MHoxecmso K ecmp cuyemnwii Habop Henepecexa-
OMUXCSl COBEpmEHHWX HUzde HE NAOMHNX MHosxecmB (muna KaHmo-
poBwx) nebezoBol Mepw HyAb .

s Tax xak 0 = U S “(em. m. 3), To
PoyeZ
K= UK, K =0() K nk, =e 727  (63)

Usywmm cTpykTypy Muoxecrsa K (cTpykTypa ocTanbHMX
mHOXecTB K_ ananoruyna).Tak xax 1 = ¢o(z) < p, = e S, TO
K < [1,p).

PaccMOTpMM clieayouylo CMCTEMy HeNepeceKaouwuxcs HHTep-
BaJiOB Ha [1,p):

O A
I€= [281)" 7——1 z 2“] ,n=0,1,2,...,
3=0 =0

€ = (co,cl,...,sn), 0se s p-1,

b
J=1,2,...,n , g, * 0, e * p-1.

0603naunM

Mepa JleGera MHoxectBa I paBHa
w(I =Yy u(Ie] (p-l)[l- L]
£ p+1
-

+ (p-1)2 2 p"lp'z”[l- __1_] =
n=1 p+1

p(p-l) (p-l)z‘”
ale Z . (6.4)

Hcnonp3ys aeMMy, MoXHO A0Ka3aTh, 4to I n E; =@, T.e.



HHM TIIDM KAKHX I € S; HX OXHO M3 HEPABCHCTB
-2n n
-21

P - -
ep® v+ — <p(@) <YepH+p™, n=0,1, ...
o p+l 3= !

[l e BE

3

He uMeer Mecta. KpomMe TOro, HKCIOab3ys JeMMy 0 BIOXKEHHHX
oTpeskax, ycramoemM, uro [1,p) = K v I. Orcona u us (6.4)
BHTEKAET, 4YTO0 Jieberosa Mepa MHOXECTBA Ko pasua O. Ilpose-

I

DeHAwit Tnpoluecc NOCTPoeHus MHoxectBa [1,p)\T] kK ¢ rou-
HOCTBI KO HECYWEeCTBEHHHX JRerajeil COBNAgaeT € HU3BECTHHM
MpoNeccoM MNOCTPOEHMI KAHOHMYECKOTO KAaHTOPOBA COBEPUEHHOIO
MHOXecTBA Ha oTpeske [0,1] u mO3TOMy ROKA3ATeNLCTBA OCTAJB-
HUX CBOHCTB MHOXeCTBA K aHANOrMYHN [0KA3ATENBCTBAM COOT-
BETCTBYOUMX CBOMCTB KAHTOPOBA MHOXECTBA. ®

7. NpocTpaHCTBO 0: = prﬂpx...xﬂp COCTOMT M3 To4Yex ¥ =

= (xl,zz,...,zn) , . e€e@Q, 7=1,2,...,n, u cuHabkero HoOp-

3 »’
Mot
- n
|:1:|p = 11;1&)1,)scnlzj|p, T e ﬂp. (7.1)

JTa HopMA HeapXMMeXOBa, TakK Kak
lz+y|, = max(|z] ,|yl|), <.y < Q. (7.2)
s lIpoBepum 3TO:

max |z

+y,| = max max(|z v,l) =
1sg3a 3 0P T g sherloyl,

J=n

= max( max |z | , max |y
1sjsn ) P isysn

) = max({z] ,(y])-

llpocTpancrtso 0: MOJIHOE MEeTPMYEecKoe JTOKAJHHO KOMHAKTHOE

BIIOJIHE HECBA3HOE.
Beenem CKaJIAspHOE NpOM3BEegeHMme

(z,y) = TY+T Y+ AT Y, T,Y € Q:.
CnpaBenMBO HEPABEHCTBO
l(:z,y)lp = |$lp|y‘p’ T,y € Q;' (7.3)
06o03unayuM uyepes B,x(a) wap paauyca p¥ ¢ uenTpoM B TOUKE
e e 0: u uepes Sw(a) - ero rpamuuy (cdepy); 31(0) =B u

S,r(O) =8, v el B,'(a) u S,'(a) - OTKPHTO~-3aMKHYTHE B Q;‘.
Herpyasno nposeputrs: ecam g = (ai,az,...,an), TO

Bw(a) = Bv(al)wa(az)x'.“. '.x‘B;"‘(an) .
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§ 2. AHANMTHYECKHME QYHKIMM

B sroM maparpade paccCMATPMBANTCS AaHAJUTHYECKHE QYHKUMH
B NoJNe p-aguMdecKux unce.

1. CTeneHnne pamx. CHayana pacCMOTDMM YMCJIOBON pAn B
nojie p-aaMYeCcKUX Yucen

kzoak, a, € Q. (1.»1)

06o03nayuM uepes S n-0 YACTUYHYI CYMMy pAia (1.1)
n

Sn = kZoak, n=20,1,2,...

Cxogumocts pama (1.1) x ero cymme S (p-amguueckomy
yucaty) ompenessercd Kak [Sn—Sl > 0, n 5 o; NP 3TOM IHWEM

]
S = z a,-
k=0
CsoiicTBa DAXOB B IOJE Q CymeCTBEeHHO OTIHYAOTCA OT
CBOMCTB DANOB R I0JI€ BEWECTBEHHNX (MJIM KOMIUIEKCHHX) YMCeI.
Hanpumep, cymecrtByeT Toabko abCcomoTHAT CXOAUMOCTH DPAXOB.
Bosee Toro, cHpasefiMBa ClexyoOWAs
Nemmqa 1. Pgd (1.1) cxodumcs mozda U mosnbko mozda, Koz-
da ]ak|P >0, k> .
s Heo6xomquMoCThL YCJI0BUS OYEBUIHA:

-)‘O, k> w.

-5

la 1, = 15,75,

Jina noka3aTensCTBa NOCTATOYHOCTH BOCHONBL3YEMCH XDHUTE-
puem Komm. Tax xax lak|p-» 0, k> o, 1o ana moboro e > 0
cymecTByeT Taxoe N = Ne’ 4yro aaf Bcex k > N BMIOJHEHO Hepa-
BEHCTBO laklP < e£. Hosromy nna mobux HarypadsHex n > N u
m>N

=
S-S | =| Zak] = max |a
P k=n r nXkSm

l‘|P < €.
Taxum o06pa3soM, NOCAEXOBATENIEHOCTE WYACTHYHHX CYMM dyHxa-
MEHTAJIbHA ¥, 3HAYMT, pax (1.1) cxoaurca. wm

H3 nemmMu 1 cnenyer, uro cymma pana (1.1) He 3aBUCHT OT
NOPAAKA CYMMMPOBAHMS .
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Teneps pacCMOTDMM pP-aAMYECKHH CTENEHHOM DX

f(.’E) = kaxk’ fk € Qp, (1'2)

onpexenaoupit  ¢yHxuuo f(z) €O 3HAYEHHAMK B Dp IJg  Tex
T € Q, N4 KOTOPUX OH CXOMMTCA.

onpegenenne. Yucno R = R(f) masuBaerca paduycom cxodu-
Mocmu pama (1.2), ecam OH CXOMMTCA NpH Beex |zl < B u
PACXOZUTCA NpPH |a;|p > R.

3ameTum, uTO R MoXeT NpMEHMMATE 3Hademms O wim p°,
7 € L. B nocanegnem cayuae pax (1.2) CXoaMTca pPABHOMEDHO B

(orxpuro-sanxﬂyron) Kpyre 31’ MOCKOMABKY No xemme 1

= max |f |£f — 0, m,n 5 w,
mXk=n

gl

k=m

H oTpeaenseT HempepuBHyo dyuxkuun f(z) B 81.
Jlna HaxosneHumsa pazuyca cxogumocTs paza (1.2), kxax u B
BEMECTBEHHOM ciyuae, BBexeM wuciao 7 = r(f) no dopmyre

1 . 1/
7 = lim |j’k|p (1.3)
k>
win, o6osmauas 7 = p°,
o= 1limL s . (1.37)
In p k9w k »

Nemma 2. Psd (1.2) cxodumcss npu Bcex |x{p < r u pacxo-
dumcst npu |1:|p >r.

s Iycts |x|p < r. Toraa |:z;|p = (1-2¢)r, rae 0 < € =
= 1/2. K3 (1.3) creayer, uro cymecrsyer N = N_ raxoe, 4ro
npu Bcex k > N cnpaBexIMBO HEPABEHCTBO

|fk|:,/k < 1

r(1l-¢)
M, TaxuM obpa3som,

1-2
1£,2), = [|x|p|fk|pm‘]k < [ °] -0, k> a.

Ho nemme 1 pan (1.2) cxomurca B Touke Z.

ycrs remeps |z| > r. Torma |z| = (1+2€)r, rxe
e > 0. Ha (1.3) cnemyer, 4TO CymecTBYeT NOLHOCNEZOBATENL-
nocre {n , k » «} rTaxas, uro
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1/n,

P
CnenoBaTensHo, HAYKHAA C Hekortopore N = N;, CRHpaBexIMBO
HEPABEHCTEBO

lim

=1
k-3 r

T

1/n
. 1
}fn > Fvs s k>N,
k'p
Hostomy
n 1/n,.n n
If"x k = ([x[ 'fnl k] x > [____1+2€] k — o, k » =,
k P P k'p l+e

u pax (1.2) pacxomurcs. =

OrMeTum, 4T0o 7 He 06A3aTENBHO ABAAECTCH UENOH CTEHCHLL
yMcaa p, T.e. 4Kcao o B (1.3’) He Bcerpa uesoe (cM. NpHUMEpH
B n. 4).

Cootnowenus Mexxy uwucnamum R(f) u r(f) nawrca crexyouei
JaeMMof, BHTEKalomen #3 meMM 1 u 2.

nemma 3. R(f) = r(f), npuuen ecmu p¥ < r(f) < p*",
¥ €2, m R(f) = p¥; ecnu xe r(f) = p¥, mo aubo R(f) = p7,
aubo R(f) = p'*.

Ormerum eme, uro B cayuae r(f) = p¥, ¥ € Z, cCXORMMOCTB
pana (1.2) Ba OKpYyXHOCTH |x|p = p¥, KaK ¥ B BewecTBEHHOM
cny4dae, tpebyer 0co6oro uccaemoBaHMA .

2. AHanuTHIECKHe QYHKUNHM.

Onmpenenenune. #ynxyus f(z) Haswsaemcs ananumuvyeckoli B
Kpyee BV’ ec/nu OHa npedcmaBASEemC B 3MON Kpyze CXOodSImuUMcCs
cmeneHHwn psdou (1.2). (OyeBudHo, Bcezda NOXHO cCHUmMamb
R(f) = p¥, cx. n. 1.)

AnamuTuveckue $yHkuMm B Kpyre obGnamanr pagom OOGMUHEX
CBOHCTB: HAmpHMED, OHH 06pa3yoOT KOJLUO OTHOCHTEABHO OOMUHHX
ONEPAUKA CJIOXEHUS ¥ YMHOKCHMA. 0OOHAKO MMENTCA M OTJIMYUHA:
HANpUMED, CYNEePNO3HUUA AHAJIMTHYCCKHX QYHKMUH MOXET OKA3ATh-
Ccf4 He aHAJUTHYECKO# QyHxuueit.

PaccMorpum paagw mpu n = 0,1,...

fP(x) = ¥ k(k-1)...(k-n+1) f 2", (2.17)

o

{-n) - 1 k+n 1~
_ F ) kzo(k+1)(k+2)...(k+n) G (2.17)
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nonyuenane k3 paga (2.1) nownensHuM auddepeHUMpPOBAHMEM M MH-
TEerpMpoBaHMeM CcooTBercTBeHno, f(z) = fm)(x). tu  $yHxummu
Ha3HBAOTCS nNpou3BodHoU u nepBoobpasHol NnOpAxkKa 7 COOTBET-
CTBEHHO .

ficro, uyro ana paauycoB cxoaumocTH pagos (2.1) cnpasen-
JIMBH HEPABEHCTBA

R(F™) s R(f) =< R(f™), n=1,2,... (2.2)

Ina nonyuyenus OGosiee TouHON uHPOpMaUMM © pagMycax CXo-
auMocTH panos (2.1) noxaxem

1 1/
|kl =% kEeZ, lim [k =1. (2.3)

kém,kel+ P

s JeiictBuTEensHO, nycTh k € z, ]k]p = p™, Tax uTo
k= pk, rne m = 0 - uenoe u k e [1,p-1] - uenoe. Torza

In ¥ - 1In ko In &

m = >
In p In p
- in k
u, taxum obpasom, |k| = p” = p mp 1,
k
1/ .2
lim 'kl = 1im P k=
kw0, kel P k-, kel
+ +
In k - In k
-0
= lim »p k inp = 1. m
k»m,kel+

lpumenas ¢opuyny (1.3) k psmam (2.1) M moOAB3YysSCH COOT-
HomenueMm (2.3), moayuaem

r(F™) = () = (), n = L2, @4

Orcoma ¥ u3 snemms 3 n. 1 cremyer: ecmu p? < 7(f) <
<™, 0o R(f) = p¥ u

R(f(n)) - R(f) = R(f('n))’ n=1,2,... (2'5)

ecan xe 7(f) = p¥, 10, yunTuBas HepaBeHcTBa (2.2), HONYyuaeM:
1) R(f) = p¥, u Ttoraa mb0 CHpaBeANMBM PaBEHCTBA
(2.5), nubo, BHauuMHAA C HEKOTOPOIoO n, oz 1,
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R(f(n)) = R(f) = pR(f(-n)), n 2 no; (2.5')

2) R(f) = 2", u rtorma ambo chpasemTMBM pPaBeHCTBa
(2.5), nubo, HAUMHAS C HEKOTOpOro n =1,

LR(F™) = R(H) = RU™), n o= n. (2.5%)

~dopmynu (2.5) MOXHO MHTEPHAPETMPOBATEH cjenyoumm o6pa-
30M: AHAJIMTHYECKY® OQYHKUKO B Xpyre MOXHO NOUYJIEHHO aud-
depenuuposaTr M HHTErpHpoBaThH Jb0e UYMCIO pa3, npUYEM NpPHU
auddepeHuUMpPOBAHMN PAAUYC CXOZMMOCTH MOXET YBEJIUYHTHCA B P
pa3, B TO BpeMs XakK NpY MHTETDUDOBAHMM STOT pPAZKYyC MOXET
YMEHBUMTHLCA B P pas. ,

Kax Mm BMAMM, CMTyalus HECKOJBLKO OTAMYAETCA OT CJiydas
MOJIi BEWECTBEHHHX YMCEJ.

3. Anre6pa anayuTHyeckux OyHkumit. 0603nauunM yepes A4
MHOXECTBO OQyHKUMIl, AHATMTHYECKMX B EIUHUYHOM Kpyre B.
Takue ¢yHkumum, ¥ TONBKO OHM, 3A0ANTCH DARAMK (1.2), amns
XOTOpHX BHHOJHIeTCH ycaosue (cm. m. 1) |fk|p >0, k5 w.

Muoxectso A4 - numeitHoe HAX ToJeM Qp. Ha wmuoxectre A4

BBEXEeM HOpMy mo ¢opmyse
{f} = max |fk|P, S e A, (3.1)
0=k<w

Nlposepum, uro ¢yuxumonan (3.1) medCTBHTEALHO ABASETCH
HODMOM, NMpHYeM HEAPXHUMEHOBON.

a Dlycts |jff =0, fed, r.e. max |f| = 0, orkyna
0sk<m X P
=0, k=0,1,..., u, 3uauur, f = 0. llycts a € @P, a = 0.

f

k
Torna

laf| = max|of,|, = ol pax|f,|, = lal 1) :
Haxoneu, ecax f,9 € 4, T0
§f+9f = m.f:x'fk-ryklp s

< max max [|fk|P,|gk|p] s max[ﬂfﬂ,“gﬂ]. .
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Teopema. Jipocmpancmpo A sasnsemcs 6anaxoBoil anezebpod.
s Joxaxem nonnoty mnpocrpauctsa 4. llycts nocnemomarens-

HOCTH {f“, n - -}, " e A, dpynnamenransna. Takx xax

1= = max |f0 - flls

0=k<m P

TO NMOCJEeZOBATENBHOCTH {f:, n - m} d)yHIIaMeHTa.TILHH MPpH KaXaoM

k=0,1,.. M, ClIeNOBATEJBHO, CXOAATCA K HEKOTODHM f; npu
# > w pasHoMepHo mo k£ (cM. n. 3 §1) u, takum obpasom,

lim f = lim limf: = lim lim f: = 0.
ko x k> n-o n=m k-w

Nosromy ¢ymxuus

f(z) =3 fa*
k=0
NpUHARJAERUT A U

lin jf°-f] = lim max ]jt -fl =0,
n->w

ndm 05k<w P

YTO M ROKA3NR&ET NOJHOTY RpOCTpancTsa 4.
Oycts f,g e Au h = fg. Torna h e 4 (cu. n. 2) u

x
hk = ij‘qk—_)'
y=o

Cnenorarensuo,

k

_;Zofj gk‘)

jr) = maxlhklp = max
k k 1 4

s max max |f

9 s max|f | max|g = |filgl- =
s max £ | |9, 1, = max|,], maxg,l, = If11s]

3ameuanne. Anrelpa 4 HasuBaerca anzebpoll ozpaHUYEeHHHX
CmeneHRNX PSOOB M SBJASETCA 4aCTHHM cayuaeM aiarebp Teitra.

4. ¢ymapm e*, ln(1+z), sin.z, cos z. ITh dyHKuUMUM Xax
M B BEHMIECTBEHHOM CJIydae 3AANTCA PAZAMM :
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o

k

x T
e = 4 (4'1)

kz; k!

= ® k+1

In(1+z) = ¥ ﬁlllk_x“, (4.2)

k=1

k
sin z = G 2, (4.3)

k=0 (2k+1) !

[}

k
cos z = K:ll—aek. (4.4)

k=o (2k)!

Y1o6H H3YYHTH CXOZHMMOCTE STHUX PSAOB, HaMm mnorpebyercs
OUEHKA |n!|y ana no6oro n e Z .

lycts n - HATypanbHOE 4YHCAO, N = -1, s e Z . Torna
€ro MOXHO OJHO3HAYHO NPEACTABUTL B BUAE CYMMM

n = no+n1p+...+nsps, 0 = n, s p-1, Jj=0,1,...,8. (4.5)

0603nauum
s = ) n,. (4.6)
y=o
OrmMerum, uro
N Sn
lim —= = 0. (4.7)
naw,nel#

Tenepr moxaxeM paBeHCTBO

n-38
n

! =
[»!], =»

p-1

, nel. (4.8)

m Crenenr M(n), B KOTOPOM 4HCAO P BXOZUT COMHOXMTENEM

o BB

B n!, paBma
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sgecey [a] - uenas wacTs uwMcna a.
Hcnonsaya npeactrasinenne (4.5) u ob6o3mavenue (4.6),

noJsyuaeM
s
n-n n-n -n_p N-n - p-...-n P
M(n) = S 4 0O v s+ 0 1 5 =
Y4 2 s+1
r p
1_p-s 1 l_p-s—l 1_p—s l_p—l
=n - no - ﬂl - . - ns =
-1 p-1 -1 p-1
n-s p %! n-s
= L A S (n°+n1p+. ..+nsps) = —2,
r-1 r-1 p-1 »p-1
OTKyma M ciaeayer paBeHcTBO (4.8). =m
dymuna e* onpenenserca pamom (4.1), (¥}’ = €.

Yuutupas pasemctsa (4.7) u (4.8) nna paguyca r(e")
(cM. m. 2), moayuaeMm

k-s
k

r(e*) = limlk!|:"‘ = lim p *®V = p P! (4.9)
k->w ko0

lpu p = 2 u3 (4.9) nmeem
% < r(e*) < 1.

Nosromy

R(e*) = R((e)™) = R((e)'™) =3, p = 2. (4.10)

1l

pu p=2 uz (4.9) umeew r(e*) = 2. Mccreayeu
cxoauMocTh piafa (4.1) HA OKPYXHOCTH |:z:|2 =2, Nycrs ¢ = 2
u k = 2". Toraa s, =1us cuny (4.8)

2k

k!

= 27! = 27,
2

Nosromy ua oxpyxmoctn |z|, = 2! pax (4.1) pacxomurcs.
Cnenosarensuo, mo nemve 3 n. 2 R(e*) = 272, orxkyma musO-
auM
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R(e*) = R((e)™) = R((eH)™) =22, p=2. (4.11)

Hrax, npu /mbom p pax (4.1) ana e* MOXHO WMOWIEHHO MH-
TerpMpoBaTs ¥ aubdepenuuporards moboe UMCIO pa3 B TOM Xe
Xpyre CXOOUMOCTH.

0603nayuM uepes G; Kpyr cxomumoctu panma (4.1) - aggu-

-2

THBHY® I'Dynmy |$|P =1/pnpu p = 2 un |x|2 = 2% nmpn p = 2.

C nomoupw paga (4.1) mposepserci COOTHOWEHHE
e¥e’ = Y, z,y e Gp. (4.12)
HokxaxeM paBeHCTBA

|ex—1|p = |z|_, [eX] =1, z e ¢ (4.13)

P

» Bropoe paBeHcTBO ciexyer u3 mepsoro. [na ero moxasa-
TENLCTBA NMPEXBADHTEJILHO YCTAHOBHM HEDABEHCTBA

z (1-k):_;f

= s =i » , P * 2, (4.14")
k!lp P

.'Ek

'—l s |2] 2%, p =2, (4.147)
ktlz 2

nmpu I € G“, k e Z . Hepasencrma (4.14) BBurekawT u3
paBenctea (4.8). Hlycrs p = 2. Torma

k-s
,zk-llp 1-k p-1
=lz| ——— = |g| P p
P P |k||p P

x

u—m3§§
= lzlp °7,

|x_“
k!

nockonaexy B cuny (4.6) s, = 1. Ananoruyso npu p = 2. =
HNone3ysce HepaBeHcTBamu (4.14), umeem (4.13):

® k
Y | = || max
k=1 kllp P xel,

lex-1], =

xk—i
| = 121,
P

k!

TOCKOJIbKY
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Z%-1
E | <1, k=28,...,2¢6,.

k! 1 L4
¢ymxama 1n(l+z) sanaercs pamoM (4.2). Ero paauyc 7 B

cuny (2.3) pasen

r(In(1+z)) = lim |k} = 1.
kde, kel P
Onxaxo B Touke z =1 pag (4.2) pacxoaguTcs, Tak Kax

|k"|p =1, ke Z Tosromy

R(1n(1+z)) = %. (4.15)

$yuxuus 1ln(1+z) obnamaer cBoiicTBOM
In{(1+2) (1+y)] = In(1+z) + In(i+y), (4.16)

1 1
lzlp = i’ lyip 5‘5 »
XO0TOpOe nposepserca ¢ nomoumw paga (4.2).
HoxaxeM paBeHCTBO

(4.17)

|1n(1+x)|p = |z| , 7 e GP.

s Yuyurupas HepaBeHCTBO {2.3) |1/’Ic]p s k, nmeem (4.17):

P
= lal, max 2]} 187),

LT et
|1a(1+2) | LZI( e
= I-'l’ip’

IO CKONLKY

Pk, p=2,
k1) p-1, - . .
ET L oy o <1, k=23,...,2¢6.

06o3nauuM yepes J; MYJIb TUIIIMKATUBHY IpYynmy
J = {x eQ: 1-x e (G }.
P P P
3aMeTuM, 4YT0 MYAbLTHIJIMKATMBHOCTE MHOXECTBA Jp cClegyeT Hu3

TOXKZECTBA
1-zy = 1-a+1-y+(1-z) (1-y).



Hs coormomenuit (4.13), (4.17), (4.12) n (4.16) BuTexa-
eT, 4YTO0 ¢YyHKUUS e* ocymecmpasem usoMop¢usN addumusHol zpyn-
n G; HAQ NyAbMUNIUKGMUBHY©O 2pynny J;. O6pamuli uUsoMOpPUIN
ocymecmeasiemcss ¢ynxuyueti ln z = 1ln(l+z-1), u cnpasedausw pa-

BeHcmBQ

inx

Ine“* =1z, 7 € G;, e™ =z, T e J;, (4.18)

npoBepseMHe HENOCPEeACTBEHHO ¢ noMoumw pagos (4.1) u (4.2).
dyuxumn sin r u cos z omnpenenswrcs pagamu (4.3) u

(4.4). J3tu panu, K&k M B CiHyuae QYHKUMM €', CXORATCH B 6;,

H CHpaAaBEXJIMBR COOTHOUNMEHMUS
|sin x|p = ]z]P, |cos zlp =1, z e Gp. (4.19)

CrnpaBexqMBM CTAHZAPTHHE TPHUrOHOMETpPUYECKHe (ODMYJIH,
yCTaHaBIMBaeMse C noMousw pagos (4.3) u (4.4), B uwact-
HOCTH

2 < .2 .
cos“z + sin‘z = 1, e™ = cos z+tsin T, T € ﬂp, (4.20)

rge t° = -1, T € Qp, p=1 (mod 4) (cM. m. 4 § 1).
dyHxuMM

ln({+z) . (4.21)

sin z
x z

e*, cos z,

ABAKOTCA XKBAAPATAMH pP-aAMyecKux OJyHKuUMH B Gp {npu p = 2
byuxunu e* mn l&i%iﬁl ABJANTCA KBaApPATAMH B ﬂp JUUEL  [PH
lz], = 2.

s 3TH YTBEDKREHMA BHTEXKAOT M3 Kpurepus n. 4 § 1 u us3
Tex ¢axToB, uT0 HOpPMH ¢yHkum#i (4.21) pasum 1 (cM. Qopmynm
(4.13), (4.17) n (4.19)), % chnpaBesJMBO CAEAybmEee KaHOHMU-
yeckoe pasnoxenue (cM. (2.1) m. 2 §1) atux dyuxumi:

1+c(z)p+ ..., p=2, 1+ cz(z)23, p = 2. (4.22)

Mycts p = 2. Jna €* npeacrasnenue (4.22) cnenyer us
(4.13),

x - 1
le llp = |x|p =9

M M3 aHAJOTMYHNX OUEHOK JUIA oCTansHMX yuxumi (4.21) (myxmo
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Hcnonb30Barh ouenkk (4.14‘) u mepasencrso (2.3)).
Ipu p = 2 curyauus croxuee. Hompsyacs ouenxamu (4.147)
umeem mpu |z|, s 27

2k
|cos z - 1], = max = |z|, max 21 = 273,
xeZ | (2k)! kel
+ +
. 2k
I————812 L 1| =max|ZT——| =
2 kel | (2k+1)!l2
+
gl-2k -1-2k -3
|:t:| -'——,- s max 2 = 2
keZ 2k+1t2 kel
w22 In(1+z)
Ananorvunne ouenx¥ i QyHkumit e*=|e  —

T
CnpaBeNJMBH JIMIE TNPH |a:]2 s 27, Nlpencrasnenue (4.22) moxa-

3aHO0. =

sin
cos
0TOOpaXaoT B3AMMHO OXHO3IHAUYHO GP HaA GP. 06paTHEMU PyHKUMU-

Haxoneu ormeTuMm, uyro ¢ymkuMM sin z u tg z =

AMHK ABIRANTCA

: - (2k)' 2k+1
arcsin z = ) ———— ™", z ¢ G, (4.22)
k<o 2 (k!) P
- (-1)1( 2k+1
arctg z = —_— ", T e G, (4.23)
K=o 2k+1 F
npuyem
|arcsin :l:|p = Jarctg :1:|p = |:1:|p

5. Teopema o6 obpaTHoit dyuxuuu. Hycms f(x) - awanumu-
yeckass ¢YHKUUS B Kpyze Br(a) u f’ (a) = 0, |f (a)|p =
Tozda Halidemcs makoli Kpye Bp(a) <= r, uymo f omobpawxaem
e20 Ha Kkpye B (b), b = f(e), BsauMHO OAHO3HA4YHO, o6pamﬂaﬁ
¢yuxuyus g(y) auanumuvya B Xpyze B (b) U cnpaBednuBo pa-
BeHCmBO

g (b) =

. (5.1)
£ (a)

= llpumenas xiaccuuecky®w Tteopemy 06 ofparmoit ¢ymkuuu,
3aXM0YaAEM, YTO0 CYWECTBYeT Kpyr Bp(a,) KOCTATOYHO MAJOTO
pamuyca p°, p = r, KOTODHI QyHKUMA [ B32UMHO OJHO3HAMHO
orobpakaer Ha HexoTopy©o oxpecrHocTs U(b) touxku b, obparmas
bynkuua g(y) amanmruyEa B U(b) u uMeer MECTO paBEHCTBO
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(5.1). Ocranock noxasars, uro U(d) = Bbm(b) npH XOCTATOYHO
manom pP.

locxonsxy f(z) ~ amanuTuyeckas QyHKUMS B Kpyre Br(a),
TO OHa npeacTasaseTcd B Buge paxa (cm. m. 2)

£(2) = £(a)+f" () (z-a)+(2-0)% § o (z-0)*%,  (5.2)
npuyeM -

|ak|pprk 50, k£ > .

0603uHa4YMM

max |a | p
k=2, 3,... P

Torpa, Bubupas p < n-s (p = r), u3 (5.2) Gyaem umets

|F(2)-b], =

= {f' (a) + (z~a) Ztu(z-a)kq

—_ - ’ —
Jz-al = |f(a) ], la-al ,

|f(:1:)—b|p = |f’(a)|p|z—a|p, T € Eb(a). (5.3)
H3 (5.3) cmemyer, uro

f[Bb(a)] = U(b) < B, (b) (5.4)
M HAWAETCd TAKAA TOYKA T’ € Sp(a), 4TO
[f(@)=b], = |f" (a)] |2 -a] = 7P

CnenoBatensuo, f(z’') =y’ e Spﬂxb) n U(b). NMostomy paa mas
o6paTHON OyHKUMU

g(y) = a+g’ (b) (y-b) + ...

CXOOUTCA B TOYKE Y’ ¢ Spm(b) M, 3HAYMT, B Kpyre Bpm(b).
YMmenbwas, ecam HykHo, pazuyc pP™, noGeemcs Toro, uToGm
byuxuust g¢(y) rtaxke yxosseTsBopasia paBeHCTBY Tuna (5.3)

l9()-al = 19’ (B)] |y-b] = ly-b1,, v < B, -

n

17 (a)],
Orcwona creayer, 4TO
9(B,,.(0) < B,(a) = g(U(®)).
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§ 3. ALMTHBHHE ¥ MYJNbTHIUIMKATHBHME XAPAKTEepH

None _Op ABASETCA ANAWTHMBHOM rpymnoit. 06osnauum -0: =
= Op\{O} €ro MyJa:THILTHKATMBHYO TPYNmy.

1. AQOMTHUBHLEIE XapaKTeps nons Op. A3OUMUBHWN XapaXxmepoM
noJjs Qp Ha3HBAaeTCA Xapaxtep AaIAMTHBHOX rpynnu @, T.e.
HenpepusHad (KOMIIEKCHO3HAYHAA) OyHkuus x(T), 3ananHasd Ha-
ﬂp M YHOBJIETBOPAOUAA YyCHOBUAM

lx(2)] = 1, 2(z+y) = x(@)x(¥), =,y € Q. (1.1)

Anajmoruyno onpegensercs M (aZXUTHBHNIE) XapaxKTep MO QP(VE)
M Tpynns B7, ¥ e Z; B; - MOATPYNNa TpyNns Qp.

OueBupnOo, BCAKMIl AXAMTUBHHA Xapakrep MoOJA ﬂp ABJAETCA
xapaxTepoM ¥ yuoboit rpynms By.

Pynxuus

x,(2) = exp(2ni{gz) ) (1.2)

NpU KaxgoM OGMXCUDOBAHHOM £ € Op eCTr AJAMTUBHHNE Xxapakrep
nmons @ wu rpynmnm 5{. dto0 cieayeTr M3 COOTHOWEHMN IS APOOGHMX
yacrein (eM. m. 2 § 1)

{zvg}, = {2} +{v} ¥, N =0, 1.

Hawa 3samava - gokasarb, 4ro dopmyna (1.2) maer obmee
NpeJCTaBNEeHHEe ANAUTHBHHX XAPAKTEPOB IOJA Q M Ipynmu B

llycts x - NPOM3BOMABHMH ANAMTHBHMI xapaxTep H3 (1 1)
uMeeM

x(0) =1, x(-z) = x(z) =

= x M (z), x(nz) = [[x(2)]", n e L. (1.3).

Hayuum cravana xapaKTepu Ppynns B lycrs x = 1 - ra-
KO0it xapakrep.
lloxaxem, uTo cymecmByem maxoe k ¢ Z, 4mo

x(z) =1, z ¢ B . (1.4)

- m Tak xak x(0) =1, |x(z)| =1 u x(z) - HempepuBHad
dyuxuus Ha B1, TO MOXKHO Bu6paTes Tax BeTBb QyHkuMu ln x(z) =
= farg x(z), urobu oma Guna HenpepusHok B 0 u arg x(0) =
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B wactHOCTH, cymecTtsyer Taxoe k € Z, uro |arg x(z)| < 1 mpu
Bcex z e B . Yuurusas, 4YT0o nT € Bknpu mbux n el u
T e B, saxmouaeM u3 (1.3)

|n arg x(z)| = |arg x(nz)| < 1,

oTkyna BuBogmM |arg x(z)| < 1/n npn Bcex n € I . 3To 3Ha-
unr, uro argy(z) =0 u x(z) =1, r e« B . =
Cuuraem, uro B (1.4) kpyr Bk ~ MAKCHMAJBLHHHi CcO CBOM-
creoM x(z) = 1; Tax uro, ecau x(z) = 1 B 81, 0 kK < 7.
NoxawxeM gna swoboro uemoro uucna 7r, k< r =7,

PaBEHCTBO:
x(p™) = exp(mimp™**), 3Im = 1,2,...,p77%1, (1.5)

rae m He 3ABHCUT OT T.
w lna 7 = v (1.5) cnenyer u3 (1.4) u (1.3)
"
1= 2™ = 277 = [x(7)]
Ing k < r < ¥ oHO cieayer Hu3
¥-r

x(p") = x(@"7T) = [z(zf')]p =

¥-r
p
= [exp(2nimp"'7)] = exp(2nimp*™) . =

Mpexcrasum umcno m B (1.5) B BuOe

P1_k-1: ”'J:O;l’ c..5p-1,

m = moAm pt...tm
" 0603raUMM € = p*m, |E|p = P'&’Ilﬂlpzp—kp-pk-lzl’qﬂ "
!g|p < p“‘ Torpga mnpeacrasnenue (1.5) npuHMMaeT BHA IpH
kE<r =y ’

x(r7) = 2, (5€), 3 e 0, |g] > 7. (1-6)

Nlyctes Temeps z e Bv\Bk‘ Takoe z npeacrapuMo B BuAE

-r -r+1 -k-1 -
= + ...t +I’ !
z pzTp T, ? kg T 3T e Bk,
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npy uekoropoM r, k < r s y. Orcoga, monesyice (1.6) u
(1.4), nomyuaem npexncramienue:

x(2) = x,(€2), 3€ € 0, |g| > p 7. (1.7)
. x(2) = [x(p-r)]xo[x(p—rn)]xl“.[x(p-kn)]xr—k-lx(x,) -

= [ om0) [0 0] " [, M 0) i ) =

P

= x (P2, 0)x (97" "2,8) ... (x, (0™ £)x (€27) =

r-k-1

= 2, (77 gy w e g +20)E) = x (7€) w

Taxum ob6pasoMm, mokasaHo, 4T0o 000K XxapakTep rpyInH 31
umeer Bua (1.2) npu £ = 0 wn [§|p = p ¥,

Myctes temeps x(€) £ 1 - aINUTUBHHI XapakTep MNOJd Qp.
Torma mo moxasaHHOMY B Xpyre BV, 7zl, oH mnpexacraBasercd B
37910

(0) (©) (0 -
x(z) = xP(E z), € e ﬂp, | € |p > p 7. (1.8)

JokaxeM, 4TO B Kpyre BW+1 X NpeacTaBjieTci B BUIe

t}] (1 ()
x(:l?) = XP(E II)), £ = £ +§7P7, (1'9)
351 =0,1,...,p-1.

s Jamevas, yUTO 1!?7\‘l =B v Swu’ 37 n S7¢1 = @, OOKa-

xeM cHavajna npencraeiaenue (1.9) na cdepe S . Jwoboit

v+
3JEMEHT T € 51” MOXHO NPENCTABUTH B BHIE

~¥-1 ’ -
z=p"xrz, 3T = 1,2,...,p-1, ' € Bw’



Torga mpu HEXOTOPOM 61 = 0,1,...,p-1 6ynem umers (1.9):

xo/p

(€

(O)x,) =

x(z) = [x(p"")]%xp(&‘mx') = [x(p'7)]
I

= [P ] 7, (690 =

£,
_ ©), -7-1 270 ©, .,y =
=x (&7 zo)exp[2n2————p ]xP(E ')

= 2, (2,0 (€ Vg p))x, (2 (645, 0T)) =

= %, [(€9+£,0) (27 40r) ) = %, (6V0).

B cuny (1.8) dopMyna (1.9) cnpaBeanMBa u B BV'. a

llpogosmxas 3toT mpouecc B kpyre B

yez? TOTYHMM

2)

x(z) = 2, (§

z),

2 o)

£ = £ ""g p +£ p , 3€ =0,1,...,p-1,

T+ Y+l

nu t.5. B pesynrrare B Qp TMOJYYUM MPENCTABIEHUE

(0)

+£ p g1ﬂp v, e tDp.

x(z) = x,(€2), € = €

Taxum obpasoMm, moboli addumuBHHII xapakmep nosast Qp nped-
cmapnsiemcst B Bude (1.2) c HexomopwM € e Q .

Hrax, Mu ycraHosuau, 4yro otTobpaxenue £ - xp(gx) ecTh
roMeoMopou3M ANDUTHBHOK TIPYNNOH MOJS !Dp Ha TpYNny aJJiuTHB-
HMX xapakrepos. IJto otobpaxenue B3aumuo ojgHosHauyuo. (Tak
XaK M3 DaBEHCTBA xp(glx) = xP(EZ:B) NpH BCEX I € Qp cnenyer

13

L = Ez.) Taxum o6pasoM, MH OOKA3AJIA TEOpeMmy.

Teopema. I'pynna adoUmMUBHWX XApaKmepoB nonas Qp us3oMop-
¢HQ ezo addumuBHOU ezpynne CDP, U coomsemcmBpue £ xp(ga:)
3adaem 3mom U3OMOPPUSM.

06o3uauyum

xm(z) = exp(-2niz), = « R. (1.10)
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Toraa cnpasedausa cnedyomas (adenvHast) ¢opuyna

p=00

n x(z) =1, z e 0. (1.11)
p=2 p
s Qycts = - TIPOM3BONBHOE MNOJOXMTEABHOE PAUNOHANIBLHOE
YMCIO0
%y %, ,
z=Np 'p r.

rae a € I, p - npocrue uxcna u N - uenoe uucno, He mens-

3 3
weecs HM HA OOHO M3 uYucen pj, 7 =1,2,...,n. U3 Teopuu cpa-

BHEHMI NepBoil CTemeHM CJHedyeT, YTO YUCAO0 I NPEICTABHUMO B

BMAE
| ”1 ”2 Nn ’
$=Tl+-‘x—2+...+ an+jl (1.12)
4 ? r

o
IpM HEKOTOPHX Nj e, 1= 1VJ < pJ’—l u HeZ. H3 (1.12)
MOJIy4aeM, 4TO

N
{:z:}p = 'a—J; {x}p =0, p Py J=1,2,...,n,
3

OTKyRa M ciaexyeTt paseHctso (1.11):
n n
Nz, = nx, (@) = nexp(2mifa}, | =
. J=1 "} j=1 J

n

= exp[2nijzl{z}pj,] = exp(2niz). =

Haxonen, orMeruM, uTo /6ot aATMTMBHME XapakTep ¥ NOJS
Qp(\/E) (cM.m. 4 § 1) mmeer BuA:

x(z+vey) = x (€2)x (E), €,§, < Q. (1.13)

2. MyabTHILMMKATHBHHE XapaKTepH nons Op. Myabmunauxa-
MUBHWM XApaxmepoN oS Q  HA3UBACTCA XAPAKTED MYNbTUIIKKA-
THBHO# Tpymms 0:, T.e. HempepuBHas (KOMIJIEXCHO3HauHax) QyH-
xuua n(z), 3anaHHEasd Ha Q: M YZOBJETBOPANWAS yCHAOBUD

n(zy) = n(z)n(y), z,y < 0.
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AHANOTHYHO ONPEAENAETCH M (MYJbTHIVIMKATMBHMA) XapaKTep I0Jd
OP(VE) ¥ TORTPynns S; rpynmns 0:, a TaKXe «OKPYXHDCTH» Cc =

= {z € QP(VE): 2z = 1} - NOATPYRNM MYJAbTHIUIHKATHBHOR Ipymms

noas OP(VF).

/Moboll NynbmunAUXAMUBHWU xapaxmep ® noas Qp uNeem BUJ
a- ¢ .
n(z) = |x|p‘n°(|x|pz), Im,(z)|, =1, a e €, (2.1)

2de m 2 - xapaxmep zpynnu 5;; obpamHo, Bcaxulli xapaxmep m,
epyans S; npodosnxaemcs 60 NYALMURAUKAMUBHO20 Xapaxmepa no-
s 0 no ¢opNyne (2.1).

» IlycTe w ~ MynpTHIAMKATHBHHH XapakTep NoOndg 0 Jo6oit
3NEeMeHT T € Q npeacrapagserca B Buge (cm. m. 2 § 1)

= }zfrzﬂ, z' = |z|z S,

M MO3TOMy CHpamsefjuMBo npeacrasnaenue (2.1)

n(z) = n(|z| () = n(Mn,(z') =

N
= [r®)] m(a) = 2 (@),

rae 0603HaueHO ]z|p =p", n(p) = % =

3JaMeTHM, YTO MHOXECTBO XApPaKTePOB KOMINAKTHON I'DYNIH S;
RMCKPETHO .

Bz (2.1) cremyer, urto m (1) =

Ilycrts no(x) 2 1 - My hTHUIUIMKATHMBHHEH XapaxTtep TpPyIn S;.
Torpa naitmerca rtakoe k e l’, 4YTO

n(z) =1, ze B (1) = {z €Q: |:l:—1|p = p*}. (2.2)

® AHAJIOTHYHO JOKA3ATENLCTBY COOTBETCTBYOWErO0 yTBEpKIe-
Hua (1.4) gna AgZUTMBHOTO XApakKTepa TpPYNnH B} (em. m. 1
§ 4) M cneayer u3 YCHOBMH: ub(l) =1, |nb(x)[ =1u no(x)
HenmpepuBHAA QYHKUMA HAa S;. .

HauMenbwee k e Z v {0}, nns xoTOpOro BWIOJHEHO paBeH-
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crBo (2.2), Ha3uBAETCA pAH2OM XapaKTepa no(z).

CymecTByeT TONBXO OXMH XxapaxTep panra O: no(a:) =1,
rax xax S < B (1).

Nycrs pamr k xapaxrepa no(z) nosoxurenen. llpexcramnas
9HCNI0 T € So B Buge (cM. n. 2 § 1)

T = T AT pr... = (Tz pr. .4z P) (14NP")
npu HexotopoM N € Bo M HO3TOMY 1+]Vpk € B_k(l), uMeeM
my(2) = m[(ggea,pe. .0z, ) (140N =
= n (z +T p+. . .+a:k_1pk'1) .

TloaTomy no(x) sapucum AUmbL OM T ;T ,---,L, -
oxaxem, uto ecau k =z 2, mo
p~-1
Z n(z +z pr...+x. p) = 0. (2.3)
[¢] (] 1 k-1

m Hajtinerca Takoe umcao ¥ = 0,1,...,p-1, urto
k-1
p = 1'[0(1+1Vp ) = 1.

(Hnage pamr xapakrepa m (z) 6un 6u membuwe k.) HosTomy

p-1
k-1
Y n(zprzpr...vx ) =
x =0
k-1
p-1
_1 k-1 k-1y _
=3 Y n (L+Np )m (g 2z pr.. vz pT7) =
z =0
k-1
p-1
1 k-1 k-1
=3 Y no[(xo+x1p+...+xk_lp ) (1+Np )] =
z, =0
p-1
— k-l ——
= z no[xo+x1p+...+(xk_1+$oh’)p ]—
z =0
k-1
p-1
1 , -1y
=P Z n°($°+zlp+...+xk_1pk s
x’ =0
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OTKYAa M cixeayer pasenctso (2.3). =
NpuMeps MyJbTHIUIMKATHBHHUX XapaKTEPOB.

1) n(z) = |z|57, m(2') = 1.
1, ecnu x € o e’
2) n(z) = sign_z = T ope2. (2.4)
-1, ectn T ¢ @ _,
p,E
roe € - p-agudyeckKoe HUHCA0, HE ABJAgOWEecs KBAAPATOM, H Q: e

* *
- moprpynna rpynad Q , coctodmas U3 93JEMEHTOB T € QP, npen-
P
cTaBMMHX B BuZe (cM. m. 5 § 1)

z = a®-€b?, (a,b) = 0, a,b e Qp. (2.5)

Yrobu ybenurnca, uro yukuus (2.4) OeACTBUTENLHO ONMpe-—
OeaseT MyJbTHIUIMKATUBHHI XapaxTep MmoJs Qp, OOCTATOYHO TMOKa-
3aTh, 4YTO

ok * *2 _
rang Qp/ﬂp’c = 2, rang op’c/mp 2. (2.6)

wm Nycts p# 2. B n. 4 § 1 O6mno nokas3ano, 4YTO PpaHr

2
* ¥
Tpynms Qp/ﬂp pasen 4. llostomy mna pmoxasarenscrsa (2.6) B
*, x* *
CcHITy ﬂpz c Dp e € Qp JOCTATOYHO YCTAHOBUTHL, UTO
2 -

* * *
Qp * ﬂp’c - Op. (2.7)

Hyxuo paccmorpers Tpu cayuai: € = W, 7p, p, rne n -
€IMHMUA, T ¢ Q:Z (cm. m. 4 § 1).
Joxaxem, uto

n & o* (2.8)

" o .
el e, PP

-n,

* *
310 Gymer 03HAYATH, YTO Qp e * Dp.
,

s llycts, Hanporus, pn € (' T.€. pn = a®-nb® npu He-

Pvn,
KOTOpuX a,b € Op, b = 0. Ho nocneanee pPABEHCTBO HEBO3MOXHO

HM NpU Kakux a,b = 0. JledcTBUTENBHO, MEepPENMCHBAA €ro B BHAE

2
pn[1+-bp—-) = o,

y6egumca, uro: 1) mpu |b2/'p|p < 1 yucno 1+b%/p ects xmampar
p-aanyeckoro uucaa (cM. m. 4 § 1), m roraa pn Guno O6um xsax-
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patom; 2) npu |b /p| > 1 uucno 1+p/b? 6uno 6u xBagparom u
torza m Gumo Om xnanpa'rou- 3) ]bz/p[p = 1 HeBO3MOXHO. AHa-

JIOTHYHO NOKA3HBAWTCA M OCTANbHNEe yTBepsuenus (2.8).
2 ,
*
Teneps moxaxeMm, 4uTO 0 Op . lch-rb € =M, TOrga M €

e @F . Ilycte € = p,pm. Torna - e 0F Tax Kak YypaBHeHUEe

PN
(2.5) e(-1+b%) = a® paspeummo nmpu b = 1 v a = 0. =
3ameuanue. [1x »p = 2 (2.6) npuHUMaeT BHA

p,e’

rang Q:/D:,e = 2, rang 02 8/@" = 4.

3. MyJAbTHIUIMKATHMBHiEe xapakrepu nons QO (\/_ }. Coraacuo
n. 5 § 1 xaxauy sjgeMedr z moas 0 (f') npencranmerﬂﬂ B BuJe
z-rcrmt6onannez=w‘o,rnereﬂMvveﬂ ve@(\/')
Moo =1 (r.e. 0 e Ce) -

Mycts n(z) - MyaBTHIIMKATMBHNN XapakTep IIOJS ‘Dp(\/E).
0Go3uaumm 4epe3 m ¥ T, €ro CYKeHMS COOTBETCTBEHHO Ha IMoJje
Qp K HA <OKPYXHOCTB>» Ce. Torna umeem

n(re) = n (r)n (o), n(vre) = nl(v)nz(rcr). {(3.1)
H3 pasencrtBa po = (-p)(-0) moayuaem ycaoBue
n (-)n(-1) = 1. (3.2)
Jlanee, NMoCKOAbKY

v2=v'17v/3,vve0 v/veC,

MMeeM DaBEHCTBO
n’(v) = n (vw)n (v/ V). (3.3)

06parHo, nycCTH MM T, - NPOM3BOJLHHE MYyJILTUIUIHKA-
THBHHE XapAKTE€DH COOTBETCTBEHHO MOJA le u «oxpyxuocTu» C_,
cBa3anHue coortHowenuem (3.2). Onpemenum o¢yuxumw mn(z) Ha
MyJAbTUIUIMKATUBHOR TrpyIine Q:(\/E) no ¢opmynam (3.1) u (3.3)
AnAd HEXOTOpOro VvV e Q:(\/E), v ¢ Q:z. HocmpoeHHast $yHKUUS
n(z) 6ydem MynbmUNAUKAMUBHWNM XApAKmMepoM nosst QP(\/E) .

3ameuanne. MHOXECTBO MYJIBTHNIMKATMBHMX XADaKTepPOB T,
KOMIAKTHOH rpynms (' AHCKPETHO. )
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§ 4. HMHTerpuposaHue

B stomM naparpade Gymer pa3BMTA TEOPUS MHTETPHPOBAHMS
KOMIUTEKCHOBHAYHNX OQYHKUMIE p-aAMYECKMX ADIrYyMEHTOB H JaHM
NpMMEPH BMYHCIEHWA KOHKPETHMX MHTEIDAJIOB.

1. HHBapHaHTHas Mepa B Noje OP. llockonbky mone QP 06-
pas3yeT JIOKAJIBHO -KOMHAKTHY® XOMMYTATHBHYO TIpynmy MO CJlO-
XKEHMI0, TO B Op cymecrByeT Mmepa Xaapa -- NOJOXKMUTENbHAs Mepa
dx, VHBADHANTHAY OTHOCHTENBHO caBuros, d(z+e) = dz. Ycxo-
BMMCsi Mepy dT HOPMMDOBATH Tak, 4rolu

dr = 1. (1.1)
)], 51

Tipy Ttaxom cornaweHuM Mepa dr €IMHCTBEHHA.
Ina aoboro xomnakta X ¢ Op Mepa dr ompenenseT NOoJOXH-
TEJLHWH JMHe#HuR HenpepusHuit dyuxumonan Ha C(K) no dopmyne

[f@)dz, £ < c®).
X
3necs C(K) - mpocTpaHCTBO HenpepuBHMX $yHKuuMi Ha K c HOpMOIN

Wlew = m2%1f (@)1

Ilycts A o603HauaeT M3MEDHMOE MHOXKECTBO B Op (e 06s-
3aTEJLHO OrpaHMueHHOE, HanpuMep, A4 = Op). MuOMECTBO M3MEDM-
MMX GyHKUMA, 3agaHux HA A, HJIT KOTOPHX

[17@)(Pdz < o (p21),
A .
o6oanaunm wepes LP(4); LP = Lp(op). B LP(4) sBemem mopmy

lﬂp=[van%4"ﬂfeL%@.
A

IpocTpancTeo Lp(A) MOXHO paCCMATPMBATL KaK HOANDPOCT-
paucrso IP = LP(O ), cocTosmee u3 TeX M TOABLKO TeX QyHKIUMI
us IP, xotopme o6pamanrcx B HYJb NOYTH Be3ne BHe A.

Mycte O - OTKpHTOE MHOXECTBO B Qp. OrMeTHM, 4¥TO MHO-
xecTtBo ¢ynxuuir p € C(0), supp ¢ < K, rne K npoGeraer npous-
BONEHNE KOMNAKTH, colepxaumecs B O, nnotso B LP(0). (3mecs
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H Brnpexs supp ¢ 0603HAUAET HOCHTENR: GYHKHMM @.)

D6osmawum wepes LP (0), = Lfoc(op), MHOXECTBO
byuxumit f(z), 3agaHHMX Ha O, M TaKMX, 4ro f e LP(K) mns smo-
6oro xommaxta K c 0.

icuo, uro IP(0) < L?OO(O)-;ECJW 0 - OTKDHTH! KOMMAaxT,
ro L1P(0) = Lf_(0).

dyuxumo f e L:oc Ha30BeM UHmezpupyeMol (B HecobcTBeH-

HOM CMHCNE) Ha QP, eCc/Iu CymecTBYeT

N 20 Y=-m

lim If(a:)dz =lim Y j f(z)dz. (1.2)
B, N s,

310T npegen Ha3HBAETCA UHmezpasoM (Hecob6CTBeHHHM) ¢yHkuuu f
no Op n o6oanavaercs If(x)dx, TaK 4TO

o
p .

©

jf(x)dx =3 _[f(a:)dz. (1.3)
l .

7='°°S
P v
AHanoru4yno BBEXEM M HeCOOCTBEHHHN MHTErpaj OTHOCH-
1
TENLHO TOUYKM @ € Op: eciu f e Lloc(ﬂp\{a}), TO

[f@dz =1im 7 [ f(a)da.
2

N3+ Y=M
P K- S‘I(a)

2. 3aMeHa TNepeMeHHHMX B MHTerpanax. CHavayia JoxaxeMm
dopmyny
d(za) = le] dz, a e 0:. (2.1)

e Mpu sw6oM a € 0: Mepa d(za) MHBApDMAHTHA OTHOCH-
TEABHO CIOBUI'OB, & MNOTOMY OHA& OT/JMYAETCI OT MepH dI Ha
muoxurens C(a) > 0, d(za) = C(a)dz. Orcoma cnemyer, 4TO
C(a) - HenpepuBHas QyHKUMA, yROBIeTBOpAwmas ycaoswo C(ab) =
= C(a)C(b), T.e. € ecThb MyJIbTHILIMKATHBHKI XapakTep rpynnu
0: ¥ nmostoMmy umeer Bux (2.1) m. 2 § 3:

C(a) = |a|:'1n°(a'), fn (a')| = 1, ' €S, a C.
Ho C(a) > 0, u mosromy m (z') = 1. Cremomaremsno, C(a) =
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= |a[:'1,' @ e C. Haitnem . Tax kax B ects obsexuuenue
B3aKMHO HE JepeceKanumxcsi MHOXeCTB p£%+k, k=0,1,...,p-1
(M. m. 3 § 1), mepu xoTOpuX paBHM, TO mes(B) = p-mes(pB))
M, 3naqn7,’d(zp) = 1/pdz, t.e. C(p) = 1/p = |p|P. Taxum 06-
pasoM, a = 2, C(a) = la] , u cnpasenmuso (2.1). =

lipumensas ¢opMyny (2.1) x uHTErpany, HOSyUMM

[f(@)dz = o] [ fay+b)dy , a = 0. (2.2)
4 K

a

lloxaxeM, kak MCIONB30BATH 3Ty OGOpPMYJy IJif BHYMCIEHUS
NpoCcTEeNiMX UHTETrpajoB.
NpuMep 1.
[dz=9", 7 <2 (2.3)
B
¥

Butexaer u3 ¢opmyn (2.1) u (2.2):

dz = [ a0y = 17, [ dy ="
¥
lz| =p lyl, =1 lyl =1
MpuMep 2
I dz = p7(1—%), 7 e Z. (2.4)
s
¥

Burexaer u3 (2.3):

jdx:fdx-]‘ dz.

S‘I B‘Y B’i- 1

Taxum o6pa3omM, «mwIomWARbE» OKPYXHOCTH B O  mOJTOXM-—
4
TeapHa !
lNpusep 3.

[£U21)dz = -5 T 167"
Q y=-®

Burexaer u3 (1.3) u (2.4). B uacrrocru:
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Npusmep 4.
-1

1-p
J jz| % dr = —, Re « > 0. (2.5)
B t-p
)
Npusep 5.
In p
[tz d=z = - ) (2.6)
B ’ p-1
o
® 1n p
- (1 -1 A
. Iln[zlpdz = -(1 p)l/n gzo 197 p-l.
B
[s]
3necks MM BOCHONH30BAJMCE DABEHCTBOM
L
¥ = —L1 . (2.7)

770 p(1-p")®

* ,
3ameuanne. HusapuanursHas wmepa d T MyALTUIUIMKATUBHON

»*
I'pynms OP nons Qp HMEEeT BHIO
3 -
d'z = |a:|p'dz.

a Butexaer u3 (21)

"

d*(az) = |a1:|:d(az) |z]:d:c =d’z, a e 0:. -

O6umast BaMeHa nepeMeHHMX B MHTerpane. Illycmb o(y) -
aHaMUmMUYecKas $YHKUUSA, 20NEOMODPHO omobpaxaomast OmKpumni
KXounaxm K1 < Qp Ha (omxkpwmwit) xomnaxm K ¢ Qp, npuden
o'(y) =0, y e K. To2da ana moboi f e C(K) cnpapednusa
¢popuyna

[f@)dz = [ o' )] fle))dy (2.8)
K K

» Tax xax MHTerpan ecTs NuHEHHHWI! HenpepusBHM ¢yHK-
unonan Ha C(K) (cm. m. 1), To édopuyny (2.8) nocrarouno
H0Ka3aTh AN JOKAJIBHO MOCTOSHREX $yHKUME, MHOXECTBO KOTOPMX
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nnotsd B C(K) (cm m. 2 § 6). 3maunr, pasencreo (2.8) mocra-
TOYHO noxa3artes ana f(z) = 1, r.e.

[az = [ 1" @)1 v (2.9)
. ¢ K1

Noxpoem xommaxr K| KOHEUHMM 4MCJIOM KDYToOB Bb(yk) 6e3 o6ummx

touex: (cM. mn. 3 § 1) mocrarouso wmamoro paauyca pP rTak,

4To 6

o @1 = [ ()], = » *

B Bb(yk) ¥ upu o6paTHOM 0T06pameﬂuk Kpyr Bb(yk) nepexomui

wa xpyr B, (z), 2 = o(y) (mo rteopeme 06 oGparnoit ¢yu-
x

p+T
.kuuu . 5 § 2). Orcoga, noas3ysce opmynoi (2.3), nomyuum
pasenctBo (2.9)

J.d:l: = z I dr = z pp‘rk = z J. prkdy =
) ¢ x x B (y,)

x Bpﬂ'Ezk)
=Y | 1ewld =
« B,(y,)
=Y | lewidy=[le@),dy.
X Bp(yk) K
Npumepu. Ecau f unrerpupyema ua Op, to (em. (1.4))
[£@)az = | ! f[l)dy; (2.10)
0 o lvl; Y

CnpaBennusu Takxe $opmynu (cM. m. 4 § 2)

[ f(@dz = [ f(sin v)dy = [ f(tg v)dy.  (2.11)
G G ¢

1 4 P P

[ f(@)dz = [ f(1n )dy, [ f(2)dz = [ f(Nay. (2.12)
G J; J; 6;

3. IlpMMeps BHMHMCJIEHUA HHTerpanoB. B gomonuenue x m. 2
§ 4 npuBeneM pAX NPHMEPOB BHUYMCJICGHMS HHTErDAJIOB.
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NMpuMep 6. 7 € l,»

o, 1€l =57,
f x,(€2)dz = (3.1)
B, 0, |g|=p" "

» Tpx |g| = p? |&z|, s 1 u mooromy x (£2) =1 u,
cnepoBarensiao, B cury (2.3)

J xp(Ez)dx = J dz = p¥.

B, 5,

Ecom  xe |§|p = p ¥, 10 mpu |z |p = p? |z | =
P

= |§|p|:z:'|p z p, Tax 4YTO xp(gz') # 1. llosromy, coBepumas 3a-—

MeHy NEPEeMEHHON Z = Y-z’ , MOMYyYHWM, UTO MCKOMHH MHTErpaj pa-

BEH HYyJO:

[ %()dz =[x (ew-2"))dy = x,(~€2") [ x (ev)dy.
B

B,' B_'(a:’) y

Jxeck MH BOCHONH30BAJMUCE TEM CBOHCTBOM, 4TO B,'(:z:') = Bw,
ecau |z'| s p’ (cM. m. 3§ 1). u
Npumep 7. ¥ € £,
P (1-D), |gl =7
p b4 P s
J x,(£x)dz = {-p"7", lgl=p""", (3.2)
S

v 0, lg 27" %

= Burexaer u3 (3.1), rtax kxakx

IxP(Ez)d:c = I xP(Ew)dx -J xp(ga:)d_x, -

S’i BT B’I-l

Npumep 8. Ecan Zp'7|f(p'1)| < », TO
¥=0



[ #0121 )z, (g)ds = (i-§>|e|;‘7z P ET -
o =0

| 4

- lel'f(pIELY), €20,  (3.3)

m Burexaer u3 ¢opmyn (1.3) u (3.2). 06osmauas l€l, =
= p", umeem

[ =1 )z (e)dz = T f(3")] 2, (62)dz =
op [ S‘I

= () T IGNI - FG N =

=<0

= () TSI - £ .

NpuMep 9.
pr(sz)dx =0, £ = 0. (3.4)
0
P
Burexaer us (3.3) npu f = 1.
lipuMep 10.
1-p%-1
a- -
I |2| %", (€2)dz = —= |€1;%, Re « > 0. (3.5)
Q
P
s Burekaer us (3.3) npu f = |:z;|:'1:

[ ]

a1 _ .1 -1 ~T- -1 Y | o -(0-1)
[ 215, (2)dz = (1 PIel Br gl -

Q =0
. P
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-1, o- -+ 1 X- -
L LR (G b S ILRSE

Npusep 11.
pln p

Jln|x|pxp(€x)dx = - l£|;’, €= 0. (3.6)
Q .

P

r-1
s Burexaer u3 (3.3) mpu f = Injz| :
= (1-1 AN O - -
£ln|z|pxp(€x)d:z: = (1 p)lilpvzop (-vlap-1njg| )

P

L

- 1€ n p + [€] M In]g], = -|€]'1n p[1+(1—%>1;p”v] =

= -|§|:ln p[l-ﬁ—’é—i-] .

3mecr MH BOCNOJB30BAJMCH DaBeHCTBOM (2.7). w

NMpumep 12.
L] 2_ ~-27
Zp(iz) iz = 1_1 |€Ip - p-p 3.7
zzz_(p)zz 221) -2y 2 2()
|:c|p*m po+m |§[P 70 p “T+m |£|P

P

s Burexaer u3z (3.3) npu f = 1/(]:1:|j+m2):

X (§:l:) 1 _ = p-7 \Ifrl
J pz 30% = (1—5)|€|p‘ z 27,012, 2 .2 f2 z
I:L‘Ip-v-m 70 p |$|p +m y Ielp +Mm
3
® 1 1
1 -7
= (-Plel, 7| = - ). -

H3 ¢opmynu (3.7) BHTExaeT aACHMITOTUKA

HEEXS (3.8)

P

J x, (£2) p+p® 1
———— z ~ ——
]x]:-:-mz p2+p+1 m‘]€|i’
) ES
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. S %, (€7)
. lip |§|p — 4z =
‘E‘péw 2

’w -27

1.1 ‘ ¥ -2 P
= 1_ 14 -
( r |§|12m WE;p (P*-p )[ _27+m2,§|a]

p’ 1
- «~ "
1-p7 1-p7

SaMeTMM, YTO0 B BCHECTBEHHOM Ciydae aHaJMOTUYHHHA HHTEer-

1 2-% 4 _ 1.1
= (1“~> z (PFFT-p" = (1 - 7 ;;

pan paBeH

© eznigx

l — (3.9)
_ T +m

¥, CNEAOBATEJBLHO, 3KCNOHEHUMANLHO yOHWBaeT mpu |€|-w.
NipyMep 13.

de = p*™, v e Z, k=1,2,...,p-1. (3.10)
Sw,xo=k

m B cuny unBapuanTHOCTM MepH dT OTHOCMTEJbHO CIBUI'OB,

u3 ¢opmynm (2.4) umeem :
jdw=p(1—)—z j dz = (p-1) | de,
57 %o =k S_,x =k

oTkyxa u cieayet ¢opmyna (3.10).
Ilpymep 14.

dz = p7(1—%), yel,k=1,2,...,p-1. (3.11)
S ,z =k
v 0

s Burexaetr u3 ¢opmyn (2.1) u (3.10): )
= - = ¥(1 - 1y _
f dz = f dz j dz = p’(1 p) " o.
Sy’xo*k S7 Sy’$d=k ;
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Npumep 15.

- 1
j dz = p*'(1 - 3> (3.12)
Sw,a:‘=k
vel, k=0,1,2,...,p-1, 1 =1,2,...
NpuMep 16.
dz = p" 7, (3.13)
S,’, 1‘.0=k0, z1=k1, ey a:lzlcl
rel, Oskjsp—l, k0$0, 1=0.1,...
Nlprmep 17.
dr = p"(1 - %), (3.14)
Sy, =k, w=k, o '
zl=kl, zl“:klﬂ
7€, Oskjsp—l, ko:O, 1=0,1,...
NMpuMep 18.
a-1 ~2+p7"
|1-z| "dz = —~—0~, Re « > 0 (3.15)
(1-p77)
|z] =1
p
w lloaesysces ¢opmynamn  (3.11) u  (3.14), noayuum
(3.15)::
J |1-z|* Y = |1-z|*dz +
P P
S0 So,xo:l
+ Il-zli"lda; + » ’ |1—1:|:'1dw +
So,x0=1,x1:0 , So,q:o=1,x1=0,x2=0
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+ .. = J dz + p'™® dz +

g So,xoal 50,w0=1 ,Z, 20

+ pzu-a) de + ... =

S0 R xozl R x1=0 5 :1:2==O

1
= 1.2 1 1 1y, = 4L 1 1
= 1—-13+ ;&-(1—5) + F(1_ﬁ> + ... = (1 p)l_p'a 7.
Mpymep 19.
in p } ‘
Injl-z| dz = — . (3.16)
P p"l
2] =1
m JleiticTByqa, kxax B npumepe 18, moxyuum
J 1n[1—:1:|pda; =1n1 J dz + ln % { dr +
S0 SO,J;O==1 So,xozl,a'lseo
<1 L dz + ... =
2
So R xo=1 R zl=0 s :c2==0
1 2 1
=ln%(1—‘% [—-+-—-E+ ...] ZIH%-—-—-——'_—i—--
p P p(1-p77)

3necs Mu BOCHONB30BaAJNCE paBeHcTBOM (2.7). =

4. HHTerpHpoBaHHe B @:. HuBapuanruaa Mepa dzr Ha Qp
craHgaprHuM 06pasoM pacnmpocTpaHfeTCs [0 UHBADMAHTHON Meps
HA D: (M. n. 7 § 1): dz = dzdz,...dz , n BCe Cko3aHEOe B
n. 1 gns le NMEePEeHOCUTCA Ha ﬂ):. CsegeHue. MHOMOMEPHOT'O MHTEr-—
PMPOBAHMA K OZHOMEpHOMY 00eCHeuMBaETCA CHAELYOUEH TeOopeMou.

TeopeMa <¢yGuHM (0 nepeueﬁe TOPSAAKaA MHTerMpOBamm).
Mycmy ¢yuxuust f(Z,y) nepeMeHrwx T e Q: uye CD: maxoBa, «mo

J [ J | f(z,y)|dy ]dw
Q J

n Qm
cymecmpyem. Tozda ¢yHkuus f uHmezpupyeMa Ha tD’:'", cymecm-

P p
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BYyiom BCe€ NOBMOPHWE UHMezpa/naw om HeEe U OHU pAaBHW:

J [ J.f(z,y)dy]dz = I f(z,y)dzdy =
Q#I’ll

e
P P
@ml: «Q
PP

O6pamHo, ecnu ¢yHKUUs f abcomomHO UHmezpupyeMa Hd m:‘“‘, mo

P

n

f(x,y)dxjidy (4.1)

Bce uHmezpanw B (4.1) cymecmpyom U cnpapedauBH paBeHCmMBA
(4.1).

Cnpasennusa QopMysna 3aMeHs NepeMeHHmx: nycmb & = z(y)
(m.e. T = z‘(yl,yz, . e ,yn) , ¢ =1,2,...,n) - zoMeoMopdHOE
omobpaxeHue OMKPHMOZO KOMNAKMA chﬂ: Ha (omkpemnil) KoOMNakm

K < 0:, npuyeM ¢yHKuUuUU xx(y) - aHanumuYeckue B I(1 u

az(y) oz,
= detﬂ-———‘l =0, y e Kl.

det Byj

ay

Tozda ans avbol f e Ll(K) CNpapednuBo PABEHCMBO

Jf(x)dx - [ der =)
ay
K K

f(z(y))dy. (4.2)

m JokxasarenbcTBo ¢opMyas (4.2) NMPOBOAKUTCA MO MHAYKLMM
N0 % KAK M B BEWECTBEHHOM CJiyuyae C MCIOJb30BAHMUEM OLHOMEpD-
HOil Qpopmynn (2.8). =

OrMeTuM ewe aHanor Teopems Jlefera 0 NpegenbHOM Hnepe-
Xoo€e mOog 3HAKOM  MHTEerpata: ecau  nocsgedoBamesnbHOCMb
{fk" kow} ¢yHRUUT f, € Ll(‘D:) cxodumcsd noymu BCody B ‘D:
(omnocumenvHo Mepw dz) Kk ¢yaxyuu f(z), u cymecmByem Y e
e I (D:) maxas, €mo noumu BCOdy B tD:

[f (@) = w(z), k=1,2,..., ¥ ¢ L’(@:),

;Mo €cnpapesd/NIUBO PABEHCMBO

lim Jfk(a;)dx = Jf(x)dx. 4 (4.3)

k>0
n
' Q Q
)4 P
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fipumep 20. PyHKuus
2 2 2| -«
(1o02 + 12,02 + -+ 13,12)

JIOKAJABLHO MHTErpupyema B @:, ecnu 2a < n.
s Honpsysce ¢opuynoin (2.4), umeeMm

I-= JJ J [|x1|s S EA PP |xn|§]‘°‘ dg dz). ..dz_ =

BB B
0o 0 o
° ¥ +T ¥ 27
iyn It 1
= (1—5 Z p [p +
71’72" ,7n=—w
2y 2 o ® N -2v
+p Ceoep “] =@ Y F [p e
N=o V1¢V2#. ..+Vn=o
-2v -2y ' -2N+2V +... 2V )
+p Pelep “lep ' “‘] .
OrMetruM paBeHCTBO
-2N
| )
min o HOFe Y e | =
Osa =1 1 2 L N

=1,2,7..,n1

. p
= min [(n-—l)a +
Osast a”

llpomomkas HawK OMEHKM, MONYUUM

® N 2
1 - - n
Is(l-};)nz.ﬂ" z na[l) =
N=0
V. +V «. .. +V =0
12 n-1
C w(i- 22
- n n-1
=n P N < m. ®m
NZO

MpuMep 21. p = 3 (mod 4),
Jf((x:x))xp((ﬁyz))dzldzz =

DZ
p
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() )
= — ({15 b -f (4.4
l(s,s)lp“ p]vgop (€01, (€81, )

TpM YCJIOBMM

Y ()| < e

70

w (6o3mauum McxoMmit mHTerpan uepesz J(£€). B cuay ero

cummerpuu no £ = (51,52), dopmyny (4.4) DocTtarodHO [00XA3aTH
-M -
npu |gllps|52|p. 06o3naunM |£1ip =p, |§2|p =N, N= M

Mone3ysace paBeHCTBOM

g 2 2 2 2
I(x,:c)‘]p = |zi+z,|, = max(|:v1|p,‘:t2|p)

(em. m. 4 § 1) u dopmynamn (3.1), (3.2) u (3.3), monyunm

J(g) = EANERGERLER

tDp i$2§p$!x1|p

‘ 1 (1,12)x, (6, dz, |2, (g 2 ) s, =

EXRIENN

) Jf[|$1|2] |x1|pxp(€11‘1)ﬂ(|52131 p]dzl *

. J‘f[|z2|i]xp(€2x2) xp(glxl)d$1d$2 -

<1y,
Q |:1:1 p_pl‘EZ'p

- .12
= 12,12) 12,1 42, «

-1
2,1 31g,1

* %J’ f{llej] lxz'pxp(gzwz)n[%!e’zz p]d:lr2 B
o .

p
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* F{12,02) 12,1 2, (€2, d, =
plE | =7, | =plE, ]

N H+1

= (1) Y Gy - T T v e, -
¥="w 7)7 S J B 2 2
b
¥
= (1~,1_2] }:p-ZW*ZNf(p-zpzn) _ %pzmlf(pzmz) _
p =0

= 15[ [5) LT e - F 11

OTKyZa u crexyer ¢opmyna (4.4), ecaud 3aMeTuTh, MTO

lg,12 = |&2+€2] = 1(€.€)| mpu [g]| = |&,] -
B uwacrrocTM, Oa1 mpomaratopa
G = (|(:1:,a:)|p+m:‘)'1 (4.5)

(cp.(3.7)) dopmyna (4.4) npunuMaeT BUX

—_—— dx =
IR

[ x ((£.2))

P

1 - -2% ! L
= [1 - -E] zf’ -2y 2 T a2 - (4.6)
p/¥=o plemt | (€,8) |, phmt | (£,8) ],

Orcona, xax u B ciayvae mnponarartopa (3.7), 3akjo04aeM, 4TO
npaBas 4acTh paBeHCTBA (4.6) mNONOXKMTENEHA M HMMEET IpH
| (£,8) |p > ® ACUMITOTHKY
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x, ((€£,2) )
j-————-———z de ~ ——m*| (£,€) |7 (4.7)
|(x,m)|p+m +1 ®

P

NMpuMep 22. p = 1 (mod 4),

N

Jf((z,x))xp((é',w))d%dwz -

@2
P

1 PR N p?
) 1(s,s)lp[[l_i;]éo[“p—x]p1f[i<s,s>t,,] )

- 2(1-% [ P ]+f[ " ” (4.8)
“ &0, [(£,8) 1,

@

Y| f()] < w.

¥=0

NpU YCJAOBHM

m CywecTByer pewende T € 0 ypasmenus ¢ = -1 (cm.
n. 4 § 1). 3aMena mepeMeHHHX

1
y, = Z(@3-t2), o =y, azx
2 det|—| = -27

3y

1 .
v, 5(x1+tx2), z, = ©(y,-y,),

naer

2 2 '
|(:1:,Il:)|p = |:L‘1+:I:2|p = ]2(1-t)y1y2|p,

(g,2) = 2,787, = &1(y1+y2)+§2t(y1-y2) =

= 4,y,*Cy, = (Lv),
rae obo3HaUYeHo
C,=€,+7E,, ¢, = £-t€, (C,¢, = €46 = (£,8))-

llosTomy uckomuit murerpan J(£) NPUHMMAET BUI
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I = Jf[lm,,,|y2|p]xp(<c,y>>dyldy2 -
I .

p

) [ [i.f[lyl'p’lyzlp]xp(cz’yz)dyz}xp(cl’yl)dyl' (4.9)
Q

P 4

Mpumenss k mnoBTopromy unrerpany B (4.9) dopuyry (3.3)
ZBaXAH , moxyuum Qopmyny (4.8):
J(g) =
1 -y 1 . - ~y-7’ - - -
= (- yr’ [(1-5> Zp’f[p” \c1|p‘|c2|;]|c2|p’ -
¥’ 5o ¥=0
1 LA TN IT: |"’]ic I -
t'p 2'p 2'p 1'p
o1 -7 '—wn -1 —.1 -1 -1
- G- LT e i e

A LA L TN TN T

- lC‘C2|;1[[1—%)2720(7+1)P_7f(p—7|Clczl:] -

- 2[1-%]7§op'7f[p1_7lClczl;l] + f[leclczl:):l -

- tel| (5] L () ey -

- 2(1--%)f[PIC1C2|:] ’ f[pZ]clczul]]‘ ]
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§ 5. l'ayccoBb MHTeTrpasl

Hurerpanu suga

fxp(ax2+bx)d$

Ha3HMBAKNTCA TAYCCOBHME. JA€CH MH DACCMOTPMM Te CJIy4aMu, KOriaa
MHOKECTBOM MHTECIPHPORAHMSI SBAFETCHS OKPYXKHOCTH Sz’ Xpyr 87 u

BCe MnpocTpaHcTeo @ B uwactHocty, O6yAerT mnosyyeHa Baxuas

$opmyna

p'

[, I ~ ~1/2_ be

J x,(ax +bzydr = Ap(a)[a}p xp(— IE]’ a = 0.
(M
P

N

>

BHYMCTeNMe TayCCOBHX MHTETDAJIOB NPU P #* 2 OCHOBHBAETCS
Y L 7

na cymmax laycca

p-1 ( {Z]VE, ecax p = 1 (mod 4),
- ik b
Z‘exp[2nz~«—j = 1 W ()
¥=Zo p ki(?]Vﬁ. ecay p = 3 (mod 4),
rze m - uenoe YHCT0, He Aendueecs Ha P, [%) ~ cumBoa Jlexan-

apa (cM. nm. 4 § 1).
-31eCch MH MCHOJAB30BANM BAXHY® 119 JAajJbHedwero Teope-
*
TUKO-YHCTOBYD QYyHKUUO Ap(a): o - C:
1, ecan ¥(a) uerHoe,

a
Ap(a) = {53], ecmu y{a) weuersnoe, p = 1 (mod 4),

[

SIS
lo

]i, eciu y(n) meuernoe, p = 3 (mod 4);

a
;%[1+(-1) li], ecau y(e) derHoe,

hz(a) - 1 &y 2,
;5(1+i)i (-1) °, ecau ¥(a) meuetHOE.
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OTMeruM mpocTeiluMe Jerk0 TNpOBEpPAEMHE CBOUCTBA dyHKUMM
A (a):
()

(@], = 1 A (@ () =1, a =0,
Ap(acz) = Ap(a), a,c = 0.

JansHeliume cBo#cTBa QyHKUMM Ap(a) 6ynyT FNpUBEXEHH B
n. 4.

B repmunax dymxunu Ap(a) cymma Taycca (*) npunumaer
BUA

p-1
zﬁf]

exp|2mi = A (myvp, p = 2. *)
Lo rity] =0 <

1. rayccossl MHTErpais IO OKPYKHOCTAM 57.
Npumep 1. p =+ 2, ]e!p =1, y e Z,

ﬁ’(l—%)xp(cxa),|z;p5p'7‘, 420,
-pv‘ixp(cxz), Iil:lprp —’,él, =0,
J %, (e(@p)%)dy = 1 0, 2] 207", w=0, (1.1)
° 1, || =p". ¥=1,
0, |z =p7, rzl.

allpy ¥ = O »u }x]p s p?, y e Sa’ uMeem
le(v™2my) | = el |22y}, =
= max [|y|§,}2xy|p] = max [pzw,pwp'q] =1,
H MO3TOMY
xp(e(x—y)z) = xp(c(yz—ny)+s:1;2) -

= x (e(y*-239) )z (e7°) = z (ea).
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Hckomuit unterpan B cuwry (2.4) n. 4 § 2 pasen

xp(s:z:z)[ dr = p*(1 - %)XP(CIBZ).

7

Mpy 7 =0 u Jz| =p", ye S, umeem |f:yz|p =

13
=p2751}{

x (e(2-9)%) = x,(ea®sey’~2eay) = x (e2°)x (-2e2y).

Mcxomuit muterpan 8 cuay (3.2) n. 3 § 4 pamen

z, (c7%) J x (-2ezy)dy = -p" 7% (e3%).

S7

Ilpu v = O x |z|p =p', Nz -9+2, y S7 umMeeM

{e (:z:-—g/)z}p = {p’2"(80+elp+. - ) gz pre .

: ,+(z“_1—yo)p“‘7+ e (xzn-x—yn+7—1)p2“_1+ -) z}p =

2
L(yor¥ys- - ’yn+7~2) = P%0ToYney-1?

rge L He 3aBuMcuT OT Ynayor” Torga, npHHHMAs BO BHMMAHME

bopmyny (3.13) n. 3 § 4 nmpu I = N+y~1, ON9 MCKOMOTO MHTEr-

pajia NMOJNYyYHM BHDAXECHHE

-1 p-1
-N
y°=1 y1=0
-1 p-1
. 4z
.. z exp(2nzL). Z exp(—g—cozoynq_l]; 0.
yN+7—2=0 yn+7_1=0 P

HeitcTBya aHamoruyno, ybeguMmcs, uTo B caywasx y = 1, |:v|p *
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# p? uckommit uuTerpan paser 0O, a B caydae y = 1 |x|p = p?
OH paBeH
[ x, (e (z-p)*)dy = J %, (e(z-9)*)dy =
Sr.’yo:xo S,’,y()::l:o,yl::l:l
- | 2, (e(2-4))dy =

S,,:Z/o:xo’ ... ’y1-1=$7—1

B cuny dopmynu (3.13) n. 3 § 4 npu I = y-1. =
Npysep 2. p = 2, ]s\p =1, vy e Z,

J x (ep(s-9)?)dy =
S

¥
P(1 - Px, (epz®), |zl =7, 90,
—pi"‘xp(em:z), |z| =p"""%, ¥=0,
0, |x|pzp'7*3, 7<0,

= «Ap(cp)VZ - xp(cpzz), |$|psp, =1, (1.2)

0, |z 2p*  o=1,
A, (ep)vD, lz] =p", =2,
0, |z|p¢p7’ ¥z2.

s Asanoruwuno npumepy 1. HekoTopue oTamuus umewt caemy-
ouMe CIYYaH.

Ilpu v = 1, |zf =1, y e S1 uMeeM

P
2 - 2_ -
lep(z™-22y) |, = |e] |p| | (2*-23y) | =

max (l,p) = 1.

1 2 1
= 3 max (|x|P,|2xylp] =3
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MosTomy

%, (ep(z-9)%) = x,(epy®)x, (ep(a®-22y) = % (epy).

2
ey
{t:pyz}p - {%(€0+e1p+...)(yo+y1p+--‘-)2}p = ,‘(2)7 R Sy

u B cuny (3.10) n. 3 § 4 n (*) MCKOMHI MHTErpag paBex

] -

2 p-1
Y ey
exp [2112' Z O]dy = 29xp[2nz' ;

=1
Yo

2
4]

‘Sv
1
p-1 2

. 0
= exp {2117,
L0

],‘1=>~(8p)\/§—1-

fIipu vy = 1w |1'|p =p, ¥ € S1 umMeem

)2 1 2
{t:p{\x_y)?}p = {i(80+81p+' . I:q;ouyo+(:v1—yl)p+. . :I }p =

80 2
=7 (zo—yo)
U, 3HAYUT, MCXOOHMI MHTErpad paBeH
p-1
2 2m7 \
Jexp[ 1”5 o(Z,7Y,) ] z-exp(—zz-so(zo—yo)z) =
5 Yoo
"1
2ne 2n: z
Zexp[ =, (z, y)}—exp[peoa:o)=
y =0
P eok2 2
= Zexp[21n' - ] - exp 2112'{8]):1:} = A (ep)Vp - x (epz®).
o P P P P
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HOpn 7 =

{sp(w—y)z}p

2 u |:v|p =p¥, y e S, umeem

{p’"”(eowipq». 22 [a:o—y0+(z1—yl)p+. ..

2
2 -2 —
+(x27__2~y27_2)p te- ] }p -

Ze
= LYooy oYy y) = 5 (B U Uy e

Kax u B mpumepe 1, uumrerpan no rtou uactu S_, rae x

= y , pasen 0. HosToMy MCXOAHNI MHTETPAd PABEH MHTErpany 1o
TOM 4aCTH S,’, rae r =y , M T.A.

J x (ep(z-y)*)dy =

S,)y0=xo

j x, (ep(z-y)Hdy = ...
Sy,y0=a:o,y1=:1:1

x,(ep(z-y)")dy =

il
. %

51;.7/0_—'11:0; }?,4’_2:177_2
. FCO 2
= ) e:sp[2nz-ﬁ—(x7_1—y7_l)] =
y7_1=0
p-1 €
= Zexp[2ni§9-k2] = A (ep)V3.
k=0

3meck MH ONATH BOCHOAB30BanuCch ¢opmymamu (3.13) n. 3
§ 4npu l = g-1 u (*). =
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27y, (e2%), |z],=277", ¥=0,

=277y (e27), |z] =277, =0,

0, |z =277, =0,

81

(’1) 2, le =1, 7=1,
[ x,(e(z-y)%)dy = | (1.3)
) 1, !zl =2, ¥=1,
¥

0, lz| =4, 7=1,

v2a,(e), |z| =27, 722,

0, [z *27’ rz2

s AHajnoruyso mpumepam 1 um 2. Ocobue cnaydam ciaegyoume .
Ipu v = 1, |x|2 =1, y e S1 umMeeMm

]e(:cz-ny)Iz < max [Ix|§,|2zy|2] = max [1,%|y|2] =1,

M MO3TOMY xz(g(x2—2xy)) =1mx

[\'1 >‘(')

{eyz}z = {?]1“'(1"8‘12*' c) (L+y 2+ ')2}2 = 21{ *

Hcxounit MHTEerpas paBeH

>4
[x (ey®)dy = {exp[Zm’ (l * -—‘de =
2
4 2
S S
1 1
_ {1 1 1
= exp{Qm (—- + —” = ¢(-1)
4 2
Ips v = 1, |z|, =2, y « S nveen
2 2 1 . 2
el = 1@, = [z ]| =

7
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xz(c(af:—y)z) = 1, ¥ MCKOMH{ MHTErpan paBeH

[dy=2[1--;-] = 1.

S

1

Mpu v = 2, |:lc|2 = 27, Y e .S'1 uMeem

{C(x---’y)z}z = {2-27‘:1’“‘:12*' -) [(xx-y1)2+($2-y2>4+' ’ ']2}2 B

= LY
- L(yn,y1,---,927_4) - E('I:l Jl)y2?_3’

M MCKOMHI MHTErpaj paBeH

[ xz(e(z-y)zy)dy = J xz(e(x—y)z)dy = ...

57,3/1:1:1 : 57,y1=931,y2=:l:2

= J 2, (e (z-y)*)dy.
Sy,y1=a:1, R T

ﬂﬂﬁ InocCJegHero UHTerpaJa umeeMm

{e(x_y)z}z - {i(1+912+. 22 [(xw_l—y7_1)+(.'$1-y7)2+. . ,]2}2 =

= (2,7 >2[~1—+i]
LA RECACM V' I

CnegosaTensHo, MCKOMHI MHTErDas paBeH

. 1 €
J exp[2rtz (2:7_1—?/7")2{; + j]]dy =

Sw,y1=x1,...,y7_2=x1_2

= z exp[2m‘(z1_1~y7_})2& + 5’.]] =

= ,).k21+€1 _1I+ 2.1_}‘:1 _
= Zexp A It = exp nzzl_ 2_ =

k=0

= 1+ i(—l)e‘ = V2a(¢) .
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3xece Mu Bocmomp3oBasuck ¢opmysnon (3.13) n. 3 § 4 npu I =
= 7-2u a
lpumep 4. p = 2, |c[2 =1, v e Z,

2¥- 1742 (2e47) , [z| 25277'2, 7=<0,

-277 'y, (2e2%) , |x] =277, 4=0,

0, |z|,z277", =0, ,

-1, |3|251, 7=1

1, ].17‘2=2, r=1,
J’xz(ile(x—y)z)dy =4 a,(2e), |z] =4, =1, (1.4)
Sz 0, |142z8, ¥=1,

2A2(2s), ]x1252, =2,

0, )x|2z4, =2,

2a,(2¢), |z} =27, 723,

o, | |:u|2==2y, 723.

s Ananoruyuo mpuMepam 1 - 3. Jcobue cayyam cremyiomue .

Hpmwzlu|a:|2=4,yeS1

{2e(x—y)2}2 = {§(1+812+sg4...) [1+(x1-1)2+(2:2-y1)4+...]2}2 =

. 2 _
= {l\+ e—l— + —8—2 -+ (11 1) + x’ 1} =
8 4 2 2 2 J2

M MCKOMHH MHTErpaj paseH

1 €y €, 1 & €2
exp[Qni[— + — + —]]du = exp[?ni[— + — + —-]] =
8 4 2 8 4 2

S7

82



HP"7=2K|:13|2=2",1V51,ye.5'2umeem

{28 (m-y)2}2 = {;1;'(1“:12*824' .2) [— 1-y2-...

+(1-y,,) 2" ] 2}2

=R

24 € y y
={1+_1+_2+_+_1
8 4 2 2 2

¥ UCKOMHH MHTErpajJ paBeH

1 € €
‘(exp[2rmj [— + -+ -—Z]de =
8 4 2

S

2

1 € €,
= 2exp[2ni[; P -]] = 2x (2¢).
8 4 2

pw 7 = 3 u [z, = 27, 7y e S;r nMeem

yo¥-d,

~2Y+3 . T
{27% [ (0,7 #2202, )

M "MCKOMBH HHTEerpaJl PABReH

x,(2e (z-y)*)dy =
S oy,=2,
o= ’ x2(25 (lg)z)d'y

J

S.”ylle soeee ,:1,/7_3:-’1/‘,,_3

B nocjaegHeM MHTErpaJie uMmMecMm

2 _ {1 .
{28 (z~y) }2 = {-8-(1+€12+824+~ .2) [mw_z—yw_;
2 1 2 2
G AR A (CHE AR LR

£ £ -
4(z. - z - 5~y )Pt o+ o2
+4(2, Y, ) (Z, y,_z)] S G [4 *5 j



MosToMy MCKOMHI MHTErpaa paBeH

J . exp{Z—Z[(x,’-Z—yy‘z) 2+4(a:7_1—y7_1)2+

S oY =TT e Yy ST,

(@, vy ) (2, vy )+ (20 0e) (2 v, )] v =
1
2

= 2 0 ) CXP{%[(%—z_yw-z) w2y Yy )

Yy,=0 ¥y =0

(e, -y, ) (0, my, )+ (28 ve) (2, 7y 72)2]}=

1 1

= Z Zexp{ﬁ[kz + 45°% + 4kj + (2&1+22)k2:|}
k=0 =0 4 _

=1+ €™ + Qexp[:;—i(1+2cl+cz)] =
1
= 2—*1( 1) %2 _ 22 (2¢).

Opumep 5. p = 2, |af = P, v e 1,

-1/2 b? b

a@lel oy (- 1) |2

J’ xp(az2+b:v)d:c = P (1.5)
$ 0, 4 .
(s P

m lycts a = op®, rae 0 = ¢ wwm ¢ = €p, |e|p =1 (cm.
n. 4 § 1). To ycrnommo |a = " w onpu o= ¢ N = 1-7, a
npu o = ep N =z 2-y. CoBepwas B MHTerpaje 3aMEHY IEDEMEHHOI

\nnTerpnponamm p'"a; =y, dr = p'"dy, TMONYY¥UM

[ x, (poa*+ba)dz = p™ [ x, (oy*+bp"y)dy =

¥ N+
bzpzn bp" R
_N
- - ) | wfely - )
P 40 ? 20 )

Honbsyac; dopmynamu (1.1) nmpu ¢ = e u N+y 2z 1 u (1.2) npwu
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o =¢ep K N+y = 2, NMOAYYUM AN KCKOMOI'O MHTETpaa BHPAKEHMS

N
( 1 bp _ N+ _
s ecliu '*20_— » =p , O=¢,
bp“
-N b2 — N+ _
» xp[-» ZE]' Ap(cp)x/ﬁ, ecnu || = p %, o=ep,
0 B OCTQJBHHX  CJyYasiX.
06sauuss 9Tu ciaydYam M y4YMTHBAsS, 4TO0 1 = Ap(c), o= [a[:/z
mpr o =g, A(ep) =2 (a), P77 = [a]l® mpu o =ep, a
TaxKe 1)"[1)"/2cr|;1 = |a|p, noxyuaem opmynn (1.5). =
Npymep 6. p = 2, [a|2 x 2V 4 e z,
-2, be 7
var_(a) e} Xz[- 4_], e =27,
[ xz(a$2+bx)dw = @ @’z (1.6)
S O) b— *27.
(4 2a't2

m Kax u B npumepe 5 ¢ ucnoanpsosBanvem dopmynr (1.3) u
(1.4). =

dopmynu (1.5) u (1.6) momyckawT obmexunenue.

Npumep 7. |4a]p z p2'27, Yy el,

-1/2 b? b (4
A @12e] % (- 1), & =7,
2 P P PU 4q 2a
xp(a:v +bz)dz = P (1.7)
b 4
0 1 #p
S1 ’ 2a'p

puep 8. p = 2, [a| =977, 71,

J xp(ax2+b2:) dr =
S

7

i
’ -

]’ lblpsp""«ﬂ,
= (1.8)
0, |b1p=p‘7"2.

o« Tak xax a = p°° e, |e| =1, To mocrne NOXCTAHOBKH
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-1 ~
p7 T = Y UCKOMHM METErpajl NpHHUMAECT BUIX

a b? bp",” 2
(- )] wlerl o 55 T
Pl 4a r 2ep 7 -
S1
-¥+ b[i-7+1 |
IIpu (4] =p , THOCKOJARKY l = p, BOCHOJBL3YeMCH
e 28p P

dopmynoit (1.2) npu ¥ = 1 u |;l:|p = p:

b2

p’“xp(- ;g] {Ap(ep)/i - xp[f:p

b2p-27+2

- et pom [ 2] - )

-7+l
. _ye2 b],r

npu |b|p z p umeeM = p°, u $opuyna (1.2) upu

!
-1
2 2ep Vp
¥y =1mu i:vlpzp naer 0. =
2.TayccoBH MHTerpalhl 10 Kpyram B?"
Npumep 9. p = 2, v € Z,

[ xp(a,xz-f bx)dx =
B

4
pa b)), lo p*7=1.
= ’ (2.1)
@ 1e 7 [ el ) e
s Iipu |a|pp27 = 1 wumeem Ia:c2|p = |a;p}z2|p =1 u,

3HAYUT, xp(axz) =1, u dopuyna (2.1) caeayer u3s QOpMynH
(3.1) n. 38§ 4

[ x,(b2)dz = p"a(s" (0] ).
B

k4
flycts temeps |a|pp27 >1, |a| = PN ON=1,2,.. .,
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a = ep?’™™, |e|p = 1. CoBepwas 3aMeHy NEPEMEHHOH MWHTErpu-
posauus z = p"y, dz = p' dy, lyl, = pwqjxﬂp s p", mnony-

YUM LJS MCKOMOTI'O MHTErpaja

p""J x, (ey®+p" Thy)dy =
B

.

1<y’ =N

= U x (P by)dy + Y J x, (e by dy|p" ™ (2.2)
B 57,

Tipu |b/a|P > 7, r.e. o1, > '|a|pp7 = p™7,  nmeem
Izw‘7b|p = p”"ib|p > p". Npumumas Bo suumanwe, uro B (2.2)
}cipp27 = p?, ¥ = 1,2,...,N, sameuaem, B cuny Qopuya {3.1)
n. 3 § 4 w (1.7), 4wro Bce wumrerpamn B (2.2) pasan O, u
dopmyna (2.1) agoxasaua.

Nipu ]b/a]p =", r.e. |pm7bjp = p", ang  uHTerpama,

crosmwero caesa B (2.2), nmoxyuuM supaxenne (2.1):

s

8

N

2N-29 2 pN”'a‘b

p e[y+ . ]Z]dy=

TN _
-

4e

2

172 bZ\ { 2 172 b !-
Ha”x-puww=wrx—~ dz +
l p 4(1 P P P 4a J

L& B;

[

)
1<y’ SN

. b2

2 _ “z |0
| %y = (@) 1a; xp[ : ],
S'(

NMOCKOJbKY MHTErpPaji, CTodmue IN0X 3HAKOM CcyMMsd pasBHR O, B
cuny dopmynam (1.7).
. 2% 2N-1-2
Cryuait la| #*7 > 1, lal, = p T N=1,2,...,
a = sppzvam’ le[p = 1 paccmarpusaercs axajoruys€o. llpm srtom

ucmogp3yercsa Takke u dopmyna (1.8). =
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MpyMep 10. p = 2, v € Z,

J xa(ax24bz)dz =
B

¥
27(27 (5] ). la] 27=1,
“1/2 b2 1-7 27
r,(a)|2al] Xz[' "‘)5(!“2'2 ), |e] 2%=2,
- (2.3)
-1s2_ [_ b7 7 927 _
x,(a)|2a]] tz[ : ]Q(z 161,).  laf 2*=4,
~1/2 b2 -x|b 27
r,(a)|2a]] xz[— Z;)Q[E ‘Z 2], la] 22728,
rge

s(101,-9"] = teomlol=p
P 0, ecnu|b|p¢p7.
= Paccmarpusaerca kak u B npumepe 9. Ormeasno paccMmar-
PUBATCS CIydau |a|2227 =2n [a|2227 =4. n
Popmynu (2.1) u (2.3) nomyckawt obsepunenue.
Mpumep 11. 7 € Z,

J xp(ax2+bx)dz =
B

¥
pha(" el ), la| p*7=1,
= (2'4)
-1z, (. gi -7[2_ ] 27
A (a)|2a] xp[ 4a]n[p | )5 141,571
3.rayccoBs MHTerpams Io Q.
Tipumep 12. a = O,
x (az®+bz)dz = A (a)|2a| "k [— ij. (3.1)
P P LI A U

Q

P

s Burexaer ua dopMyan (2.3) IpH ¥ 3> w. =
OrMerum, uro dopMysa, aHamoruysHad (3.1), cnpasesnusa u
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B BeWECTBEHHOM ciyvae @ = R:

2

J z, (az’+bz)dz = Aw(a)|2a|;1/2xw[~£ﬁ], a =0, (3.2

@
L]
rae o6osmaueno |a] = |a]|, x = exp(-2miz) u
1-32
: , ecaun a>0,
A (a) = exp[—ig sign a} = (3.3)
1+2

, ecan a<0.

= dopmyna (3.2) BuTEkaeT M3 KJIACCUYECKONH (OPMYJIH

1
— |exp(~iaz®-ibz)dx =
L

2
= Am(a)[2a|'1/zexp(ib—], a =0, (3.4)
4a
eC/M BOCMONE30BAaTHCK BHpaxemuem ans x (z) = exp(-2miz) (cm.
n. 1§ 3). =
4. JManbHelume CBOMCTRBA GYHKLMMA Ap(a). NoxaxeM paBeH-

CTBO

1 1
A (a)a (B) = a (a+b)r (5 + 3), a,b,avb < @:. (4.1)
= Butrexaer ua dopmynm (3.1):

pr(afvz)dx[ x, (by*)dy = a_(a)a (b)|2a| (26|72 =

0 Q
P : P
= pr(a(x—y)z)xp(byz)dxdy =[ pr[a(l"y)z*byz]dxdy =
Q? 0 Q
P P P
= pr(azz)dzj xp[(a+b)y2—2a:zy] dydz =
Q 0
P p
= (az®)r_(a+b) |2a+2b| 2 (— a2$2}d$ =
xP P P xP a+b -
Q

P
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_ -1/2 ab 2 _
= Ap(a«rb) |2a+2b|p x"[a+b T ]dx =
Q

P

-1/2
= a (a+b) |2a+2b|7V2 [a_b_] ab_
P P P

a+b

a+blp

= A (a+d)a a+b |2a|_1/2|2b§_1/2.
P P ab :

HHTePpaHH, BXOOAWME B 5Ty UEN0YKY BHYHCAEGHMA, ¢aKTUYECKU
GepyTes MO XpyraM KOHEUHMX paguycos (3apucsmmx ot o u b)
(eu. m. 1 § 4). ‘Hoaromy npuMmeHenue Teopemn PyOunu 3xechH
0060CHOBAHHO. ®

CnpasegnuBa agennHas dopMyia

moafe)=1,2c¢ o". (4.2)

2=p=o

s Ilpouzpemenue (4.2) cxoguTcs QA9 BCSX PAUMOHANBHHX

a # O, TaK KaxX TOJBKO KOHEHYHOE 4YUCIY COMHOXKMTEJe B HEeM O0T-

JAUYHO OT €JMHMUHN . HYCTI: pauuOHANIBHOC YUCITO ¢ +# 0 umeer BUI

[> SR+ 4 o
1 o

o} 2 n .
a =32 p p, ...pn,aJeZ(]:O,l,...,n),
roe p ,p,,-.-,P, ~ DAsAMYHHE NDPOCTHE UMCIA, OTIMUEME OT 2.
B cuny CcooTHOWEHHS Ap(a.))tp(~a) =1, 2=p=owo, o¢opmyny

(4.2) gocrTaTodYHO YCTAHOBMTH Mg uucen a > 0, Tax u4TO

A _(a) = exp(—z’%). B cuny coormomenus Ap(acz) = A (a), op-
P o

Myny (4.2) H0CTAro4YHO YCTaHOBHTH A7 UUCeNT @ BUIA

o
a =2 °p1p2...pn, a = 0,1..

llycts oto. = 0. 06o0o3umauum uepe3s I, O = I = p, umciao
npoCTHX uucesn Buxa 4N+3 B MHOXecCTBe (pl,pz,...,pn), TaK 4TO
n-l - uUMCA0 NPOCTHX uYucen Buga 4N+1 B 3ToM MHOXECTBE . Ot™e-
THUM, 4YTO TNpOM3BeneHue uucesa suga 4N+l ecrr CHOB& YUCHO
TAKOro Xe BUIA, & TNPOU3BENEeHUEe yucen Buna 4N+3 ects uwuciao
Buga 44+1, ecaM 4YUCJIO COMHOXUTenel YeTHO, u Buga 4N+3, eciu

920



YUCJAO0 COMHOXMTEJEeH HE4YeTHO.
Torma

r(a) = -‘/—;[1+(-1)1z’];

, ecau pJEl (mod4),

i1, ecan pjs3 (mod4) ;

Ap(a) =1, ecniu p = 2, p = r 7 =1,2,...,n.
Tlosaromy

ne
'ZF 1 ey *
moa(a) R Ca O ! B )
2<pscw v2 15j5n
lpuruMas Bo BHMMAHME CBOKCTBA cuMBosa Jexaapa, B YaCTHOC-
TH, 38KOH B3aMMHOCTH

B - o™

(p u ¢ - IPOCTHE HEYEeTHHE YMCJIA), HONLYUUM

ne ‘
1< j=n p] 153),k=n pj 1% j<kSn pj pk

J#k
_1 - -
Pt Pyt 1(1-1)

= o (D=1 ? L (4.4)

12 j<k=n

Orcoza u u3 (4.3) cnexyer dopmyna (4.2) npu a, = 0:

n A(e) =
2=p=0

1(1-1)

= Z‘V;[1+( 1)'s ]i'(—l) 2 =1, 1= 0,1,

Ilycts Temneps o = 1. 0603HayuM uyepes ll,l l 0 =<1l +



+l2+l3 = p, 4YUCTO TNpPOCTHX uyucen suga 8N+3, 8N+H, 8N+T7 B
MHOXEeCTBe (pl,pz,...,z%) COOTBETCTBEHHO . OrMeTuM, utoO
npoussegenve uyucena Buxa 8N+1 ecTsr uYMCIO TakKOro Xe BuUIA, &
npousBegenue ducea Buga 3N+j (5 = 3,5,7) €CTh 4YMUCJI0 BUKA
8N+1, ecnaum 4YUCIO COMHOXMTeNneH 4YeTHO, U Buga 8N+j, ecau

YMCIIO0 COMHOXMTEsNeH HeuerHo. llosTomy

lii, ecau I ,1_,1 yersw wam 1,1 _,1
‘/2 1 2 3 1 2 3
HEYeTHH ,
- 113, ecnu l1 HEUYeTHO, lz,l3 YEeTHH WM
V2 l1 YeTHO, lz,l3 HEe4YEeTHH ,
Az(a) = J (4.5)
- lli, ecnu 1, mewerno, ! ,l ~ deTHH WM
vz l veruo, I _,l HEYeTHH ,
2 1 3
1% ecmn !, mewermo, ! ,l ~ weTHH wmi
V2 l vetno, [ _,l1 HEYETHH ;
3 2 1
T 2p,
*
21}, ecmm p =1 (mod4) ,
p 3
J .
A (a,) = {
PJ n. 2pk
. *
Z 5—%—~— , eciu pjs3 (mod4) ;
3

Ap(a’) =1, ecniu p = 2, p # pj’ J=12,...,n.
CrepoparensHo, mEACTBYS Kak ¥ B (4.4) v noxn3ysce dop-
Mynoit (4.7) n. 4 § 1, monyunm

l1+13‘ n kgjzpk
mn ra(e) =1 nl——;I_ =
2<p<m P =1 p)
= 111+13;T (_2_} .l_).li =
3=1 pj 153, kSn p)
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2
po-
J

2:11013 n (_1) 2 - ﬁ ﬂl_ .=
j=1 1% §<kSn pj pk ‘

1 +1 o+l -1
(143)(14»3)

1 +1 1 +1

= g ! 3(_1) 1 2(_1) 2 _

1 2
1 +1 +—(1 +1)
22 1 3

= (’1) ! »

oTKyaa, moaesyics (4.5), Busomum (4.2):

1 2
n ]1+1_2¢5(Ji¢l3)
n afa) = exp(-izg)a_(a)(-1) =1. =
P 2

25Sp=w

3amevanue. PyHkuus, aHamoruyHad Ap(a), pPaCcCMATPUMBAJIACh
A. BeitteM gy JNOKaJbHO KOMIAKTHHX mojei. Pynxuus Ap(a) CBs-
3aHA ¢ cuMBOIOM I'unbbepra.

*
o onpenenenuw cumson T'wnsBepra (a,b), a,b € @p, pasen
2
1 uam -1 B 3aBMCHUMOCTM OT TOroO, npenctasiser ¢opmMa az’ +
2 2

+by“~2z° uucno 0 B mone Qp unu mer. CumBon Tunsbepra obaa-

DaeT CBOMCTBAMU:

(a,b) = (b,a), (ac®,b8%) = (a,b),

1]

(a)’a'> 1, (alaz:b) = (al:b) (az:b):

M npu p = 2
€o
(5:81) =1, (p,e) = [;{‘)’ |€|p = |€1l =1,
(a,-e) = sign _a, € ¢ Q:z

(em. (2.4) n. 2 § 3).
CupaBegnuBa ¢opMyna

A (a)n (b) = (a,b)a (ab), a,b < @:. (4.6)

wm Illycts p = 2. B cuny csoficte cumona I'mnebepra u

dyuxuun Ap(a), Z0Ka3aTeJsCTBEO paBencTBa (4.6) cBoguTcs K
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paccMoTpenmo ciefywoumux cay4aes (cm. m. 2 § 1):

1) a =b =¢, 4y a =€, b = p,
2) a=b=p, 5 a=¢, b=c¢p,
3) a =b=ep, ‘6)a=p,b=cp.‘|e|p=1,
XAA KOTOPHX (bopﬁymx (4.6) nposepsercs 3JIEeMEHTAPHO .
U3 ¢opmynm (4.6) mpu b = -ea crezyer dopmyrna
Ap(a)hp(—ea) = sign_a Ap(—c). (4.7)

5. HpuMep 13. p = 2,

-1v]? ,
Je P x (a(z-y) )dy =
Q
P

(1__) !ai-uzs(l |—1 1) ,

p
|$|p = |a|:/2, 7(a) uerHoe; (5.1))
1, 1 -1/2 -1 1
= (1-2)-2 £
(AP Ael 5 Glal P -
-1/2 _p’al-l 1
< lal e o) - 2.
P p V—
! -1/2 .
|:r,|p = ;—5|a|p , ¥(a) HeueTHOE; (5.12)
. 2
-1/2 'lxl -1 21
= Ap(a)]a]p e + |a.7:| X (aa:)[(l-—)S(|a:z:| -

-2
-p Iaxl
- e P], 2] = VBle| 2. (5.1)

3mecs dynkuua S(a,g) onpemenzercs dopMmynoi
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© (_a)k

Ko k! (1-¢%%"Y)

2y

o .
S(a,q) = = Y¢%e ™, g < 1. (5.2)
V=0

Ms pasenctsa (5.1)) creayeT acuMnToTHKA

2

J e-lyl" xp(a(x—y)z);iy _

Q
P
p'+p’ 1 . 1
- 7, (02%) + 0[—], 2], 5 = (5.3)
pepel |z 3ae)d P |z]° »
p'lp P
s llycrs 7{(a) uerno, |a|p=p2". N e Z. Torza |a[p =
= pz-zy npu ¥ = -N+1. Hckxomuit unTerpan paBeH

) e"’nf x,(a(z-y)*)dy =

Y=~
S
¥
-N
27 2 .
= z e? x (ax )J x (-2axy)dy +
y="e ) P
S
7

© 2y
+ Z e’ xp(aa:z)[ x (ay®-2axy)dy. (5.4)
=-N+1 ]t
¥

-1/2

. = p'" uMeeMm xp(a:z:z) =1, xp(—Zamy) =

Mpu || sfa|
201

20 'p
dopmyn (1.7) u (5.4) MCKOMHIL MHTerpan BHpaxaeTcs QOPMyJIOf

(5.1)):

=1, y e SV’ r=-N, |.7:|p = p¥, y2-N+1, u B cuay

-N -N ]
2% 27 . -2%
e? dy = (1 - l) e? p¥ = (1 - ~1-) e? p¥ o=
7=Zm :S[ p 7=Zm P 72}; ‘

¥
-2N -
. i

0
_ 1, N ¢ -y -
=@ -3 VZOP e =



o '| l-1.-21
1 -1/2 -y 12y _
=(1-3)]a p%e =
S Pl L
_ _1 -1/2 -1 1
= (- Hresand.
Mpu  |z| >{a]”® = p™ umeen |2az] = =™, u s
cuny ¢opmyn (5.4), (1.7) » (3.2) § 4 uCKOMHIl MHTerpas paseH
(5.1):

-H 27 _2(1-W)
xp(a;cz) z e [ dy + e* J %, (-2azy)dy +

="o :]5‘
7 57
-N ©
27 . 27 2
+ z e’ x (-2exy)dy + Z e® x (ay“-2azy)dy| =
¥=2-M P ¥=1-N P
S‘I
T 2(-H+1)
B T T R R S
= P Y4 P
Y=-
Pl Ll
p -1/2  _ p ~1/2
+ e lal, = e 7Ap(a)|a|p +

- s 1 ® 7 _ -aM-2y _ 2-2M
+ faz)lx (e [(1 - L) T e -]
70

Nycts 7(a) newerno, |a| = p™!', N e Z. Toraa |a| =
. p2_27 p p

Terpan paBeH

npu ¥ = -N+1 »n |a[p = pl-zw npu 7 = -N. Hckommit uu-

-N-1

27

L. n, 00| 5, (2amyay +

3L P ]
S

¥

-2

N
+ e® x (az%) [xp(ay2—2axy)dy +
K

-N
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w0

27 i 2
+ )y €’ xp(axz){ x (ay"~2azy)dy. (5.5)

F==N+1
S?’
Ilpu |1‘| = 1/vp [a|'1/2 = p™t nMeeM x, (az) 1,
x,(-2azy) = 1,y S, vs-N1, |2 e LT, s

= -N+1, u B cuny dopmyn {(1.7) u (1.8) uckommit uHTErpan
Bupaxaerca Gopmynoi (5.12):

Z 6‘9271)7(1 _ %) . C‘P|a|p la I-Uz[?‘ (a)X( az®) - ‘/__p] =

Y=-o

I—l

_ 1,1 -1/2 -1 1 s Pl p 1
= (= PElal S Gal LD al e T o) - 2

P

Hpu l$jp>p'" mween  |2az| = P"=p™2, u B cuny dopmyn
(5.5), (1.7), (1.8) u (3.2) § 4 wuckoMuit HHTErpaid paBeH

(5.1)):

S
y e® xp(azz)[ dy +

7=
S
4

2(~M+1) 2 2
+ P xp(a:c) J xp(ay -2azy)dy +

~M+1

o

2y
-p 2 2_ -
+ z e xp(a::: )[ xp(ay 2azy)dy
¥=-H+2 )
S?’

[
= 1 2 27y
= (1 5)xp(ax) Ze. p? o+
=M

2(-M1) )
+ e? x (az") J xp(—2aa:y)dy +

-M+1
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2

x
+ € "xp(a:z:z)ap(a) la| 2

2y
W (-azd) =

-1x|2
- 4/ 172 p 21 2 -1 -2 1y _
S a @ el e (1 - by (0% ezl 25 (0a| 7, D)

2, -2
-M ® Iaxlp 2
- p e xp(az).

Mpu |a:|p= p'" umeem |2a:c|p= Y, o oB cuny dopMyn
(5.5), (1.7) m (1.8) HMCKOMNII WHTErpad ONATE BHPAKAETCA

dopmymont (5. 13) :

-N-1
2% .
e® x (az®)p? (1 - l) +
LT p
-2 5 ) »
+ e’ xp(a:v) J xp(ay -2azy)dy +
S
© .
-pz7 2 2
+ Z e® x (a2®)| x (ay°-2azy)dy =
y-be1 p )
S
¥
_ _1 2 -1 -2 1
= (1 p)xp(ax ) laxlpS(lazlp 3
- Ix]
p 2 -1/2 a2y _ 1
+ € xp(ax)]a[p [Ap(a)xp( azx”) \/‘B]’
TaK Kak
e o112 - fax] 2
1—|a| Y2¢ 1P = Jaz| e Pom

‘/i 3

HpuMep 14. p = 2,
: "”‘2 2 % -1/2 _4|al;’
e x,(a(z-y)%)dy = (-1) "ila| "€ +
Q

P

1, '-1s2 -1 1 = .
* Qlalz’S(lal;,E el = [a]}%, (5.6)

2 2

-1

-1/2 -4lal,
|a|2 [ .+
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« S0 a1 %5(lal], D lal, = 20al}%, (5.6,
ecau y(a) weTHO;

+

-1
1 “t72a,1 -1 1 1 -172 _Zlalz
Ljal s (3lal ) - Lyag e

-1
-8 l a I
-1/2 2 1 -
+ VI (a)|a| e » =), s =]e|]®% (5.6)

1 -1/2 ‘-1 1
= —la|;7"5(2]al, +
V2 2

-1
e olel y
« VI (a) |a]%e 2, |z =al}?5 (5.6)

2

= —a (a)]a| V?%5(2]a '11, x| = vZ)al| VP, 5.6
2‘/2()Il (||2|| lal, (5-6.)

ecnu y(a) HedeTHO;

e Xl
= Vﬁhz(a)|a|zuze 24

+ o101 e 02 [z Plal 2 ])

-2, -2
-16]x] " [a]

- 2e 2], |z|,22]a]}"*. (5.6,)

Hurerpanu (5.6) Buuuciaawrcs auanoruusno (5.1) npu p = 2.
U3 $opmynu (5.66) cleiyeT ACHMITOTHKA

2

Je"”'z x,(a(z-y)*)dy ~
Q

2

x (‘”"2) 1
_ 192 2 . 0 ‘ 5.7
T 3 3 s’!xiz_)w‘ (5.7)
-z lel; |z];

6. HccnenoBanne odymHkummn S(a,q). Pymxuus S(a,q) onpeme-
nena dopmynamu (5.2).

gynxuus S(o,q) - uenas no a,,yaosnemBopﬁem PyHKUUO-
HAABLHOMY YDABHEHU©
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= S(a,q) - ¢5(ag®,q) (6.1)

U BemecmBeHHA NpU BemecmBeHHwx o (nonsoxumesbHas npu g = 0).

OHa uMeem AacUNNmMOMUKU

S(arg) ~ e® + 0(e%), a s -w (Jg] < 1),  (6.2)

S(a,q) ~

1 2
~ ;:C(ln a,g) + 0™, a5 +e (0< g < 1), (6.3)
o

ede

) ® .  x 2k
x -
C(z,q) = e Z e, e < 2 < w, (6.4)
k=-o0

- BemecmBeHHO-AHQAUMUYECKAS No/AOXUmMeNbHAs Nepuodudeckas
¢yuxuusa c nepuodom 2|1ln ¢].

m llepeuncnennme cBoicTBa, KpoMe acuMutotruku (6.3),
HEMOCPEeNCTBEHHO BHTEKAWT u3 npexcrasiennit (5.2).

Hoxaxem (6.3). llpeacrasum {ynkuuw S B BuUIE
o0

X -a 2k N -2k
S{a,q) = Z gie™™ - Y gTe . (6.5)

K= =00 k=1
Monaras « = ¢* u ucnoabsys OQyukume (6.4), nepenmmeM papex-
crBo (6.6) B BunE

C(ln o,
S(a,q) = Clr D), (6.6)

o
rage oCTaTtox

¥(a) = Z e

YZOBIETBOPIET OLEHKAM
2 2
LR o) <o o

a ¢yuxuua C(z,q) T = 2|1ln ¢|-nepuoauueckas:

x+T ©

x+T

C($+T,q) = ¢ 2 z qke—e q2k —
K=-00
w2 k-1 _equ(k—l)
= e q e = C(z,q).

k=-o
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Hs ¢opuyn (5.1), (5.12), (5.6,), (5.6) u (6.3) sure-

KAET aCUMIITOTHKA UHTETrpaja Hpu lal;1 > o (p=2,3,...)
-lz-y|? 2
e x (ay")dy ~
Q
P
2 -1
2]

(-Denjal )« ofe " ),
7(a) yerwno,
~ 4 (6.7)

el
(1-5)¢(nfa]*-1n p,2) a[——]

Vaf,

v{(a) Heueruo.

§ 6. O6obieHHbe GYHKUMM

1. JlokanbHO NoOCTOsHHME QyHKuMM. Kommiexcrnosmauynasd QyH-
xuua f(r), 3anaHHas Ha Qp, Ha3HBAGTCA JIOKAAbHO NOCMOSHHOU,
ecau nna moboi Touku Z € @ cymecTByeT Taxoe uucio [(z) e

e Z, uro
f(:l)+.’l?') = f(IL'), lelp < pl(x).

MuoxecTBo Taxux ¢yukuuit oboszsmauum vepes & = 8(®p).

OueBugHO, BCAkad ¢YHKUMA U3 & MENpepHBHA Ha QP. Muo-
XeCTBO & - JyuMHeWHoe HAX noJsgeMm C.

Nemma 1. Nycmb f € &€ u K - xomnaxm B ‘Dp. Tozea cyumecm-
Byem qucao | € I makoe, umo f(z+z') = f(z), 1z']p = p'¥z ¢
e K.

s llycts K comepxurca s prre,l&. Jemmy 1 pocrartouxmo
noxasare ‘ani komnakta B .. Ilo nemme Teime - Bopena (cu.

cnexcreue 4 u3 jgemMMd 3 § 1) U3 NOKPHTMA {B”x)(x), z e BN}

KOMHAKTAa B“ MOXHO BHOpaTe KOHeuYHOE TOANmOKpHTHE (6e3 oluux

TOYEK)
{Bl(xk)(:c“), k= 1,2,...,M}.
O6oanaunm [ .= min I(2*). Toraa nmasx swoboit ToukM <z e

k
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€ B](-xk) (") u pna Bcex z’ € B Gymem wmers
Flavar) = f(@a-abeat) = f(2),
MOCKONBKY
k ’ k ‘
|z-2"+2 |p s max[]x—:c |p,|z Ip] =

< max [pl(xk)’pl] _ pl(xk). .

A . 7).
2. |IL|pQ[]) I.IIIPJ e & v el
roe Q(t) =1, 0=¢ =1, Q(t) =0, t> 1.
. 2
3. xp\:z:), xp(x) € E.

a. s(z,k) < &, k=1,2,...,p-1,

rae
1, zo=k,
s(xo—k) = . (1.1)
0, z =k.
[o]
5. Ilycte K - OTKpDHTO-3aMKHYTOE€ MHOXECTBO B Op (cm.
n. 3 § 1) u ek(:v) - ero xapaktepuctuyeckas Qymkuusa. Torma
8 € E.

X
0603nauuM uepe3s Ak(z) XapakTepucTHYeckyw GyHKUMO Kpyra

B : Ak(x) = Q[p'k|:1:|p], kel.

Nlemma 2. Bcskas ¢ywkuus f U3 € Bo BCAKOM Kpyze BN

npeocmasnsemcd B BUde
-1

f(z) = VZ f(a)a (s-a"), = < B, (1.2)

v

npu Herkomopwx ! € I u & e B maxux, 4mo Kpyzu Bl(av),‘

v =1,2,... ,p"‘l, obpasyom KQHOHUYECKOe NoKphimue Kpyza BN.
s llo ntemMe 1 cymecrsyer uuciao l e Z rakoe, 4TO

f(z+z') = f(z), x e« B, a’ e B, 1l =N
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Ipu N = | yTeBepXIeHKEe JeMMH OYEBMIHO (npr &' = 0). Hycts
Il <N. B cuny n. 3 § 1 (npumep 2) xpyr B; MOXHO MOKDHTH
KpYraMu Bl(av), v =1,2,...,p%", 6e3 obumx TOYeK C UeHT-

pamu a¥ Buna

1

v -r r-1-1
= = -+ + ...t
a 0, a p (a0 e.p a )

p

r-1-1 ’

r=NN-1,...,l+1, O = a = p-1, a = 0
(kaHOHMYECKOE IIOKPHTHE KpYyTa E&). llostomy

/ ! 1, zeB
Z Al(x—av)'=

v=t 0, zeB .
i

s

3nauut, ecam x ¢ P, TO CNPABEXTIUBO DABEHCTBO (1.2):

N-1 -1

flz) = vz F(z)a (v-a") = VZ f(a")a (z-a”). =

1

CxoduMocmbs B & onpeienuMm ciexyomuM obpa3om: fk - 0 npu
k > o B &, ectu nas moboro xkomnakra K c @

x€K
j;(z) = 0, k 5

(= o3HAYAET PABHOMEPHYO CXOIUMOCTSH).

2. OcHoBHHe OQyHKIWIMM, 7 = 1. OcHoBHOU {yHKUME HA30BEM
BCAKY®0 ¢yHKIUMIO M3 €& C KOMHAKTHHNM HocHTeneMm. MuoxecrBo oc-
HOBHHX (yHKuuit nuneitHo, ero o6o3HauuMm yepe3 D = D(@p).

Ilycte ¢ € D. Torga nmo nmemme 1 § 6 cywectByer rtakoe l «

€ Z, uro
¢(x+$') = ¢p(x), z' e B, z e @p.

Haubonemwee Ttaxoe uucao ! Ha30BEeM napaMempoM NOCMOSHHOCMU
dynxunn ¢, 1 = L(p).

0603nayum uepe3s D; = D;(Qp) MHOXECTBO ¢yHKUMi u3 D C
HOCHUTENEM B Kpyre L& M TnapaMeTpoM TnocTtogHHoctH = . HUmeer
MEeCTO BJIOXEHUE

l l’ I. .l
D" c D",, N=N,61=1".

I
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NpuMeps! .

1. 8 (2) a(p?z|) < D), v e L.

7’
2. 8(|z| ~p") € D17, ¥ < T,

rge
1, xeSwz
s(121,-»") = (2.1)

0, xeSz.

3. a(xo—k)s(lxlp—p7) € D;ﬁ, k=1,2,...,p-1, v ¢ Z,
rxe QyHKuus a(xo—k) onpenensercs ¢opmynon (1.1).

4. Ecnu K - OTKPHTHM KOMHNAKT, TO 6, € D.

5. A7($)xp(x) € D;, I = min(7,0), v e Z.

Ito nemme 2 § 6 Bcsakas ynxuud ¢ u3 1& IPEACTABIAECTCA B

BHUOE
N-1
P
v 1%
e(z) = z p(a”)b (z-a"), z € Q, (2.2)

V=t . P
npu HexoTopux a’ B , He 3aBMCAMMX OT ¢ M TAKMX, UTO KPyT¥
Bl(av), v = 1,2,...,pWJ, He uMewT obuMx ToYex M TMOKPHBAKT

Kpyr l&.
Orcioma crexyeT, 4TO NMPOCTPAHCTBO D; KOHEYHOMEepHO , UMe-

em pasMepHoCmb p""l U ¢yHKUUU
v
8 (z-a”), v=1,2,...,p ,

obpasyom (opmozonanphwl) 6asuc B D;.

CxoduMocmr B D ompemenum ciaenyiouuMm obpa3oMm: P, O npwu
k » » B D o3uauaer, 4TO

(1) o, € D;, rge ¥ u 1 me zaBucsrt or k,

xe€@

(ii) p, =—— 0, k > o.
9ta cxomumocTe 3amaeT Tomosioruw B D B cmucae Heapua.

Npocmpancmeo D nonroe, T.e. AN BCAKOH CXOXsme#ncsa B
cefe MOCAETOBATENLHOCTH {wk, k> o} bymkuumit us D, o-p,
-+ 0, k,1 » », B D, cymecreyer ¢yHKuUus ¢ € D Takad, dUTO e,

> ¢, k> o, BD.
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HenmocpencTseuno u3 ONPENENEHK BHTEKAELT:

D = lim ind D, D, = lim ind D . (2.3)
N 19-0

JoxaxeM yTBepXKIeHUE: D(Gp) ninomro B C(K).

m lycts f € C(K) M € -~ NMPOU3BOJIBHOE NOJOKATENBHOE HNC-
m0. Cymectsyer umcno y € Z takoe, uro |[f(z)-f(a)| < e, xom
CKOpO Z € Bv(a) n K, a K.

Tax Kak KOMIAKT § MOXHO HOKDHTL KOHEUHHM UHCJIOM KDYros
B7(av) 6es obumx Touwex (cM. ciaezcreue 3 u3 jgemmn 3 § 1), To
xapakTepucTuyeckue QyHKIuu Aw(x-av) aTux kpyros obragawr

CBOHCTBOM

z Ay(z—av) =1, z € K; (2.4)
v

KpOMe TOro, Aw(z—av) e D (cu. mpumep 1). lostomy

f,@) = T F@)8, (z-a¥) < D,
124
u B cuny (2.4)

"f—fvnc“)s max Z|f(w)—f(av)|A7(x—aV) < az Ay(z—av) =g. =
x €K v v

llycte O - OTKpHTOE MHOXECTBO B @p. llpocrpancTso ocHoB-
HuX ¢yHkuyuld D(0) onpegénsercs Xaxk COBOKYMHOCTb OCHOBHHX
dyuxunit us D(@p) = D, HOCHTEJM KOTOPHX cojgepxarcd B 0.
D(0) - MOANMPOCTPAHCTBO MHPOCTPaHCTBA D; €ro CpoiCcTBa AHAIO-
TMYHN CBOitcTBaM D, xak ¥ B ciayyae moas R.

D(0) nmomuo B LP(0), pz1, p < .

s Butexaer u3 tex daxros, utro D(0) miorso B C(K), rae
K - npoussosnuwii koMmaxT, comepxkaumiica B 0, u C(X) nnorHo B
IP(0) (em. m. 1§ 4). =

B npoctpancree D(0) cnpasBemsivBa TeopeMa O «paz3JIOKEHHH
enHMHHLEI» ¢ f1yCmb OmKphmoe MHoxecmso O npedcmaB/seHO B BUde

obbeduHeNUss He 6onee 4YeM CYemHO20 9YUCAA KDPYy20B 37 (a*),
k
k=1,2,..., 6ea obmux moyex, O = U 87 Uf). Tozda xapakme-
i x ‘x
pucmuyeckue ¢YHKUUU L (z-a*) kpyzos lg (a*) oawm pasaoxe-
K x

Hue eduruuw B O,
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ZAvk(x—ak) =1, z e 0. (2.5)

B 3aknoyenne DOKAXEM CAEAYOMYO JEeMMY.
NeuMa. Jas mozo 4Ymobu e, - 0, £k 5w, B D, Heo6x03uMO U

docmamoyHo BwWnosHeHue ycnaoBust (i) u odHozo U3 ycnoBuid

(ii1) wk(;z;) 0, k> o2, x € @p,

(ii,) ka(m)(p(z)da: 50, k> w, peD.
Q

P
a Yciosus (ii1) n (iiz) HeobOxonumu . JoxaxeM ux mocra-

tounocts. U3 ycmoBui (i) u (iil) cnexyer ycnospue (ii) B cu-
ay mpencrasnenus (2.2). Ocramocs aokasarb, 4T0 U3 YCHOBHUI
(i) u (ii,) cneayer ycmosue (ii ). Ilycte sto me rax. Ilo yc-

. 1 o
aosuw (i) . €D, k=1,2,... Torga uaiigercs MHORHOCTENO-

BATENBHOCTE {(ok (a), i~ m} Takaf, 4YTO B HEKOTODPOil ToYke
i
aeB ¢ (a) 5C=+0, i 5w (wmeno C moxer Guts u Gecko-
i

HOUHNM) .
Torna ua ocmomHo# ymxumn A (z-a) = n(p'llx-a|p) nony-

YMM IPOTHBOPEUYUBYI HENMOUKY DABEHCTB
lim Iwk(x)Al(:v—a)d:v =0 = lim Igok ()(p ' |z-a| Ydz =
k>0 1% 1 P
Q Q
P P
= lim J. p, (z)dz = lim (pkx(x) J dr = Cp' = 0. =

1 1
"MBI (a) 2 B1 (a)

3. O6o6ueHHnle O&yHKUMM, n = 1. 060o6menHoli ¢yHKyuel
Ha30BeM BCAKMA mauHeluwi ¢yuxumonHan f Ha D, f: ¢ > (f,0),
¢ € D. Jro muoxectso obo3HauuM ueped D’ = D’ (Qp).

D’ - nuHelHOE MHOXECTBO: JIMHeltHaa xomOubHauus Af+ug
o6o6wennux dynxumit f ¥ g us D’ (A um u - nMO6HE KOMILIEKCHHE
YuCaa) onpenenserci PABEHCTBOM

(Af + ug,e) = a(f,0) + u(g,¢), ¢ € D.

CxoduMocmb MNOCJIEX0BATEIBHOCTH {fk, k- on} 0606wenanx $yux-

uwit f M3 D’ onpegensercs Kax cnabas CXomMMOCTH QyHKIM-
onanos: f 50, k> e, B D o3HavAeT, UTO (fk,qp) > 0,
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k > o, nna moboit ¢ € D.
- BaxauM CBOACTBOM JMHEHHNX QYHKUMOHANOB Ha D aBagercsa
MX HeNnpepWBHOCMb: eCIM ¢ - 0, k5o, B D, 1O (f,wk) - 0,

k> w. )

3T0o BHTEKaeT U3 cHeIyomei JIeMMH .

Nemma. Ecau A - aunelinwii onepamop us D B sunetinoe
mononozudeckoe npocmpaHcmso M, mo A - HenpepwsHWl onepa-

mop us D B M.
a Ilycrs ¢, 0, k> o, B8 D. Toraa e, € D; npu HEKOTO-
pux N v | u B cuny npeacrasnenus (2.2) n. 2 § 6

1

N-
P

p (z) = Z wk(aV)Al(z—av), wk(av) +0, k> w.
V=1

Orcoga, B cuay JauMHEHHOCTH omepatopa A, uMeeM:

N-1
P

Awk(z) = z wk(aV)AAl(x—av) 20, k>0, M =

V=1,
Taxum ob6pasoM, D’ €CTh COBOKYNMHOCTH JIMHEWHHX HENPEPHBHHX
¢ynkuuonanos ra D, T.e. D' - CUABHO CONPSAXEHHOE NPOCMPUH-—
cmBo kx npocmparcmBy D. llostomy nns usyweHus nmpocTtpaHcTBa D’
MOXHO INPDMMEHATH obuue rteopeMH QYHKUMOHANBHOTO aHanu3a. lpu
3TOM TEOPMA CYWECTBEHHO YNPOWAETCS N0 CPABHEHMI C COOTBET-
cTBywuwe# Tteopueit Haa mnoxeMm R: DocTaTo4yHo NPOBEPUTH JIMHEN-
HOCTH OYHKIUMOHAJNOB, M TOrZa MX HENPEePHBHOCTH Oyner aBTO-
MaTH4YeCKH CJIeJ0BaTh.

NpocmpaHcmBo D’ nosnHoe.

s Ilycre mocnemoBaTensHOCTH {f;, k- w} dynkumonanos f
u3 D’ cxoourcs B cefe, j;:ﬂ >0, k,l 53 «, 8 D', TAaK 4TO
ana gowboit ¢ € D NMOCAELOBATENBHOCTL YMUCE l{(j;,w), k> m}

cxonurca B cebe, u, ciejoBaTensHo, cywecrsyer uuciao C(¢)
Takoe, 4ro

Lin (f,,0) = C(o)- | (3.1)
K-> .

00
{

1
OueBuMIHO, MOCTPOSHHHN QyHKUMOHAJ suHeeH Ha D. Nonoxum C (@)=

= (f,e), f € D'. Pasencrso (3.1) noxasuBaer, u4TO f,> f

k> o, BD . n
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Bcakas ¢yuxuus f e LLC onpenenger o0obMeHHY® ¢yHKUUIO
f € D' no dopmyre )

(F9) = [f(z)«»(x)dx, (3.2)
Q

P

¥ cootrsercteue (3.2) Mexay dyuxuuamu f e LLC n 06006meHHNMHI
dyuxuuamu f € D’ B3aAMMHO OIHO3HAYHO.

Oobmennasa dynxuua f obpamaemcs B HyAb HA OMKDHMOM MHO-
xecmpe 0, f(z) =0, e 0, ecu (f,p) = 0 aaa scex =
€ D(0). ARanoruyHO ONpeNenAeTCHs PABEHCTBO 060 6WeHHNX QyHK-
unit f u g B O, t.e. f(x)-9(z) =0, x e 0.

Hockonbky B D CHDABENIHBO <«PA3TOKERHE ETUHMUH»> (CM.
H. 2 § 6), T0 monsTue HOCHTena (supp) obobmenHoR ¢ymxuun f
BBOAUTCA CTAHOAPTHHM o06pa3oM, kxak ¥ B caydae noxs R: 2z e
€ supp f SkBMBajeHTHO TOMY, uTto f He ofpamaerca B HyJb HU B
Kaxo#l OKPEeCTHOCTH TOYKH Z.

Npimep 1. §-dyuxuua [dupaka

(3,9) = ¢{0), ¢ < D. (3.3)

flexo, uro supp 8§ = {0}.

06parno, Bcsikas f € D', a8as xomopol supp f = {0},
npedcmasastemcss B pude f = (8, 20e C - nocmogHHas .

m llycts ¢ € D u | - ee napameTp HOCTOTIHHOCTH, Tax 4YTO

e(z) = ¢(0), |x{p = p'. Dlycrs w - npyras o¢ymxuus wu3s D’
rtakas, uto n{z) =1, |x[p = p'. Torza

(fs0) = (frme) = (0)(f,n) = C(8,9), C = (f;m). =

Ilpnmep 2.

pkﬂ(jflxlp) > 6(xj, k> «B D. T (3.4)

8 ()
m Hycts ¢ € D ul - napaMeTp mOCTOAHHOCTM ¢. Torma mpu
Bcex k = -1 Oymem umers

(3,,9) = Jtz*ﬂ(ﬁ*lmlp)w(w)dx = p*J o(z)dz =

a | B
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= pkw(O)[ dz = ¢(0) = (3,9). =
" B
-k
3ameuanne. llpenensnoe cooTHomenue (3.4) SKBMBATEHTHO
TaKOMY : )

Jak(z)w(x)dw > ¢(0), k> w, p € D. (3.47)
Q

P
IpenenbHoe coorHomenue (3.4') cHpaBemIMBO A4 BCeX QYHKUMHA
¢, HempepHBHHX B TOouke 0.

4. JinxeiiHnle omnepaTops B D’ BBOAATCA KakK CONPSKEHHHE K
COOTBETCTBYOUMM JIMHEHHNM OmeparopaM B D: NycTe 4 - nNUHEHHHH
onepatop us D B D, rTorga CONPSAXKECHHHI ONEPaTop A D 5 D
onpenensierca GopMysoi

(A°f.0) = (f,dp), ¢ € D, f e D, (4.1)

flcro, urto A*f e D n 4° - numeinnuit M, 3HAUMT, HeNpPEepPHBHHI
onmeparop u3 D’ B D' B COOTBETCTBMM C JemMMOH n. 3 § 6.

KonkpeTnoe BHpaxenue aas omeparopa A~ MOJTy4YuM NpUMEHe-
HueM Qopmynn (4.1) x dyuxuuam f e LLC nocsie mnpeobpa3oBaHus
unterpana (cMm. (3.2))

(F . 4o) = J £(z) (49) (2)da
Bp

*
k suny (4 f,p).

B cooTBeTcTBMM CO Cka3aHHHM npousBederue af, a € &,
‘f € D', onpemensercs dopmynoi

(a’fyw) = (f,fw), ¢ € D. (4'2)

Npumep 1. a(z)s(z) = a(0)s(z).
Nprmep 2. Ecoiu f € D' u supp f < Em, TO

f=a(2)f. (4.3)

Mpumep 3. Ecomm f ¢ D' u supp f - oTkpuTO-3aMKHYTOE
MHOXECTBO, TO ‘
f = eﬂmw(x)f, y (4.4)
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roge 6 - XapaxrepuCTHYecKad O¢yHKUMs MHOXeCTBa supp [
(cM. mpumep 5 n. 1 § 6).

JMlunetinas saMena mnepeMeHHon y = az+b, a = 0, B 0606~
wennoit dyuxuuu f(y) B cooreercTBuuM c $opMynoit (4.1) onpeme-

AgeTCA PABEHCTBOM

‘il «»[#]] peD. (4.5

[f(ax+b),¢] = [f(y):
Mpumep 4. (a(m-mp),@) = ¢(1p)-v
Onepaumo ompaxenus (a = -1, b = 0) f(z) > f(-z) O6ymem

o6osnadars f(z) = f(-z)-

NMpumep 5. §(z) = g(x), T.e. 8§(z) - UeTHAs QYHKUUA.

06o3uauuM yepe3 €&’ = 6’(®p) CHJILHO COUDSKEHHOE K g
OPOCTPAHCTBO, T.€., NPOCTPAHCTBO JMHEHHHX HENMPEPHBHHX (QYHK-
uuoHasnos Ha €. fcmo, uro & c D’.

Teopema. Jas mozo 4Ymobw obobmennas ¢yuxyus f e D’
npuHadaexana €', Heobx0dUMO U docmamoyHo, 4mobu Supp f 6w
KOMNAQKmoM.

wm JOCTAaTOYHOCTE Cpa3y ciegyeT U3 QOpMYJTH (4.3).

Heo6xonnmMocTh. llycTh f € & u supp f - HeorpauuieHHoe

MHoxectBo B @O . Torma HalkgeTcs NOCJeI0OBATEJLHOCTL TOYEK

k
{a*, k = 1,2,...}, T e supp f, Takas, 4TO |:zk|p 5> w, ko
L

A

5 ». ITo 3HAYUT, UYTO CYWECTBYOT OKDECTHOCTH l% (%), ¥
x

¥, M ¢yuxunu P, € D(l% (£*)) raxue, uro (f,wk) =1, k
k

k

il

1A

1,2,...
C npyroi cropoms, ¢ > 0, ¥k » », B & (cM. n. 1 § 6), u
oS TOMY (f,wk) >0, k - . Ilporusopeure NOKA3HBAET, YTO

supp f He Moker OHTh HEOTDAHMYCHHHM. m

lycre 0 - orkpuroe muoxectrso B QO . Ilpoctpancrso
D’ (0) - COBOKYNHOCTh JIMHEHHWX (M, 3HAYHT, HENDPEPHBHHX)
dyuxunonanos ua D(0).

Ecny © - oTKPDNTO-3aMKHYTOE MHOXECTBO, TO BcCikat f e
e D’ (0) nomyckaer npoxojokenue go F e D’(@p).

- = B asrtoM cayuae ea(x) € & (cM. mpuMep 5 n. 1 § 6), u

tpebyemoe mpomomxkenue Finaercs opmynoi

(F.0) = (f,609), 9 D. =
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EI
Mpumep 6. &dyukuus € © NPUHARIERKUT Lioc(fﬂp\{O}) n
MO3TOMY NPUHALNEKUT D’ (ﬂp\{O}). Oxa JoOMyCKaeT NPOLOIKEHUE

(perynspusauun) go obobuweHHOM GyHKUMK f, w3 D' mo dopmyre
|« <1}
(f,.0) = e [w(x)-w(O)]d:v + [ e Pe(z)dz.
|:1:|p51 |x|p>1
Jror ¢axT He uMeer mecra B ciydyae moas R!

Becaxasa o6obuwennas dyHkuus f e D’ (0) HONMycKaeT CyxeHUe

fo. €D (0’) na noboe OTKPHTOE MHOXECTBO O’ < O N0 NpaBuiy

(foz)“’) = (f:@)’ ¢ € D(OI)'

O6paruo, B mpocrpanctse D’ (0) "cnpaBexsuBa TeopeMa o
«KYCOYHOM CKAEeHBaHHUW»: NyCMmb OMKphMOe MHOXecmBo 0 npedcmap-
f1eHo B BUde ob6beduHeHUd He bBonee yeM cyemHO20 YUCAQA KPY20B

B (a ), k=1,2;..., 6e3 obmux moyex, U Nycmb 3QdQHH fk €
€ D (B (a )). Tozda cymecmByem eduncmBerHas f e D’ (0)

= fk’ k=1,2,
(ﬂ)

. Cnenye'r M3 TEeODPEMH O «PA3JI0KEeHUM EeJIUHUIH> §6 Hcxo-

makast, 4mo f ‘

Mas o6olweHHas OyHKiuuA onpegensercad GopMyJloi

f(x) = z Avk(z—ak)fk(a:), TeO. n

5. OCHOBHhle M o6Gobuennsie ¢yukumu, 7 > 1. Teopusa
OCHOBHHX ¥ 00600weHHNX §yHKUMH B‘Q:, n>1 (M. m. 7 § 1),
CTPOMTCS AHAJOTUYHO TEOpMU B GJP,- ¥ BCEe De3yIbTATH B
HagAexameix ¢opMyaIMpoBKe ocTaoTcs cnpasennuBuMmu. llpu srtom
wap

Bw(a) = {x € Q: S EAIE p"}, e = (a,a,,...,a),

€CTh NpOU3BENEeHUE KDYT OB

B,,(a) = Bw(al)xB?’(az)x...wa(an). (5.1)

llapaMerp noctrosumoctu ! (cM. m. 2 § 6) aBAfeTcE BEKTOPOM,

(ll,lz,...,ln), rae lj - mapaMerp HOCTOSHHOCTM N0 mepe-
MEHHOM z, 7 =1,2,...,n3 1l = 1lil?<lnl .
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dopmyna (2.2)}ﬁ. 2 § 6 npUHMMAET BMA: BCAKAA @ € D;,

l = (ll,lz,...,ln) NMpeaCTABISEeTCS B BUAE
n(N~1)
p
— v _,V _,V n
p(z) = Z pla )Al(au al)...Al(zk a)), z € ﬂp, (5.2)
V=1 1 n
npu mexoTopux o’ = (af,az,...a:) € B, ne saBuCAMMX OT ¢.
Ipu 1 =1 = ... =1 =1 dopuyny (5.2) Moxmo B cuay
(5.1) mepemucaTh B BMAE
nN-nl
p .
p(z) = )  ¢(a”)a (z-a"), (5.27)
V1

rge Ax(z—av) - XapaKTepUCTUYeckas QYHKLUUA wapa Bl(av).
B Teopuu npeobpasoBaHus Pypre mnpousseneHue €. craegyer

3aMEHUMTh HA CKaJdpHOE NpOM3BeJeHuEe

(z,€) = TEATE+. . 4T E .

n

6. DpsMoe mnponsseneHue o6obueHHnx oynxumii. lycre ganu
o6obuennue ¢ymkuuu f e D‘(Q:) H g e D'(Q:). Ux npamoe
npouzpedenue f(z)xg(x) ompemenserca ¢opmyroi

[f@xe) 0] = (£, [s@).0@0)]]. 0 e D@™ . (6.1

NMockonsxky B cuny mnpexcrasjienus (5.2) n. 5 § 6 ocuHoBHas
dyukuns ¢ us D(QZ“) NpEeACTABAIETCS B BUAE KOHEYHOH CyMMH

i P n m
p(z,y) = Z ¢k(£)wk(y): ¢ € D(Dp)’ wk € D(QP)’ (6.2)
k .
TO omepartop ¢ +> [g(y),w(m,y)] -  JMHEWHNE MUD D(Q:m) B
D(Q:), H, CJeN0BATeNhHO, QyHKuMOHAT, cTosumit cnpaBa B (6.1)
- JMHeHHHE Ha ‘D(sz). Hrax, f(z)xg(y) e D'(@?ﬂ). Ho, B
cuny (6.1) u (6.2},

[f@xs@ 0] = T (£ (000, =

k
= (s @ 0], 0 e 2@™), (6.3)
TaK 4YTO IPAMOE€ MNPOM3IBEIEHME KOMMYMAMUBHO:

F(@)xg(y) = g(y)xf(z).- (6.4)
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Hs (6.3) cmeayer takke, 4TO npaMoe mnpousseasenne f(z)x
xg(y) HenpepwBHO MO COBOKYIHOCTM COMHOXMTENeH f M g: €Cuu
o220, k>w, s fD’(Q:) u g 9, koo, B D’(ﬂ):), TO
[x9, >0, k> o, 5D (@:’"’).

IIlpu ¢ = 1 pasencrso (6.4) 3KBMBAJEHTHO DABEHCTBY

[f@).[ ot@wav) = [ (£ .e@@0))dv, o < @™ . (6.5)
Q" "

AHaJIOrUYHO IpAMOe NpOM3BEeIeHUe BBOAUTCH M gad oOodwen-—
oux Gyukuuit us D (0).

Npumep. 8(z) = 8(z )x8(z,)x...x8(z ).

7. TeopeMa o «Afgpe». HamoMHuM, 4TO BCEe sauHelHHE ONepa-
TOpH ¥ (YHKUWOHAJHW, 3ajaHHHe Ha D, Henpepusus (cM. n. 3
§ 6).

Beaxas o6o6wennas ¢yuxkuus F u3s D’ (Q"™) onpemenser
JMHENHNI omepatop A: D(@:) — D’ (CD:) o ¢opmyie

(A((O)Alf) = (F,(O(T)i//(?/)), ¢ € D(QZ): ¥ e :D({D:) (71)

Cnparemymso u 06paTHOE yTBEpXICSHME.
TeopeMa. Iycme B(p,¥), ¢ e :D(ﬂ):), ¥ o« ‘D(d]z), - 6unu-
HeliHull ¢yHKUUOHAA. Tozda cymecmByem edUHCMBeHHas o606meHHAs

¢yuxyus F e D’ (sz) maxast, 4mo

(Foo(z)u(y)) = Blp.w), ¢ € D(Q), ¥ < D(O). (7.2)

n+m

. ) mpegcraBaseTca B

s Tax xak Bcakas ¥(z,y) us D(Q
BUIEe KOHEYHONH CYMMH

¥(z,y) = z (ov(x)wv(y), ¢, € fD(lD:), wv € D(‘D:)
v .
(cm. (5.2) m. 5 § 6), to Ounnmmeinuit pyukuuounan B(p,y) sana-
€T HEKOTODHH JUHEeHHHNIt QyHKUMOHAI
F: v — 2 B((pv,wv)
v

HA D(Q:’m) u, tTakuM o6pasom, F e D’ (ﬂ):"") M  CTNpaBeNJUBO
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paBencrso (7.2). ficwo, uro F egnMHCTBEHHA. ®

Cnegctene 1 (Teopema liBapua o sgpe). fycms ¢ - A(p) -
nunelinwti onepamop U3 D(@:) B D’(Q:). Tozda cymecmByem edUH-
cmBennas obobmennas ¢ynxuyus F e D’ (Q™") makas, umo cnpa-

P
pednuso pasencmso (1.7).

0606mennas o¢yuxuus F(z,y) HasuBaeTCs sdpoM oOnepa-

Topa 4.
Cnepcreue 2. Beskas 6uauHelnas ¢opMa B(p,¥), ¢ e

€ D(@:), v e D(Q:), HenpepWBHA .
§ 7. CBeprTka M npeobpasoBaHue dypne

B srom maparpade MH u3yduM Haubonee BaxHHe JIMHEMUHHE
onepauuu Hag 0000WEHHMMU QYHKUMAMM - ONEPAUMM CBEPTKU ¥
npeobpasosanuds ®Pypre, a Takke CBA3AHHYI C HUMU OIEDPAUUO

YMHOXEHMS .

1. CmeprKa o6oGuenHnx ¢yHkuuit. llocnenosarensHoCTh {nk,

k - m}, n, € D, Ha30BeM l-nocnedoBamenbHOCMbIO, €CJIN CYHMECT-
pyer takoe N € Z, uTo

n () = 8 ()

-k
Q(p ]z]p), k=N
QueBungHo,
n(z) - 1, k> =, BE.
flochegoBarensHOCTH {Ak, k> m} HA30BEeM KAaHOHuU4YeckoU l-noc-

nedoBamesnbHOCMbLO .
liycte f u g - ob6obwenune ¢yuxuuu u3 D' . MUx ceepmkoir
f*g HasoBeM YyHKUMOHAN, ONMpedesdeMHil PaBeHCTBOM

(Frg:9) = Lim [f(2)x9() 8, (o)), (1.1)

ecnu Tmpemen cywectsyer ana mwbon peD. llpapas uwacTs pa-
perctsa (1.1) omnpegenser JMHEHHNN ¢yHKuMoHAN Ha D u, ciae-
poparensuo, fxg € D’ (cm. m. 3 § 6). OrmeTuM, YTO paBEHCTRO

(1.1) SXBUBAJEHTHO ClEXyOUEMY:

(frg:9) = lin (7(2)xg() n(@e()), o < 2,
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ans oot 1-nocnesoBaTeNbHOCTH {nk, k- m}.

AHAJIOPMYHO ompejensercs cBeprka g*f:

(9+f29) = Lin [g(W)xf(2).8,We(z=y)]. (1.1

k0
TeopeMa. Ecau ceepmka fxg, f,g € D', cymecmeyem, mo

cymecmpyemn U cBepmxa g*f U oHU papHW:
, fxg = gxf.
mn Ilycts ¢ € D, Tak uTOo p € D; npu Hexoropux N,[ e Z.
Mo dopmyne (5.2¢) m. 5 § 6 dyHKuUuA ¢ NpPENCTABAIETCE B BUAE

KOHEUHOH CYMMH

N-1
]
v
o(x) = T 0,8 (2-a")
Vo1
mpu HexoTopux a’ e B u xommnexcmux C,. Ilostomy Teopemy
AOCTATOYHO AOKA3aTh AJid OCHOBHHX QYHKLMHE Buaa
v
o, (z) = A (z-a”).

o ycnoBuw ceeprka fxg cywecrtrByer. Ilpumenas dopmymny
(1.2) x l-mocnexoBATENBHOCTH

{8 (-a+a”) = @™ |-2+a"]) = a(¥|2]) = @), k » o},

MOJTyYuM

((Fra.0,) = Lim (f(@)xg(v) A (-a+a")p,, (a+9) ] =

k=00

= lim [f(z)xg(y);Ak(—x+avjAl(x+y—av)].
k —»00

YunruBasg JIerkK0 npoBepaEMOe TOXAECTBO Npu &k =z
ﬂ(p*]—x+aV|p)Q(p4]x+y—aV}p) = Q(p*ly}p)n(p”,x+y—avlp);
MPOOJUKAM HANM DABEHCTBA

(Frg.0,) = lin (f(@)xa(v) .8, (1)8, (z+y-0")) =

k>0

= Lin (£(2)x9(1) .8, (1)0, (@) = (9%F.0)-

k-0

3necr MH BOCHOJIL30BAJIMCH KOMMYTATHBHOCTBI. NDSMOT0 NPOU3BE-
genus (cM. m. 6 § 6) ¥ dopmynoir (1.2). =
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OrmeTum ¢opMysny: eciaum cBeprka f*g CymecTByeT, TO
PN ~
Frg = Ixg, (1.3)
rae omepauMs OTPAXeHHI } onmpefenena B n. 4 § 6.

Ecnu g € D' u supp ¢ ¢ l&, mo ceepmka fxg cymecmByem u

cnpaBed/sIuUBO npescmaB/ieHue
(F+9,9) = [F@x0).8,We(@n)], » e 0. (1.4)

= BocnonbayeMCﬂ onpenenennem (1.1} u $opmynoit (4.3)
n. 4 § 6. llpu Bcex ¢ € D umeeM:

(fxg,p) = lim [f(z)xg(y),Ak(y)w(x+y)] =

ko

= lim [f(z)XAN(y)g(y),Ak(y)w(w+y)]

= iiﬁ [f(w)xg(y),A"(y)Ak(y)w(I+y)]
= [f(x)xg(y),AN(y)w(w+y)],
N0CKOTBKY
AW e(z+y) — b ()e(z+y), k> =, 2 D(Q). =

U3 mpencrasnenus (1.4) cneayer, uro ceepmka f*g Henpe-
pwBHQ no copokynHocmu f u g: ecau f,20, k>, D, 9,
> g, k» o, B D, supp 9, < l&, mo fk*gk — 0, k> o, B D’

s BurexaeT u3 HENPEPHBHOCTH MNPIMOr0 NPOU3BEXEHUT, CM.
n. 6 § 6. =»

NipuMep 1.

f*8 = f = 8+f, f e D. (1.5)
a Cneayéer us (1.4) u (6.1) n. 6 § 6
(Fr8.0) = [Fl2)xa () .8,(W)0(a+9)] =
= [f@. [ .4,me@w)]) = e =

Mpymep 2. Ecnu f ¢ D', 1o

fré, — f, k> =, B D, (1.6)

rge MOCTeX0BaTENBHOCTH {Bk, k > =} ompemenena B (3.4) m. 3
§ 6.
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» Burexaer u3 (1.5) v (3.4) n. 3 § 6
f*Sk-—-)f*B:f, k> ws D, (1.6%)

B Culy Henpebunnocrn CBEPTKU. m
TMpu g = ¢ € D ceeprka f+y e &, u ¢opmyna (1.4) npuuu-

MaeT BMA
()@ = fwvEw). =< a (1.7)

IpM 3TOM NApaMeTpP NOCTOAHHOCTH GYHKUMM f*y He MeHbwe napa-
MeTpa HOCTOAHHOCTH QYHKUHH ¥ .

s Ilycts ¢ € D;. Torama, mnoaesysck ¢opmynon (6.5) mn. 6
§ 6 us (1.4), noxyuaeM mpencrasienue (1.7):

(F050) = (@ [10) 8,0 (zn)]] =

- (1@, ] varwena)

(@), [ weoterae) -
@ 0

14 4

j [f(x),W(€—$)@(§)dE, p € D:

a
P

rax xak Y(y)p(z+y) e D(ﬂz). OcTanLHHE YTBEDKXEHMS CJACAYOT
u3 npexcrasienus (1.7). m
Npueep 3. Ecax f € D', vo

A(fx8) > f, k> =, 5D,

* D.
npuueMm Ak(f 8) €

llpumep 3 nokxaswBaeT, uT0 BCSKas o6obmeHHas ¢YHKUUsS
F € D' ecmp cnabwl npedesnr oCHOBHWX ¢YyHKUUG, T.e. D nAOmHO B
D’ .

dopmyna (1.4) mo3BosseT HANUCATH PABEHCTBO

(f@xaw).8,(@e(@n)] = (8,)F(@x0(0) .8, (@)0(aw)] =
= {(Akf)*g:w]'
Mosromy onpemesnenue cseprk (1.1) IKBUBAJGHTHO TAKOMY:

(Awf)*g — fxg, k > @, B D (1.8)
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U3 onpepenenus (1.1) cieayer uto supp (fxg) comepxurcs
B 3aMHKAHWM MHOXECTBA

{£= £eQ, &=u+y, 2 esupp f, y e supp 9}-

B uwactHocTH, ecau supp f c B;, supp § < B;, to supp(f*g) «c
< l&.

Takum ofpasom, MHOXKECTBO 0006meHHHX QYHKUMIE € HOCU~
tenem B B olpasyer cmepmovnyo anzebpy (KOMMYyTATHBHYIO H
ACCOLMATHMBHYW) ¢ eAMHULEH, B KOTODOHt POAb €IMHMUN ML DAeT §-
dyuxuus .

B sakmoyennme oTMETHM ewe OMMH KPUTEDMIl CYWECTRCeBAHUA
cBepTku: nycmb ¢yHxuuu f u g e Lhcﬂ%) U cymecmByem QyHK-
yust q € LLC(QP) makast, 4mo

J[f(w—y)g(y)dy — q(z), k>, B D.
B
k
Tozda ceepmka f+*g cymecmeyem U paBHA ¢: fxg = q.
» Burtexaer u3 ompemenenus cBeptku (1.1):

(f*g.¢) = lim Jf(z)J A (1) g(y) e (z+y)dydr =
k>0

Q G

P P

k2>
Q Q
p k P

= lim {w(i)[f(&-y)g(y)dydﬁ = {q(ﬁ)w(i)deg peD.m
B

2. MNpeo6GpasonmaHue dypbe ocHOBHBIX QyHkumit. Ilycte ¢ e D.
Ee npeobpaszoBaHue Fypbe ¢ ompemenseTcs dopuynon

5o = Fle] @ = h(s:z)w(x)dx, gea.  (2.1)
Q

P

1 ~ N ~
NlemMa . Ecau ¢ e DM, mo ¢ e Dl, m.e. onepauust ¢ > ¢ -
nunetina (u, crnedopamenbHo, HenpepwsBHa) us D B D.

» Joxaxem, uro ¢(£) = O, l€l, > p'. Cosepmas B (2.1)
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o f 1
3aMEHy TepeMeHHOH MHTerpMpoBaHME % = T'+a, |a] = p , moxy-
P

UM

5E) = [ 2,6 e0)oarsais -

Q
P
= xP(Ea)[x (82" ) (z" )da’ =
J P
Q
P
= x (€0)7(e) . (2.2)
Ho |§a|p = |g|P|a]p > 1. Nostomy ans moboro &, |5!p > pt,

HageTcda rakoe o € tDp, j(zlp = p', uro xp(ga,) =1 (em. ;. 1
§ 3). Orcoma u us (2.2) creayer, uro ¢(€) = O, i§|p > pt,
T.e. ¢ € D_ -
HoxaxeMm, uToO
p(e+€") = ¢(g), € <« B, €0,

p

T.e. MAPAMETD NOCTOSHHOCTH QYHKLUMU ¢ HE MeHbBue -N. Hveem

Pever) = pr((&&')x)w(:v)dw - pr(ix)xp(ﬁ’f)w(x)dx -

N N
- J[ %, (€x)p () dr = 5(€).
0
P
NOCKOABKY ,E’;I;Ip = ls’lp]x[p =1mu xp(g'a:) =1. =
TeopeMa. [IpeobpazoBanue #ypbe ¢ +> ¢ - AUHelUHWG U30-

Mop¢usM D Ha D, npudeM cnpasednuBa ¢opMynd obpameHus

o(@) = |3 (=it = Flon] v en. @)
J

Q
p

U paseHcmsBo llapcepanss - CmeksoBd

memz - [ws)%z_)ds, po¥ < D, (2.5)

0 Y
P J
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a MAKX€ 3KBUBQIEHMHOE €My pPABRE€HCMBO

Jm(z)&(w)dm = [6(€)w(s)ds, p,¢ € D. (2.5%)
0 Q

P p

s B cuny nemMu, omepauus ¢ > 5 orofpaxaer D B D.
Y100 mHOKA3aTL, YTO H3TO OTOOPDAKEHME COPHEKTHBHO H B3AWUMHO
OTHO3HAYHO, AOCTATOYHO YCTAHOBHTH dopmyny obpamenus (2.4).
Ilycts ¢-e L; Hexomsa us (2.1), umeem

fxp(-ws)i(s)ds = pr(_xE)J w(x')xp(x'g)dx'dg =
B

P -1 N

= Jw(ﬂi’) pr,,(*xi)xp(x’&’)d&dx' =
B, B

-1

= J@(l") pr(s(x'—x))dgdz! =
Q B

p -1

- [ «o(x')jxp(s(x'—x))dsdxw

x-x | =t B
. J o) 7,600 aeaz (2.0
[x”-x|=zp'*? B
B mepeom wumrerpase cmpasa B Qopmyne (2.6) ¢(z') = o(z) u

xp(g(w’—x)) = 1, u ou pasen (cM. (2.3) n. 2 §6)

¢(z) J Jd&dz' = p(z)p'p" = p(2).
B (z) B_, ‘
Bropoit urrerpan cmnpaesa B (2.6) pasen O B cuay dopmysn (3.1)
n. 3 § 4. $dopmyna obpawmenus (2.4) gokasana. ‘

Ias noxasaressCcTBa paBeHCTBa (2.5) 0603HAUNMM W) =
= n(€) € D u rorza ¥(z) = n(z), nNpHBemeM ero K SKBUBAJIEHT-
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HOMy paBeHCTBY (2.57):

J p(z)n(2)dr = J p(&)n(e)de,
0 Q

P P

XOTOpOe NpOBEpIeTcd HemoCPeJCTBEHMHO

[ = o] 10, (en)acas -
0 0 0

P P P

- n(g)J 0 (2)x, (£7)dude = J‘i(s)n(s)ds- .
0

P p P

B
[=}

lpumep 1.

ke, (2.7)

k k’

rxe byHxuuM 6k " Ak onpegenend B n. 3 § 6 u n. 1:
8,(€) = pa(s"|€] ), b, () = a(r|z|)
k 7 Tk p’

dopmyna (2.7) ecrs apyrada 3anuck ¢opmynm (3.1) m. 3 § 4.
NpuMep 2. v € Z,

FlaCizl-p")](®) = 21 - DaGIel) -
- s (jg) P . (2.8)

rie ¢yHxkuusa 6(|z’p—p7) onperesicka B n. 2 § 6.

dopmyma (2.3) ecrs apyras 3samucs gopmymm (3.2) m. 3
§ 4.

Npumep 3. v ¢ Z, k= 1,2,...,p-1,

Flae™ 121 )% (kr0) | (6) = #5161 -pT)s(g,R) . (2.9)
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» Hcxomas semmunna B cuny (2.7) paBHa

x, (kp ¥ zegz)de = B _ (kp7+€) = 8, (kpT"+g) =
1-7
lz| =p
L 115 1€l =07, € =k,
=7 T kpTeg| ) = 57 i ° =
0 B NPOTMBHOM Caydae
=90 Ts()g| ~p")8 (£, k). m

Tipumep 4. }4a|p : 7%y e,

Flx, (a5 (l2] -p") ] () =

SERCIEAREA CEP

2

—pw]. (2.10)

P

dopmyna (2.10) ecrs apyras 3amuck ¢opmynm (1.7) m. 1

Nipumep S. p=2, la'p = p1—27’ v e 1,

Flz,(as®)s(l2] -pM) ] () =

2

= lal}?[a (@), (- i_a] - };;—]Q(pw'llglp).' (2.11)

dopmyna (2.11) ects apyras samuch dopmyam (1.8) m. 1
§ 5. 7
TlpuMep 6. p=2, |a|pp27 >1, v € L,

Flx, (as%a( 21 )] (o) =

j. (2.12)

£° 3
- \ -1/2 - -7_
= (@1al; %, - o[

P

Popmyna (2.12) ecrts apyrasd sanuck $opmynm (2.1) m. 2
§ 5. ' :
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NpuMep 7. p = 2, vy ¢ Z,

F[xz(axz)n(2'7|$l2)] (€) =

rme

2

] 3 ) ]
A (@) 12077, (- s (161,-27), Jal,=2",

2

- £ .
< @ 12000 (- 700 e, a2 (2018)

2

N (a)]2czl ~1/2 2[_ %]9(2'7” ;

) a2
2

\

Popmymu (2.13) ecrts apyras samuce ¢opmyn (2.3) n. 2

p-1

Mpumep 8. p * 2, ¥ € 1, Zn(lc) =
k=1

F[n(a)s(lel,-o")](0) = 20 (€5 (1€l -7, (2.14)

p-1

ke
n (§) = Zn(k)ezp[2nz——~] Zn (k) = (2.15)

k=1

w Hckxomoe npeobpasopanue Pypre CBOZMTCA K UHTErpaty

I= J n(xo)xp(gz)d:z:.

ST
Bean fg[ ) = p?, To %, () = 1 u
p-1
I = J n(z)dz = p¥t Zn(lc) = 03
k=1
S
()

N

ecmn |g] =" = p°7 (r.e. N+y-1 = 1), 10

{Ez}p = {p‘N-W(ﬁo*Elzﬂ. <) (zrz pre )} =

p
€o$n +Y-1

= L(xo,xl,...,aznq_z) + > ,

M, CIexoBATEJNIbHO, Kak u B npumepe 24 n. 1 § 5, I = 0. Ecin
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£z
xe |g] = ', o {E:v}p = ; %, u B cuny (2.15)

€z
I= J n(xo)exz’[.?ni ; °]d:c =

S
Y ot

7-1 .kEO 7-1
=p z n(k)ezp[an-ir] =p n(g). =

k=1
Mipumep 9. Re o > O,

1-p7t

F[lxljﬂﬂ[’%lp]J = jmj:Q[lmgjpjlup_a +

1-p%1 '
-a
e LN [1—Q(|m€|p”. (2.16)
n CoBepwasg mnmoxXCTaHOBKy t = z€, dt = ]g]pdw, o6o3navas
{m&h): 7" u monesysce Qopmymnok (3.2) n. 3 § 4, mna ucko-
Moro mpeobpasoBanua Pypre nmoayuum pasencrBo (2.16):

.01 _ (e -1 -
fel "z (z€)dz = [g] {157 ()dt
2] =] |t] =|me|
N
_ -0 ¥ (-1) -
= €], 1Z_mp J x (t)dt =
S
¥
«©
~ 1
y (-3, N=C,
o ¥=-N P
= €14, -
Y - P, ke,
¥=0 P
1-1/)'1
pnotl — N=0,
’ -2
- - _
- IEIP 1_p'1 1_pct-1 =
-1
- - = -0 b4 NZ]')
1-p 1-p

-1 o-1

() - )
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OrMeTum ¢opmysy
F[w(ax+b)](€) = |a|4xp[_ %g]F[w][g], ¢ € D, az0. (2.17)

P

B wacrHOCTH,
Flot-n](©)= Flo@)] -6).
o0 = x, 000 F[e] (¢). (2.18)

a $opmyna (2.17) HenocpemctTBeHHo ciaexyetr us (2.1)

Plotarn)] (@) = [ otartyz, (enis -

®P
= ]aI:J q)(a:’)xp[i x;'b]dz' =
@P
- 1o b)) = el )0 (E) o
Q

P
1
Beakaa dyukuus ¢ e D, MpeRCTABIAETCA B BUAE

N-1
P

o(x) = z $(av)xp(zav)6_u(x) (2.19)
v
npK HEKOTOpHX 4’ e @p, HE 3aBUCAWMN OT @.
m Ilo nemme 9 e Dj ¥ mpegcrasiaderca B suge (2.2) m. 2

N-1
p

) = T 5(a)a (g-a")
v
IS HEXOTOPHX oV e Bﬂ. llpumensas x 5ToMy paBeHCTBY ofpaTHOe
npeobpasosanue Pypre u nomssyscs ¢opMynmamu (2.18) u (2.7),
nmosnyuyuM npegcrasiaenue (2.19). =

U3 npencrasnenus (2.18) BHTEKAGT, YmoO MHOXECMBO MpUZ2O-

HoMempu4dYeckux nNOAUHOMOB

{ Vo (€), € e M}

V KoHeu4Ho

2
naomuo B C(K) u, sHayum, B L°(K) ons awbozo xomnaxkma K ¢
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< Qp; sdecr M - noboe cyemHoe BCOAY nAoOmHOE NOGMHOKECMBO
Qp.

a Nockonsky D mroto B C(K), cM. m. 2. =

3. MpeoGpasoBaHue dyphe obobGueHHHX QyHkumii. B coorser-
ctauu ¢ dopmynoint (4.1) n. 4 § 6 mpeobpasoBanue Pypre J o06o-

6wennoit ¢ynkuuu f € D’ BBegeMm no dopmyne

(},‘0) = (f,(~0); ¢ € D. (3.1)

Hocxoaeky omepaTop ¢ —> @ nuHeen us D B D (cm. m. 2),
T0 $yHKUMOHAX, cTosAumit cnpasa B (3.1), auHeeH Ha D, TaK YTO
? € D' u omneparop f +— 7 HeﬁpepuBeH u3 D’ B D’ (cm. m. 4
§ 6).

Cnpapednuba ¢opMyna obpameHus

RO (3.2)
maxK 4mo npeo6paaosanué gypbe f +— J ecmb sAuHelHH{ U30MOD-
¢usM D’ Ha D’. .

m  ®Popmyna (3.2) Burexaer u3 Qopmynan (2.4) »u
onpenenennsd (3.1) m

B cayyae f =y e D dopmyna (3.1) cosmamaer C paBeH-
creoM (2.5'), u mnosromMy BBegeHHoe unpeobpasoBanue  Pypne
(3.1) sapagercs pacuMpeHneM KJIACCUYECKOT0 INpeobpa3oBaHus
dypre (2.1).

dopmysnu  (2.16) u  (2.17) mnepeHocsTcsd Ha 0600wWeHHHE
dyHKUMM

F[f(ax+b)](g) - |a|-:xp[— gg]p[f] [g] f e, as0. (3.3)

Flre-v)]@© = x,007[f]©. (3.4)

rae o6obmennas ¢yuxkuus f(ax+b) onpemenena B 1. 4 § 6.
Ecau f € L', mo ¢opmuyna (3.1) skpupasenmna ¢opuyse (2.1)

HOERHIGE pr(ax)f(:v)dw, gecq. (3.5
| |

P

1 . 1
Ecnu f e me U cymecmByem maxkas ¢ € Lwc, 4Ymo

jf(x)x,,(sx)dz — 4(®), B e 5 D,
B

k
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mo npeobpasosanue $ypbe J cymecmByem U PABHO {: F=q.
s Butexaer u3 HenpepuBHOCTM ONepaluu mnpeobpa3oBaHuUd
¢ypre B D’ u u3 dopmyan (3.5): meHCTBUTETBHO, €CIM

Q[p*|x|p]f(z) — f, k>, B D,

TO

F[Q[p'klxlp]f] = J_f(x)xp(gx)dx — F, k> o, BD,
B ,

k
OTKyla B CHWIy eIMHCTBEHHOCTM TNpEmesa 3aKIoYaeM, 4YTo [ = ¢. m
AHanor Teopemsl PumaHa - Jle6era. Ecau f e Ll, mo f -
HenpepwBHast ¢yuxuus Ha @ u fF(&) — O, |§|p > w.
wm Hempepusuocts 7(53 crexyer u3 npeacrasiexus (3.5) mno
teopeme Jle6era o npemensHoM nepexoxe MOX 3HAKOM HHTErPaja
(cM. m. 4 § 6), B cury Maxopauuu

|f(@)x (€2)| = [F(z)], z €@ .

Joxaxem, uto F(£) — O, |€], » ». Tax xax D mroTHO B

Lt (cm. m. 2 § 6), To najinerca tTakas ¢ € D, 4TO

J #(@) - p(@)dz < ¢,
0
.

rge & > 0 - moboe Hanmepen 3amaunoe uwucao. llo nemMe n. 2

p(g) = 0, ]E[p > p" npu mexoropom N e Z. Mostomy

7@1 = |[ [r) - v enar + [ ox,enas] -
Q 0

< J [f{z) - p(z)|dz + |9(€)| < &, ecan |E]p >p. =
0 ‘
P
HNpymMep 10.
3=1,1=3s (3.6)
w Burexawnr us (3.1) u (3.2):

(3,0) = (3,6) = 5(0) = [o(z)dz = (1,9), ¢ < D. =
Q

P
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\  Tpumep 11. dopmysna (3.7) n. 3 § 4 mpuHMMAET BUX

-27

1 &t P
Fl——](g) = (1 - 1 . (3.7
[|x|:+m2]( ) ( ])) +m® |§[ Z '7+m2|§|s
Mpumep 12. $opmyna (2.11) m. 2 § 5 npuHUMaeT BiuA
E2
F x° = 20 "% |- =], ax0. 3.8
[5,(a29] (&) = A, (@) ]201 %, [~ ). @ (3.5)
TipuMep 13.

_ £ ,
Ap(a)lza{p“zxp[- Z;} — 8(&), la] >0, 8 2. (3.9)

s Burexkaer us (3.8). mockoasxy B cuny (3.6)

Pl (] (&) = T=5. 00 50

Teopema. Jag moeo 4mobu f e D' u supp f c B, Heobxo-
duMo U docmamoyHo, Ymobu ? € € U napamemp nOCMOSIHHOCMU 7

61 He Menbme -N; npu SmMOM cnpapedfUBO paBeHCMBO

7€) = (£(2) .8,(@)x,(€2)] - (3.10)

u HeobxomumocTk. Bocmonszosasuuchs dopmynamu (4.3) n. 4

§ 6 u (6.4) n. 6 § 6, us (3.1) BuHBOOMM NPLICTABIEHHE
(3.10) :

Foo) = (0,(0F.5) = [F(@) .8, [ (©)x (w0)de) =
]
= J (f@) .8, @), (&) |o(e)de, p < .
QP
Tanee, ecau £/ ¢ B, To |§'2:|p =1mu xp(g'x) =1npn z e B u
Flere') = (f(@).a @, (gr€)2)] =
= [f@ @ 0] = Fe©.

Tax 4YTO napaMeTp NOCTOSHHOCTH ? He MeHbue -~N.
Jocrarounocte. IlycTs f € & M ee napaMeTp MNOCTOIHHOCTH

He MeHbuwe -N. lipumenss npeobpasosanue Pypre x paBeHCTBY

flaea') = f(z), = <@, |o7] = ™,
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M noan3yick dopmynoh (3.4), nosyuMM DaBEHCTBO
xp(zz’)f(z) = f(z), = « Op: (3.11)

Ho mna swboro z, |z|P > p", cymecTByeT Takoe z' € S, 4TO
xp(xz') + 1. H3' (3.11) cnemyer, uro f(z) = O, [x|P > 7',
T.€. supp f € l&. "

4. npocrpancreo L’ ompexeneno B n. 1 § 4. s f e I?
npn 00603HAYEHHM HODMN |f|2 ungexc 2 OGyaeM onyckaTts:
If4 = 1f),- B I? BBefeM CKanipHOE NPOMBREREHHE

(f,9) = J.f(z)g(x)dx, f.9 e I?,
0

P

Tax YTo 'f||2 = (f,f)- CnpaBemnuso uepaBenctBo Kowu - Bymns-
KOBCKOI 0

L1 = 1f gk, fo9 « T2

B TepMMmax ' cxanapeOTo HpOM3BeIeHMs paBeHcTso lapcesans -
Crexnosa (2.5) npMEMMaeT BMA

(P’W) = (a,w): ¢,y € D. (4'1)

TeopeMa. llpeobpasopanue #Fypre f 7 omobpaxaem L? Ha
I? BpaquMHO OOHOIHAYHO U BIAUNHO HenpepwBHO . IIpu amoM

F(g) = lim J f(x)gv(gx)dx B L% (4.2)
7o+
B1
cnpaBednuBw ¢opNyna obpameHus
f(@) = lim j F(€)x (-z€)dg 5 L° (4.3)
T+
B
¥

U paseHcmBo Ilapcepana - Cmex/nopa

(£,9) = 5.9, 11 =171, f.9 ¢ I (4-4)
s Dycres f e L?. Torma f1 = Q(p'lelp)f e I' npu Bcex
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7€luf1_—-)f,7—)+m,BL2!

I |f,(2) |dz = J | f(z)|dz =
o ,

B
. (J dx]hq[J If(w)|2d1J < 2151

P ¥
B B
Y ¥
"'f_f7"2 = J |f(z)|%dz — 0, ¥ > +x.

¥
lz| >p

Tostomy |f, | — If], 7 > +=,

?7(6) = J f(w)xp(sx)dx eI’ nh e

B
Y

(em. (3.5)) u cnpasennauBo papeHcTBo Ilapcesans - Creksiosa

(4.1) (mocxonsxy D maortuo B L?, cM. m. 2 § 6)

I7,1

I£,0 = Ik 7 > s, (4.5)

17,7, 1

||f7_f7l|l — O; T, > +w. (4.6)

llpepensnoe coorHomenue (4.6) mnoka3wsBaerT, YTO NOCJIEIO-
2
BaTEJIBHOCTH {?1’ 7 +m} cxoaurcs B cebe B L°. Tlo Teopeme

Pucca - ®umepa cywectByer ¢yHKuuA F € I? TaKas, 4TO f1 > F,
7 5 +o, B 2. C Apyrost CTODOHH, f?, > F, v +o, B D’ . Taxum
obpasoM, f = F e I?, }‘1 > F, v » +o, B I?, u npexcraBieHue
(4.2) noxasamo, mpuuem Efyﬂ > 1Fl, v > +o.

Orcogma u u3 (4.5) cneryor pasenctsa (4.4). ®Popmyna
obpamenus f = Ff(-g)], B cuny (4.2), npunumaer Bug (4.3).
TaxuMm o6pasom, omepatop f +> J orobpaxaer L* ma cebs, B3sa-
MMHO OZHO3HAYHO M B3aWMHO HENDEDHBHO. m

Cnexncreue. Onepamop f f npeobpa3oBaHuUst Eypbe YHU-
mapHwii B I,

Opronopmanpumsi 6Gasuc B L° cnemwanenoro sBuga Gyxer
nmocTtpoen B n. 4 § 9.
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Jlemma. Ans moboli ¢yHxyuu f e L? cnpaBednuBo paBeHCMmBO

lim p‘7”J |f(z)|dz = O. (4.7)
YFr+00
B

7
a llycte ¢ > 0u f e 2. CywectByer Takoe N, urto

2

[ |f(z) |%de < I
o \B

P N

Cuuras y > N v npuMenss HepaBeHcTBo Koum - bynakosckoro,

MOy YUM

p"’zj | (2) |dz = p772 J |f (@) [Pds + 577 J |f(2) |dz =

B, B \B, B

= p J[ |f(2)|%de
B \B, B

1/2

..
SN
©
=z
1
«Q

+ p ¥ J|f(:z:) |2d=

B B
N N

eCJIH ¥y TaxKOBO, 4TO
N-¥
PENfl <5
5. YMHoxeHHe o6o6uenHsix o¢ynkumii. HasoBeM mnociaezosa-
TEJABHOCTH {wk, k - w}, w e D, S8-nocnedoBamessbHOCMBIO, €CJHU

cymectByetr takoe N € Z, uro
v (2) = 8,() = pa(|e] ), k= N

llocnexoBarensuocTs {Sk, k - m} HA30BEeM KaHOHUYecKoU

S$-TMOCJAECA0BATEC/NIBEHOCTRI.
Kak ycranoBneno B n. 3 § 6

w — 3, k> o, B D,
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Ecau {nk, k> m} - l-nmocnemoBsaTensHOCTE, TO €€ mnpeob-

pasoBauue ®ypre {ﬁk, k- w} - S-mOCNEeI0BATEJNBHOCTH, M Ha-
o6opor (cM. (2.7)).

Nyctes namu o6oOmennue ¢ynkumu f u g m3 D’'. Hx npo-
usBedenuen f-g Ha30BeM QYHKLMOHAJ, ONpegesdeMuii, pABEHCTBOM

(f-9,90) = i-t: [9,(f*6,‘)v], (5.1)

ecnu npemen cywectsyeT mia swoboit ¢ € D. llpaBas wacTh, pasen-
crea (5.1) onpeaenser JMHEHHMA ¢yHKUMOHAN HA D, TaK 9YTO
f-9 € D.

PaseuctBo (5.1) skBuBanentuo pasenctsy (cp. (1.8))

(f-9,0) = Lin (m(f*wk)w), »eD,

ans ymboit 5-MOCIexR0BATEABHOCTH {a&, k- m}.

Onpenenenne (5.1) MOKHO MepedpopMyJIHPOBATL B BUIe:

frg = lim (fx8)g,
k->n
eciau npepen cywecrsyet B D’ .
ABRANOrMYHO onpexenseTcA M npoudsegenue g-f:

g-f = lim f(g+s), (5.1°)
K->o
ec/iM npegens cymecrsyer B D’ .

Npumep 1. llycts f u g Henmpepusuw Ha Op. Torga ux npo-
u3Benenue f-g CymecTByeT M COBNAXAET € NOTOYEYHHM IMPOK3-
Benenuem f(z)g(x).

= B cuny (5.1), (1.7) u (3.4') n. 3 § 6 ana nwoboit ¢ €
€ D umeem

(f-9,9) = lim [g,(f*sk)pl -

ko

Lin J g(x)«»(x)] F(0)5, (a-y)dydz =

Q Q
P P
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- tin [ s@0 (@) [ 8,67z dsa -
Q

= lim Jsk(e)J 9(2) 9 () f(z-€) dudg = Jf(x)y(x)w(x)dx,
Q Q Q

orkyna BusoauM (f-g)(z) = f(z)g(z). =
3aMevaHse. YTBepKICHHe B npuMepe 1 OCTaeTCs CHpaBex-
MMBMM M A Tex f M g u3 L:oc, IJIL KOTOPMX OYHKUMS

f 9(2)9(2) f(2-€)da 5.2)
Q
P

HempepuBHa B 0, HanpuMep, ecau f e L‘l’o H g e L‘l‘oc, % + %I- =

=1, p= 1.
Npumep 2. Ecix f e D' u a e €, TO Nnpou3BeXEeHME a-f‘

CymecTByeT M COBMAJAAET C NMpou3BeleRueM af, BBEIEGHHHWM B m. 4
§ 6.

s B cuty (5.1), (L.7) n (3.4°) n. 3 § 6 mna mwboi
P € D nmeeMm

(a-f.9) = lin (f,(axs)0) =

k>0

= lin (£(2),| a(0)3,(z-1)dyo(a)) =

o]
= lim f(:z),j 8 (€)a(z- E)dgp(x))
0

= lim Jsk(s) [f(a:),;p(x)a(z—g)]ds = (f,ea) = (af,e),

k >
Q
P
OTKyxa BHTeKaeT, 4T0 4-f=af. 3aech MM BOCHOJB30BAJHCH pa-
BeHCTBOM (6.4) nm. 6 § 6. =

Ecnu f u g e D' u supp ¢ c B“, mo cnpaBed/IUBO paBeH-
cmBo

F[feq] = 75 (5.3)
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w Nonesysces ¢opmynamu (3.1), (1.4) u (3.10), npu Becex
¢ € D umeem

(Flred]9) = Fv0.8) = [r@mow) B WiE)) =

) [f(z),[g(w,,s"(y)Jw(»:)xp<e<x+y>>dg]] )
Q

P

= [f(a:),J [y(y),A“(y)xp(sy))w(&)xp(gz)dg) =
Q

P

- [f(w),j‘é(sw(s)xp(sx)ds] = (£-F[Go]) = F.50) = GF.0).
0

P

oTKyaa BHBOIMM F f*g] = g} = g-F, nocxonrxy § ¢ & (cM. npu-
Mep 2). 3mecs MM BOCHOJb30BATIUCH PaBeHCTBOM (6.5) m. 6 § 6.
. .

TeopeMa. llycmb f U g € D' . Jas mozo 4mobw CymecmBoBano
npouspedeHue f-g, Heobx0dUMO U 30CMAMOYHO, 4mMobW CymecmBo-
Basna ceepmka }xg. Ipu amoM cnpapedauss PABeHcmBA

Flf-a] = 7. F[fra] = T3 (5.4)

s Butexaer u3 onpegeneHuil CBEPTKM, NPOU3BENEHUA, INpe-

o6pasosanus ®ypre M u3 DaBEHCTB

F(£28)-9] = (0,15, F[(aN)xg] = (Fr8)-G. k < 2. =

Cnencteue. Ecau f-g cymecmByem, mo cymecmByem u g-f u
OHU pABHH

f9=9f. (5.5)
a Burekaer U3 KOMMYTATUBHOCTM CBEPTKM, CM. n. 1. u

§ 8. opgHoponubie obobuleHHble QYHKIUHMH

1. OpHopopHbie o6o6ueHHme pyHkumu. llycrts n(z) - mynpTu-
nIMKaTHBHME  XapaxTep monx @ (em. m. 2 § 3), mn(zy) =
= n(z)n(y), =,y € @°. 0606uwennyw dynkumo f us D’ HasoBeM
OdHOpOAdHOU cmeneHuU ;anopoauocmu n(z), ecnmu gas obux ¢ € D
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H T e 0: BHIIOJIHEHO DABEHCTEO
HORIHIERIOIRGIOR (1.1)
T.e. B cumy (4.5) m. 4 § 6

f(tx) = n(t)f(z), t « Q. (1.1%)

4

3amevaunne. Pasencrso (1.1’) no3sonser roeopurh O 3HA-
4YeHUM OJHOpOAHOK dyHKuuM f B Touke = 1:
f(t) .

, t e @ .
n(t) ’

fQ) =

Onumwem Bce omuopoaune o606weHHNE QYHKLHM.
Cornacro mn. 2 § 3, Bce MYJbTUIJIMK&TWUBHHC XapPaKTepH

7n(x) MOXHO TIpEICTABMTHL B BUOE

n(z)

1- ; ,
rae n(p) = p'™%* u m () - HODMHMPOBAHHHH MYJhTUIVIMKATUBHHN

my(2) = 12|%7m, (). (1-2)

XapakKTep noJs Qp Taxo#, 4YTO
n () =n(lz|2), n(p) =n (1) =1 (|n(x)| =1); (1.3)

nl(x) - XapakTep rpymmu S .
Ecau n(z) = 1 - MyabmunauxamuBHNWU Xapakmep noss Op, mo

J n(z)dr = 0, v € L. (1.4)

S
(4

m Tax xax nw(z) = 1, To HallleTcd Takoe 4YMCIO 4 € ﬂp,
|a|p = 1, yro n(a) = 1. CoBepuwas 3aMeHy NEPEMEHHOH MHTErpH-—
poBaMs x = az’ B uHTerpase (1.4), monyuum pasenctBo (1.4):

[ n(x)dz = J n{az’ )d(az’) = n(a)J n(z')dz’ . =

S
v (s S1
ComocraBuM xapakrepy na(x) 0606wennyo ¢yHKUMIO n, us D’

no dopmyne

(na,w) = j |x|:'1n1($)¢(x)dx, ¢ € D. (1.5)

S
7
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Ina Re o > O unmrerpan (1.5) abconwrTHO CXOAMTCH, Ompe-
oensasi TonoMopduyw QyHKUMIO; IJS OCTANBHHX G ONpPeaeuM €ero
NMOCPERCTBOM AHAJHTUYECKOIO INPOXOJDKEHMS .

B manbueitwmem Mm OyzeM mnonp30BaThCA CHEeRyoumMM oOnpene-
senueM: obGobmernas ¢yHkuMA fa € D', 3aBMCANAA OT KOMIUIEKC-
HOTO0 TNapaMeTpa o, Ha3WBaeTCcs 2omoMopgHol B obGiaactu O c C,
ecau Ona Bcex ¢ € D yHKUMA o > (fa,w) ronomopd¢ra B O.

n_ - ronomopduas Qynkuus B obnactu Re a > 0. Ee amanu-

a
THYECKOe NPOZOKEeHMe naercsad GopMyJoi

(na,w) = J |x|z4nl(x)[¢(x)—¢(0)]dx +
B

0

-1
. |21

0 \B

P o

n,(2)p(2)dz +

+ w(O)j.{xlfqnl(z)dz, ¢ € D. (1.6)
B

Nlocnennuit mnrerpan cnpasa B (1.6) npu nl(z) # 1 pasen 0, B
cuny ¢opmyn (1.3) n. 1 § 4 n (1.4)

4]
J 1z|:qnl(x)dz = 7Zme7(aq’J n (z)dz = 0;

B S
[+] 7

pH nl(x) = 1 sTor muterpan B cuiay ¢opMyas (2.5) m. 2 § 4
paBeH
-1

1-p
J ‘z|‘;‘”dx = —. 1.7
B

1-p «
o

TlosTomy mpencrasnaenne (1.6) MOXHO IepelHCaTs B BUIE

(n,.9) = J 2| % n, (z) [«>(x)-¢(0)]dx .
B

s]
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l—p'1

— ¢(0), ecnm m (z)=1,

1-p

+ J |x|z4nl(x)¢(x)dx + (1.8)
Dp\Bo 0, ecmu m (z)=1.
06o06meHnHass PyHKUUS n, npu nl(x) # 1 - yenas no a; npu

nx(x) = 1 m  zonowop¢Ha no o BCOAY 3a UCKMOYEHUEN mOYeK

2kme
a = , k=0,1,..., (1.9)
k
In p
-1
2de oOHa UNeem npoOcmhe nNomCa C BHYEMOM s(z). n, -
pln p

O0dHOpodHast obobmeHas ¢$yHKUUS CmeneHU OJdHOPOSHOCMU na(x).

s Burexaer u3 npencrasienus (1.8). Ilepsuit uuTerpan
cnipaBa B (1.8) ecrs wuenas O¢yHKMMS o, TakK KXak OyHKUHA
¢(z)-p(0) pasua 0 B oxpecrHocTH Touku Q. Bropoit uurerpan B

(1.8) - raxwke uenas OyHKUMA No o, Tak Kak O¢yHkuus ¢(z)
uMeeT KXOMHAKTHMN Hocurenb. llostomy mnpu nl(z) = 1 dyuxuus
(m,,p) uMeeT BUA
t-p7?
(m.0) =9, + —— »(0),
o a "y
rage ¢ - uenas ¢yukuua. Moatomy (na,w) roioMopdua WO o
BCOLYy, KpOMe TOYeK o, k =0,z1,..., onpeleaseMuxX paBeH-

creoM (1.9), rge oHa MMeeT NPOCTHE IOJOCA, NDUYEM

1-p7* -1
Res (m_,p) = Res 5 ¢(0) =

a=o a=o, 1-p . pln p

(8,9).-

OguoponHocTe 00606meHuoMN ¢ynxunu,na suTekaer u3 (1.1) u
(1.5) npu Re a > O

(ro-#(2)) = I 1%, ()9 [2) da =

Q
P

= f |t | %, (207 Yo (a7 )d(2a") =
Q

P
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o= = l; ‘
A j|x'|‘;“n,(x'>«><x aar =
Q
P

= na(t)ltlp(na,(p), ¢ e D, t e 0:,

M B CWIy NPMHUMIA AHAJIUTHYECKOTO NPOXOSKEHHMI. m
Ramree, &(x) - omuopoamas o6obweHHas QyHKUMI cCTemeru
-1
OXHOPOXHOCTH |:l?|p .

= [5,¢[%]] = ¢(0) = |t|p|t[:(6,q)), peD, teld”. u

P

Beenem 060bumeHHy0 QYyHKIUMO ?—L no ¢opmyne.

E1N
(? 1 J w(w)-w(O)d q(w)d o (1.10)
» E2 EIR
B o \»
[+] P ]
?L He dgBasemcss OJHOPOSHOU cmeneHuU OJHOpPOJAHOCMU
K

o[3)-50 o)

| N IR ARy L
EIR EN EIN
|z] =1 |x|p>1
p(z’)-0(0) p(z")
= —_dz + dz’ =
[z | |z |
’ -1 P 1 -1 P
EZREIEIN |2 | >t
dz’
1 1
= [?““— )(0] - 4’(0) X * [? )(0];
ER I A R TN
psla’ | =|t|
ecan 0 < |t|p <1, p e D, p(0) = 0. =
Nlemma. Ecnu fi, t =1,2,...,n - odHOpodHNWe obobmeHHHE

$YHKUUU cCmeneHU OJdHOpOdHOCMU na coomBemCmMBEHHO YyJdoBJ/em-
1
BOpSom COOMHOmMEHUIo }:fi = 0 u Bce o PpasfAudHN, mo f1 = _f2 =
1 .

=,,,=f =O.

n
w lpu Bcex p € D u3 (1.1) uMeewm
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T *
Z{fx’plf]] = Z n, (t)ltlp(f1’¢) =0, teQ.
1 i !
Orcona, nonaras t = M, Ne Z, u noas3sysce (1.3), noaydaem

PABEHCTBO
aﬁ
zp (fl)‘o) =0, Nel,
i
OTKyAa  BHBOIUM (flyV") = (fZ:(o) = ... = (fn,(P) =0, T.€.
f1=f2= ,_,zfn=0. n

Crenyowas TeopeMa AaeT ONMCAHUE BCEX OXHOPOAHHX 0606-
IMEeHHNX GYHKLUMIH.

TeopeMa. Bcsxkass O3HopodHas ob6obmeHHAs ¢YHKUUS cmeneru
o0dHOpOdHOCMU na(x) = Iz|:qn&(x) ecm Cn , ecnu m (z) = 1,
uau npu nl(x) = 1, ecru a # 0; Bcaxkas o0dHOopodHas obobmeHHas
$YHKUUS CmeneHu OJHOPOSHOCMU nb(x) = |x|: ecms Cs, 20e C ~
nNpouU3BOALHAS NOCMOSHHAS .

m llycts f 2 O - omuHopoanas o6oOmennass ¢yHKUMA CTENeHM
OOHOPOAHOCTH na(z), mpuuem m (z) = 1, a ecau nl(x) =1, 1o
oa = 0.

CHauyaja ZOKaxeM, 4YTO cymecTByeT Ttakoe uucao (=0, yto
ana moboit ¢ € D, p(0) = 0, CNpaBeRNMBO PABEHCTBO

(fr9) = C(n,0)- (1.11)

Hocurens f comepwutr Ttouxu, orauyeme ot O. (B mporusmom ciay-
yae Gwiao 6m f =C8 (cm. m. 3 § 6) u f Owna OM OZHODOLHOIM
0006mennoi ¢yHkuMeNl CTeneHM ONHODOZHOCTH |w|:, 4YTO MCKI0-
ueno.) Hostomy naiimercs rtaxas ¢ymxuma w € D, w(0) = 0, uro
(fow)y =1, (na,w) # 0. B cuny (1.1) umeem

x *
(F@.0(F)) = mg(O 121, ¢t < 0,
OTKyla BHBOOUM DABEHCTBO

J (f(x),w[%)]%é;zdt = (na,w), peD, p(0) = 0. (1.12)
Q P

P

Tax kxax w(z) m ¢(z) obpawanrcs B Hyar B oxpecTHoCcTH 0, TO
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p(t)
z 2
U[T] p € 1)(0’),
P
u B cuny dopuysm (6.5) nm. 6 § 6 u3 paBewcrra (1.12) BuBOANM

2 ?(%)
(ng,9) = |f(2), w[-t-]—t——d . (1.13)
» e,
| J
Bo BuyTpeHHeM uHTerpase B (1.13) coseplldM 3aMeRy NepEeMeHHOM

MHTETDUPOBAEMA (NPH KaxaoM ¢MKCHpoBaHHOM z = 0)

T fzf,
t = —, dt = dz’
zl

(cM. m. 2 § 4). B pesyneTare momyuuM

{z| 1
(n_,9) = (f(z) Im(z')w(g—-)——p— —dz’ | =
o ’ e 1?2 |2 |
) ) 4

P

4

- [f(x) I w(z'w[z—,]-%] -
0 P

P

w(z’)
= J Lf(z),p[%r)}dx’, (1.14)
ESN

P
3mecy MM onATH BOCNONB30BANHCE ¢opmynoit (6.5) n. 6 § 6,
NOCKONLKY

w(z')w[%r] ! € D(D:).

’
21,

Ipumensas omary csolicteo (1.1) (2’ = 0!) B npaso#t uacTu pa-
penctsa (1.14), monywum pasencrso (1.11)

(n8) = j w(z Iny (2) (Fr9)dz’ = (n_,0) (Fr9)

Q
P

8 xoropomu C = 1/(m ,w).
Hs pasencrea (1.11) cneayer: ambo f = Cn,, mubo
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supp(f-Cn_) = {0}. Ho nocneamee HeBO3MOXHO, TAaK KaK B Npo-
THBHOM cayyae Guno 6m f—Cna = C;a, rae Cl - HEKOTOpagx mnoc-~
TOAHHAA, YTO B CMIY JIeMMH BO3MOXHO JMub npu C = 0 u,
3HAYNT, f—Cna = 0.

Hycrs Ttemepr f = 0 - oanopoanas o6obwennas JyHKuuA
CTE€NeHK OOHOPOAHOCTH |x|:. NMpeanonoxum, uro supp f conep-
¥UT TOYKK, orauunue oT 0. Torna, nmoBrTopsas MOCNOBHO mpenu-
Iyume paccyxgenus, ybemmmcs B cnpasemnausoctu $opMymm (1.11)
w npx n (z) = |xQ;:

dx

. 9D, 9(0) =0 (C=0). (1.15)
ER

Fop) = cfp(x)
Q

P

B repmumax o6obwennoit ¢ynxuun pl (cm. (1.10)) pa-

P
BeHCTBO (1.15) MOXHO NEpPenuc:sTs B BMIE

(fs9) = [07’—1—— ,qo], o €D, p(0) = 0.

T
2]
TloaTomy
f-er Lt -cs,
E
| 4
rge C1 - HekoTopas nocrtoaHHas. (6o6mennas qynxuns f—C;a -
OOHOPDOOHAA CTENEeHH OJHOPOAHOCTH ]zI:, B TO BpeMa Kak ?—l—
ke

|
HEe SBASETCA TAKOBOM. Honyqenﬂoe NPOTHBOpEYME H OOKaA3MNBaET,

9YT0 supp f He cCoaep®MT TOYEK, OTIMYHMX oT O, u, craemo-
BaTtensHo, f =C3. m»
Buumcaum uHTerpan npu Re a < 0 (cm. §4):

]
O

=1
]x|p>1 y
] _p-l
1 7
= (l -~ —) P = - —. (1.16)
» 12; 1-p7¢
lipn a = o = Zk"i, k = 0,t1,..., 3TOT MHTerpaj ompene-
1n p

MM C TOMOWBLO ANATMTHYECKOTO npogoixenMs. B cuny ¢opmyn
(1.7) m (1.16) cnpasennuBo PaBEHCTBO
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|z dz |z| % dz +
P P

B8t——

2], =1

+ 12|97z = 0, « * o, k= 0,21,... (1.17)

|z|p>1
Mostomy ¢opmyna (1.8) mpu m (z) = 1 nmpunumaeT Bux

(115%0) = | 121 [p(@)-9(0)]

@
P
ped, a=a,k=0,21,. .. (1.18)
Byrem mnasuBarte o0600wennyn JQyHKIUMIO {z|:'1 0dHOpOodHOU
cmenernu odHopodHocmu o-1, ecau
a-1 a1, a1 *
ftwlp = ltlp fa:[p s, t e Op, a o, k= 0,+1,

2. NpeofpasoBaHne $Pypbe OAHOPOHHBLIX OGOGWEHHBIX (YHKIMI
n I'-pymxams. Ilo Teopeme n. 1 Bce oanopoanwe o606wenHHE
OYHKUMM CTENEeHU ONHOPOJHOCTH na(:z) = |x|‘:_lnl(x) - ato0 Cm ,
kpoMe crydas m (2) =1 u a = 0; B ciyvae nl(x) =1l ua=0
- 970 (8 (C - MPOM3BOJBLHAA IOCTOSHHAA).

' IpeobpasopaHue #ypbe OAHOPOOHOU o0606menHOU $yHXUUU Lo
ecmp 0JdHOpPodHast o6obmeHHAs $YHKUUS T CMENEHU OSHOPOSHOCMU
nl (@) (2]t = (5] ().

» Burexaer u3s dopmyn (3.3) §7.3 w (1.1'):

Ra(t€) = [t1F[my(§)] = 1e1)'mg F)Fe(0) =
= (@) [¢1TR(6) = ¢ (2)R,(€) . t=0.

Tlostomy ﬁa(g) NMPONOPUKOHAILHA OAHOpOgHOK 06006mennoi

dyuxUMH |§|;an;1(§), T.€e.

~ ~ -o_-1

na(g) = l"p(nm)|§|p n (&) (2.1)
MHOXMTENB NPOMOPUMOHAIBLHOCTHU I"p(na) Ha3HBaerca I-¢yHxyueld,
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COOTBETCTBYDWEN XapaxTepy na(z).
lonaras B dopuysne (2.1) £ = 1 u moan3sysacs (1.3), momy-
YUM DPABEHCTBO

r(m) =7, (1) = J lzlg'inl(x)xp(x)dx, (2.2)
Q

P

Huterpan B mpaBodi yacTu paBeHcTBa (2.2) moHMMaeTcCi Kax
cyMMa aHaJMTUYECKMX HPOJOKEeHMIt MO mapaMerpy o MHTErpasos,

cToAmux B HpaBoit Yactu paseHctBa (2.3)

[ |21 %, ()% (2)dz = [ |21 n, (2)%, (2)da +
@p ]x}psl
+ lx{:qnl(x)zp(x)dx. (2.3)
[z|p>1

lloxaxem ¢YHKUUOHANbHOE CoomHomleHue 3aa I'~pyHKUUU
-1 -1
Fp(na)rp(na |:lr|p ) = m(-1). (2.4)
3aMmerum, uro ¢opmyna (2.4) HANOMMHAET CUOTHOWEHHE
n
r(e)r{i-¢) =
sin nt

ANd Kinaccuueckoit I'-dymxuuu.
m lpuMenss obGparnoe mpeobpasoBanue Pyphe K pPaBEHCTBY
(2.1), nonyuum (cm. m. 3 § 7)

F[ﬁa(—g)] =mn, = Fp(na)F[IEI;dn?(—g)] =

r (n
* e ] @)
- ——r[n ]
n (-1)
Tax xak n;1[§|: - omHopogHas o6obmenHas ¢yHKuUMA CTe-
NEeHX OXHOPOIHOCTH n&1(£)|§|;1 (eM. m. 1), 1o ee npeobGpaso-
Bauue <Pypee - ogHOpoaHafs oOGoOweHHas QYHKUMA CTEIeHH
OXHOPOXHOCTH
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P

[l @1217] 121 = mya).

NoaToMy, monas3aysce onats opmynoit (2.1), umeem
F[n;‘|g|;‘] = (n3'|€] ),

otkyga B cuny (2.5) caeayer dopmyna (2.1):

Fp(na) L
n, = s l‘p(na |§|p PLIR
1

NMycmb nl(x) £ 1 v k > 0 - panz xapaxmepa nl(z). Tozda

I‘p(na) = pakap,k(ni), (2.6)
2de qucno
_ -k
ap'k(nx) = nl(t)xp(p t)dt (2.7)
SO

ydoBnemBopsiem COOMHOMEHUSIN
ap'k(nl)ap'k(nl'l) = p'knl(—l), (2.8)
|ap,k("1)l = p-k/z. (2.9)

s llpunumas Bo BHuMauue pasencrso (1.4), uz (2.2) u
(2.3) BuBOZMM

o]

_ 7 (a-1)
r(m) = 1Z_wp J n (z)dz +
S

(4
a-1 - o-1
+ ]z]lb :‘(x)xp(x)dx = I 1z|P ni(:z:)xp(x)dx.
[:z]’>1 |:1;|Pzp
Tocnennuit murerpan cxoaurcs abcomorno npu Re a < O,

onpexensas TaM roaomopéuyo dymxumo. Buuumciaum ero.

©

Fp("a) - ,lena-“J nl(x)xp(x)da:.

S
'
CoBepuwas B MHTErpajie no S_' 3aMeRy Nepemennofl WHTEerpupoBanus
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—1t

r=p , dx = p'dt, MOy YHUM
-
_ To -7 -7 =
r(m) = 1 [nlu O (FT)dt =

S

o
o

- LG [ m (), (5T ) dt =
S

o]

= Zp'“jnl(t)xp(p"t)dt, (2.10)
=1
5

[+]

-7
nockoJaeKy, B cuiay (1.3), nx(pq) = [nl(p)] = 1.
JokaxeM, uro

Inl(t)xp(p"’t)dt =0, 7=k, vel. (2.11)
K

0
Ilycte 7 = 1. Hmeem

xp(p'7t) = exp[Zni(p"’towtp"’”tlsu...+p'1t7~1)], t e So.

Janee, MOCKOJNBKY paHI XapakTepa nl(t) pased k = 1, TO nl(t)
3aBMCHUT JIMIIL OT to,tl,...,tk_1
Benctso (cM. (2.3) m. 2 § 3)

M npu k = 2 cOpaBexaMBO pa-

p-1
2 nl(to+t1p+...+tk_1pk") = 0.

t =0
k-1

Hoatomy mpu 1 = ¥ < k (2.11) cneagyer u3

Inl(t)xp(pqt)dt =
SO
p-1 p-1 p~-1
=c y 3 Y exp[Zni(p'7t°+p'7”t1+...+p'1t7_1)] x
t =1 t =0 t =0
o 1 k-2
p-1
x Z nt(to+t1p+...+tk_1pk") = 0;
t =0
k-1

nmpr 1 = k < v (2.11) cnexyer u3
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[mx,oroae -
S

o]

=C Z Z z nl(to+t1p+...+tk_1pk'1) x
0 1 t‘)’-2'

. -~y -Y+1 -1 _
X Zﬂoexp[Zm(p bt p t7-1)] =0
t?-l—
Teneps pasencteo (2.6) caemyer u3 (2.10) u (2.11).
Ins monyuenus csowcts (2.8) u (2.9) uucen (2.7) BHuuc-
k
aum npeobpasoBanue Pypbe QyHKUMM 5([z[p—p )nl(x):

Fla 1zl -] = Jnluc)xp(ez)da: .
S

k
) ka ni(tl)xp(p-kft')dt' =
Ky

o]
¢ 1.
= p"J m [s—,]xp(p'“’"t)dt = p'n, [—] m (t)x (pt)dt =
(o] o

pknzl(gl )ap,k(nl) , ¥=0,

0, NzO,
T.e.
F[é(lx[p—pk)nl] = Pa(lel ST (e, (n) . (2.12)
Ilp BHuYMCJIEHHAX MH O0003HauUWIM '|§|p=pN, £ = |§|p§ u
BOCmONB30BaMMCL Qopmynamu (2.7) u (2.11).
U3 (2.12) B cuay pasenctBa llapcesans - Creknosa (cM.

n. 4 § 7) cnegyer paseHcrtso (2.9):

[ im@ i = - D = a1 1 e e -
Sk S

[v]

1
= lo, (m) 171 - Ly

Jl1s noxasarenpcTBa paBeHCTBa (2.8) NpuUMEHMM X paBeH-
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ctBy (2.12) obparnoce npeobpasosanne Pypre:

8(|x|p_.p“)n1(:z:) = p“p[‘s('5|p'1)ﬂ;1(—e)]“p,x("1) =

| 3 -1 -
a ()T, (-1)F[a(|g|p-1)n1*] . (2.13)
s BHYMCJIEHUS npeobpa3oBaHug dypre dyHKHUUM

(|| —1)n4(§) 3aMeTnM, YTO pamT Xapaxrepa m '(¢) pasen k.
060snavas |x| =p", a = |z| z, w3 (2.7) n (2 11), kxak

BHIIE , MOJTY4YUM

F—[S(Iﬁlp—l)n;’] = J" (8)x,(g2)de = | m (&)x (p™"z’ £)dE =

S

o]

X
= J nzl[t ]x (p™Mt)dt = n' [ n'l(t)x (pNt)dt =
S

T’

ni(z‘)amk(n?), N=k,

0, N#k,

-1 -1 k
Fla(el, -0 = n,@a,, (x)s(l2] -5
Orcoxa u u3 (2.13) Burexaer pasenctso (2.8)
1= g, (n)a, (T (1) »
U3 ¢opmyn (2.6) u (2.8) BHBOZMM

r;(na)r;(n&l) = zfnl(—l). (2.14)

- (2~ k -1
o T (n )T (n') = p™a  (m)p* P (i) =

Cpasrupas ¢opmyau (2.14) u (2.4), noayuum

-1 _ K. -1 -1
r () = 2T, (n; |21

. -1 -1
WK, 3aMeHds m |x[p Ha T,
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r(n, l2]) = P'T,(n). (2.15)

PopMyny (2.15) MOXHO pacMaTpMBATL KaK AHAJOr PAaBEHCTBA
r(t+1) = tr(t) nna xnaccuvyeckoir I'-dyHkumu.

Ilycte Teneps ni(x) =1, T.e. paHr XapakTepa nl(x)
pasen 0. B sToM cayvae 0603Hauum

r(n) = T(]2]%") =T (o).

dopmyna (2.4) nNpMHMMAET BMA

I (a)F (1-a) = 1. (2.16)
Noxaxem dopmyny
1-p%°1
I‘p(a) = T (2.17)
=p
s lipynumaa Bo sHMManue pasenHctBa (2.5) n. 2 § 4 ¥
(3.2) n. 3 § 4, u3 (2.2) - (2.3) BHBOAMM NpeICTaBJEHHE
(2.17):

a1 _
p z%(x)dx =

‘—-——-

r@ = [ 121, @ +
B

"y [=] >

I |Z|a ldx - zpw(a-l)J x (:L’)d.‘l) =
B S

-1
1-p e 1P .
- - .

1-p

Haz (2.17) Bupogum: I"p(a) 20MIOMOpPYHA B NAOCKOCMU o 34
UCKADYEHUEN MOYeEK

2nik
o = , k=0,%1,..., (2.18)
In p
-1
zde OHaQ UNeem npocmMe NOALCA- C BWYEmOM ; T' (a) uwmeem
pln p P

npocmie Hyau B moykax l+a , k=0,%1,...
Hs dopmynu (2.1) BuBOAMM
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F[m:“] =T (@]€]% a*a, k=0,11,... (2.19)

Haxoneu, ormMeTuMm, uro obobmenHass GYHKUUS

o~1
|21

“ @

20/IOMOP$HA NO a 3a UCK/APYEHUEN movyek

2kme

1+ =1 + R
x In p

p-1 o,
2de OHQ UNeem Npocmue Nnoaocd C BHYEMONM - mlxlp 5 npu
amox
fa =8, k=0,1,... (2.20)
k
» Burexaer M3 pe3ynsTaroB nn. 1 u 2. Buuncaum
a-1 a-1
Edls El
Res = lim (a-1-a) =
a=1ea I (a) ar1eq I“p(a)
-g-1-0a
k
8(1"’ ] cea, -1«
= lim ——’:‘—m—-—|:z:|p = - |:/1:|p .
€0 1-p * pln p -
Janee, u3 dopmyaw (1.8) n. 1 umeem npu ¢ € D
Fpp) = — T 0
s®) = + o p(0) =
T (@ 1-pr ()
1-p"% 1-p7! ©)
=9 + v (0
o g p¥-t 1-p*? ?

rae ¢ - ueias ymxuus. Orcona crenyer $opmyna (2.20)
(for#) — #(0) = (5,9), @ > a,
T.e. fa—> §,ava,BD.n

Npumep. Nycts (cM. n. 2 § 3)
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n (2) = |z| % signz, p = 2.

Torma

t/sign (-1)p*7%, e=p, pu,
r (n,) = pogh (2.21)
o ? £€=n
1+p «

wm lIpy € = p u pn paHr xapakrepa ul(z) pasen 1. (Tax
kax soboe T € Q Buga z = l+pt, |t|p = 1, dBndeTca KBagpa-
TOM p-afMyecKoro umciaa, cm. n. 4 § 1). Temepr, noabaysacs
pasencrsoM (2.8) mpu k = 1,

a (nl)a

p,1

(m) = p'my(-1),

p,1
us (2.6) nosyuum (2.21).

llpy € = 7 sign_z = 1, ecan y(z) yerHue, u signnx = -1,
ecau y(x) Hedernwe (cM. Huxecienyowyw nemmy). Crnemosarens-
HO, nl(x) =1u

oege MY
1n p
n,(z) = |a|
u, takuMm obpazom,
wo1s ME
ln p
1-p
r'(na)=r'[a+ nZ]: 5
P P In p i
—a -
in p
i-p
oTkyxa ¥ BuTekaer (2.21). w
NemMa. Ilycmp p +#+ 2 U € - edUHUUA, € ¢ 0*2. Yucno z «

¥ *
e © npunadnexum Qp mozda u monbko moz2da, Kozda ()
,

£
YEemHO .

* *
Ilycts z € Qp NPUMHAXIEKUT Qp T.e. NPEXCTABJAETCA B

e’
BUAae

z = a® - eb?, a,b e o, (a,b) = 0. (2.22)
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Eciu 6m 7(z) 6uno meuetHo, To MM MMenu 6M cpaBHeHMe

ai - eobi 0 (mod p), (2.23)

M, 3HAYNT, € - KBaJPaTHYHN# BHYET N0 MOAYJNO p, 4TO NPOTH-
BOpeuMT TOMY, uTo € ¢ Q- (cM. m. 4 § 1).

06parHO, MycTs Z € 0: u ¥(z) uernoe. Mo teopeme llesan-
Jle CpaBHEHHUe

2 2 2
a, - €b  ~ z c =0 (mod p)

uMeeT HETPMBHAJIBHOE peUeHye (ao,bo,co), mpryem ¢ * 0
(unawe mpu c = O cpasHenme (2.23) umeno 6u HeTPUBMANBHOE
pewenve, 4To uckiwueHo). CiregoBarenbHo, ypasHeHHe

2 2 2
a. - eb -~ xzc® =0
o] 0

paspesmmo npu ¢ = 0. Orcona creayer npeacrasnenue (2.22)

a \2 b 2
z= =2 - ¢el2 . n
c c :
3. CBepTKa ORHOPOAOHEX o06OGueHHLIX (YHKIUMI U B-QyHKUHA.
Mycrs

-1
n
P

() = 2% (2) w ng(@) = 2|87 (@)

~ MYJbTMILIMKG TUBHNE XapaKTEpH MOJA Qp W M, M Mg - COOTBET-
oTByoumMe UM oxHOpoguHse 00oOumeHuse QYHKUMHM, o u B #* a (cMm.
n. 1).

Ceprka "a*"é cymecTByeT M TrojsoMopdHa B TpybGuartoi
obrnactu Re o« > 0, Re B8 > 0, Re (a+B) < 1, aBNAETCA OZHODOR-

Hoit 0600WeHHO! QyHKUMEN CTeneHW OZHOPOLHOCTH

n,(@D)g(e) 2| = |2 B (n ) (2)

u BupaxaeTca $opMyAoi
(o) (@) = [y (WImCa-)ay -

Q
»

= 8 (n,,m) 12| XF (mn) (@), (3-1)

rage Bp(na,né) HA3HBAETCA B- gyHKyuel, COOTBETCTBYOMEH XapakK-
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Tepam 7 () né(z),

B (my,mp) = J[t|:"|1-t|f“n1(t)n;(1-t)dt. (3.2)
Q

4

m B cuny peaynstraToB m. 1 § 7, cBepTka "a*"é

HHTErpUpyeMHX yHKuMi na(x) i né(x) cymecrsyer, aBiasercs

JIOKAJIBHO

NOXaJLHO MHTerpupyeMoit oJyuxumeit u BHpPAKAETCA UHTErpayioM

(3.1):

() @) = [ 191%m,0) L=, (a9,

Q
P

KoTopHit abCoMOTHO CXoAMTCRE B Tpybuaroi ob6aacru Re a > O,
Re B8 > 0, Re (a+B) < 1, onpexenss B Hedt rojoMopduyw yHKuM®
napametrpos (a,8) [JeicTBUTENBHO,

Jna(y)né(x—y)dy = J 19197, (9) 2=y | B 'n; (2-y)dy =

k k

= J ]tzI:'inl(tx) |:1:-t:l:]f'lrt'l (z-tz)d(tz)

B
k
|21 %F 7, (2)m; () x
-1 3_1 x€K
X I |t|p |1-t]] n(t)n) (1-¢)dt —

k -1
], <p*|2

x€K

) IxI‘:’B"ni(x)n; (:L')J' |t|‘;H|1—t|‘:'1nr1(t)1t’1 (1-¢t)dt,
0

P

rae K - npOM3BOMBLHMI KOMIOAKT, COXEPXAUWMIECA B Q

U3 popmynu (3.1) crnemyer, 4TO CBepTKa T *né - OXHODOX-
Had QYHKUMA CTENEeHU OAHOPOTHOCTH |x|a*Bln (x)n (). =

Ins mnapamerpos (a,B), JAekaumx BHe 06naCTu Re a > O,
Re 8 > 0, Re (a+8)<1; CBEpTKa "u*"é onpexenieTcs C NOMOWEBID
AHAJIUTHYECKOTO NPONO/DKEHUS NpaBON uvacTH paseHcTBa (3.1) mo
(a,8). Hama 6awmaimas 3amaua - BHDA3UTE B-QYHKUMO depes
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I $yHKUMM M ONpENEAUT: MAKCHMANBHY® 06JaCTH, B KOTOPYO MpO-

RONKAETCA CBEPTKA W +Mp.
Nocxoneky "a*"é - OXHOPORHASN ¢YHKUMA CTENeHH OAHOPOA-

HOCTH
n(2)p(2) = 2|} (m) (),
TO, mpuMMeHsa K paBeHCTBY (3.1) dopmyay (2.1), momyuum
F[na*né] = T (n,mglel )8 (n,,me) 1€ F (mn;) 7 (6) . (3-3)

C apyro# CTOpDOHM, NPUMEHIA K CBEpTKe n,*mg dopuymy apeob6-
pasopanus $ypee (cM. 1. 5 § 7) ¥ onate ucnoaedys ¢Gopmyay
(2.1), nomyumm

F[Tta*n'B] = ;G;IB = r‘p(na)rp(nlp)lsuan;l(s)IEI;BH;-l(E) -

= T ()T, (ne) [€] 5B (mm) ™ (€). (3.4)

CpasuuBas pasenctsa (3.3) n (3.4), nonyuum ¢opmyny

Fp(na)rp(né)
B (nymp) = ———— . (3.5)
r (mmglzi))
lipy o1oM paBencTBo (3.1) mpuEMMaeT BUR
r (m )T, (n3)
(my*mp) (2) = -———-———————|z|:'Bd(nkn;)(z). (3.6)

Fp(nané|z|p)

Mpu (nni)(z) =1 obobuenmas ymxunus |x|:‘B'1(nln;)(x)
- uenas (cM. m. 1) u Fp(nané|x|p) - uenas ¥ He obpamaerca B
Hyas (cM. mn. 2), u mnostomy o06aacTh rosoMOpdHOCTH QyHKuUMK
(3.6) onpeaenserca 0cCOOGMMH TOYKaMM $YHKUMM Fp(na)Fp(né):
ectm m(z) =1 u mni(z) =1 - oT0 uenas QyHKuMs; ecau
n(z) =1 umn(z) =1, To ocobue TOUKM - 5TO JMHMM & = «,
k=0,s1,...; ecu m(z) =1 umni(z) =1, To ocobue Touxu -
3TO NHHHK B = o, k= 0,1,

Ipu 7 (z) = m;(z) = 1 ocobumM TOUKaMM ABIADTCA JKHKK

a , k=0,21,..., B=a, k=0,%1,..., a+g = 1+a , k =
2

% k’ k
;4

1

S M
.
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-1
Ipy m (z) =1 u n;(z) = m (z) ocobumn TouKaMu SBI-
OTCA JIMHUH o+ = 1+ak, k =0,+1,... B saroM cayuae

=1

(T (ng) = p*Fn (-1), (3.7)

rge k - panr xapaxrtepa m-
s Popmyna (3.7) Burexaer u3 ¢opmyn (2.6) u (2.8):

L, ()T, (ng) = p™a  (n)pf*a  (n}) =

(a+B-1)kn1 (_1) m

=p

Iycre m (z) = nj(z) = 1. Kak u B n. 2, o6osnayum

o-1 g-1) _
B (na,n p(|x|p e ] =8 («,8).

g) =

llpu srom dopmyan (3.1) u (3.5) TNPMHMMAOT KJITACCUYECKHN BUI

2137 2] B = 8 (a,8) 2| 3P, (3.8)
Fp(a)Fp(B)

8 (a,8) = ————. (3.9)
P Fp(a+B)

C yuetom (2.16) dopmyna npas BP(a,B) MPUHMMAET CHMMET-

PMYHNH BUI
3,(e,8) = T, ()T, (B)T,(7), (3.10)

rae a+p+y = 1.
HMoxaxem paeenctsa 1npu Re a, Re B, Re (a+p) = -1+ak,
ke l:

|x|:.|x|§ = |x|‘:‘3, (3.11)

F[|x[‘:-|z|€] - F[|${‘:]*F[|w|§] = F[[z[‘:’ﬁ]. . (3.12)

w llpy Re «, Re B, Re (a+B) > -1 mpou3Benmenue |$[ |z|§
cymectsyer B D’ B cMHcige N. 5 § 7 M DaBHO |x| B, Tax 4ro
cnpaBemiuBH papencresa (3.11) u (3.12). ﬂeucrnuTenLuo, dyux-
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unu lxlj u |z|f NPpHHALTERAT L;c, a ¢pynxuus (cm. (5.2) § 7)

o _# B
[lxlp«:(mx £1Pdz
Q

p

HenmpepHBHA B Touke £ = 0 xAnd mobuX ¢ € D, B CUIy MaxopaUUH

212 10(2) | |z-€18 = Cax(]21%,|218), & < swp o, |€|, =1

¥ teopeMn Jlefera o npemesbHOM Mepexoae mog 3HAKOM MHTErpa-

naa.
Ina octanpuux « u B paBenctBa (3.11) u (3.12) nonyua-

0TCS AHAMUMTHYECKUM NPOJO/IKeHMEM NMPABHX dYacTedt Mo o u B. =
Ananoruuyno, ecau f € € u Re «, Re B, Re (a+B) = -1+a ,

TO

212 (1218£@)] = 12128 @) = (218 (121%@)],  (3.19)

1012 (12185)] = F[121%](F[1218] +FLA0) -
- [F[|x|‘:]*F[|x|f]]*F[f] = F[!x|§]*[F[|x|:]*F[f]] =
=F[|z|f-[|x|‘;‘f]]. (3.14)

4. opgHopongHhe o6o6GueHHbe QYHKLMH MHOTMX IlepeMeHHEIX.
Pesynsratu nn. 1 - 3 nepeHocarca 6e3 CymeCTBEHHHMX M3MEHEHMM
Ha OXHOPOAHY® OYHKUMIO |z|z”‘ CTEeNeHu OJHOPOZHOCTH a--1,

3aBUCSANY OT 71 MEePEMEHHHX T = (xl,xz,...,zz),
B max[|:cl|p,|z2[p,...,i:1;n|p]

(cM. m. 7 § 1).
llpexne Bcero nmoxaxeMm, 4To

-n

p
|z|*"dr = — Re a > 0. (4.1)
P 1_p

B

o]

dopmyna (4.1) npn n = 1 coemagaer ¢ (1.7).
s Hugyxumeit mo n. lipy n = 1-popmMyna (4.1) Bepua. Ilpen-
nojxaras €e BEPHOH NPpH n, NOKakeM CNPABEAJMBOCTE €e npu n+l.
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O6osmawas =z = (2,2), Z = (7,2

R ,:cn) , .M MOAB3YACH

reopemoit Pybunu (cM. m. 4 § 4), ybemxpaeMca B CNPaBEIIUBOCTH
dopuynu (4.1) u npu n+l:

An-1, ~ ®-n-t g~ _
J |z]p dz = I ](:z:,a:ml)lp dzdz =

B

]

(cp.

[

— o-n-1 ;~
= J I lxnﬂlp dxr +
gl :
o |z| =z, 1,
+ J |Z| %4z |dz_ =
P n+1
131 >z, 1,
| ~ ) ot-n~1
= I EA s d:z: J[ Kl "dzdz | -
B
4]
- J' J |Z|* ™ dzdz =
P n+1
B ~
o3| 51,1,

1-p . -
= < * I——sz - [ |z ll““[ || dEdr | =
l_p- 1_p~a4' n+l n+l'p P n+1l
B B

1_p-1 l_p-n l_p-l l_p-n l_p-—n-l

+ - = « B

l_p-a l_p-aol 1_p—a l_p-aol 1_p-a

Beegem o0606wennyn ¢yukum0 |x|:'" € D’ (O:) no ¢opMyne
(1.6))
{lx|a-n } = J |x|:-n[¢(z)-¢(0)]da: + J |z|%"p (2)dz +
B, Q°\8, '
1-p"

156

+ 9(0) p_a, p e D(0). (4.2)
1-p



0606uwennas $yHKUHS |z|:'"

mueM touex (1.9)

ronoMopdHa BCIOAY 3a MCKIOYE-

2kns

o =
k

, Bk =0,¢1,...,
In p

rxe OHA& MMeéeT NpPOCTHEe IoANCa C BHYETOM

"1

Cunpaseanura opmyna npeobpasosanus Pypne

F[|$|°""] = @€ a =« k=0,t1,..., (4.3)

P

rae r: ~ n-MepHas I-¢ynkuus (F: = Fp)

» o 1_pa -n
ri(a) = J Edn x,(z)dz = = (4.4)
G

lpu n = 1 $opmyna (4.4) cosnamaetr c dopmynoir (2.19).
dopmyna (4.4) ciaemyer u3 Gonee obweir §opMysm

F[1@m 2] = B@alne) ) [1€1%-1m2],  4.5)

rae £,T € Q:, |(x,m)|p = max[[x]p,|m|p], m = 0.
® 310 cregyeT 3 NMpeXEeNBHMX COOTHOMEHMN

[ Gm) |37 — 1215, af(me],] — 1,

|m|zn[|m§|p) — 0, m> 0,

B D'(Q:) (Re « > .n) M ¥3 HENPEPHBHOCTHM omepauuu npeobpaso-
panus ®ypbe (cm. n. 3 § 7). Takum nyrem pasenctBo (4.3)
Aoka3uBaeTcad npu Re o > 7 u .jamee McmonaR3yercd aHANIUTHYEC-
KO€ NPOJOJIKEHME 1O o.

a [lna nokxasarensctBa dopMynu (4.5) npuMEHMM METOX MH-
ayxuux nmo n. Cnavana goxaxeMm 5Tty dopMmyry masi n = 1,

J | @om) |5, a0 da = T (e mel ) [1€1% 1m%]. (4.6)
Q

P
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Bocnonnsopapumce dopmynamu (3.1) n. 3 § 4, (2.16) m. 2
§ 7 un (2.19), nonyunm ¢opmyny (4.6):

J [ 121, 11, ], o)z - J |m %7, (x€)dz +

]
p 2| s|m],

. [ |21 %%, (z8)de = |m| % m) 0 |me]] +

EIRYIN

. F[]z[a'l] - J 12| %y (2€)dz =

P

|| <|m|

= Im%a(|mg] ) + T (161" -

1” - r (@ ¢l *[1-a(Imel )] =

- Imi3a(lmel, ) —

= r (@ el*a(ime) ) + 1m%(ine] ) [1 - 1_‘1}-?].

-
P

llycre ¢opmyna (4.5) BepHa npH n M AOKaxeM e€e OIS WH-
n+1

gekca n+l, t.e. npu z,£ € @p

Hi@m 2] = ot @alimel J[1e5 18], @)
0603navasn

Jo(8)

Il B R CANRILINE

= (5’-’5 )’ £ = (E)E )) 55E € Qn;

n+1 n+1 P

8
l

158



M, MOJAB3YyIChk TeopeMoit PyGuuu, monyumm

o) = ‘[ I(zyr")l‘,’,"“"xp((x,s))dw = [ xp(w,msm) X
o"*! 0
P P

) -n-1
x [ {max[lxlp,max[lxn,,lp,|m|,,]]} x ((3,))d3ds,, =
Qn

P

- J T (B)x (t€,,)dt =

o I5€1,) [181,%- 1291 5]y, (26, ) dt =

o lnE], ) [1€1,5-10m &, (2e,, )2

+

+ I(a-1) I Q(|t§|p][|§|'°‘” pt157 [, (v, ) at

n+1
£],>|ml

=t (-1 [n€] ) 1815wl 6] 1m 2 1€, m1,)

n = -0+l n ~Ql+1
+ T(a-1) [E|J%) - T (a-1) 5L,

(4.8)
rae
I, = J o148, )x, (te, )t =
1£],>]m|
- n[|m§|p] J x (1€, )dt =
iml <|t] <&
= a[img[ ) J x (t€,, )dt - J x (te, )dt| =
[t] =€ [t],=lml

= n(|m§|p]{|§|;’n[l'él (€,,] ] - |m| ﬂ(l L ]]
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160

3mecs Mu Bocmoan3oBasyMch dopmynoit (3.1) m. 3 § 4.
Tonssysce ¢opmynoit (2.16) m. 2 § 7, BHUMCIANM Iz.

a1 _
| e ae -
1,21,
Sa(ins) [ 1 e e -

|m) <|t] <|E"

= a(|nE] ) J 1297 (¢€,,)dt -

z-1
SN
[ a-1
- el %, (t€,, ) dt
[t] =lm|

1-

- sl e 6.

> T 1€, 15[t - a(181;e,,0,)] -

1-p
1-p7®

- I‘p(a)]gnﬂl'a[l - n[mgm] )]} =

1-p%°? 1-p7?
~ - a
i) i e - )

- |mi3a( I, 1,

1-p P1-p™®

+ a(1a€| Ja(18);}1e,,1,) *

1_])-1 1_pa-1
< -a B -a
x [Iglp 1_p-a |§n+1|p 1_p-a ]'

Toncrapnss 3sunavenus wumrerpanos I u I, B (4.8),



MOJyYuM HCKOMOe BMpaxemne (4.7):
Ton(€) = r:(«x—l)n[lmal,][lml,l’éu;"‘“—lml,lmli‘“] +
+ o(a-1)a(1aE| (181, 1, 1,) 181 -

- racnafioe ) 2 -

-0+1
p -1 o r-1
- I(a- 1)n[xm§| [I‘g’,M 1 lpml, 1_,,-«] )
-+ 1 -a
~ ~ - rile ———-—-p i
- r‘:(a—l)ﬂ[|III£|p]n[|€|p!lgnqlp) [Islpa 1-p~¢ )
~0+1
p -1 +1 «

. (a)Q[IMEI] [Izl IEM, [IEI'“ - iﬁn..l,,] *

- @ Imel ) 1€,

n+l

- r:**<a>n[|ms|,,][|5|;" - |pm|‘,’,‘]- .

HeictBys xax u B m. 2 ¥ mome3ysck ¢opmynok (4.5),
noxyuumM ¢opmyny, o6obwanuyw ¢opmyny (3.8)

|29z = 8(a,8) |2|9F, a,p,a0 = o, (4.9)
raoe
8" («,8) = T(a)[7 ()T (-a-B+n). (4.10)
C yuerom csoitcrBa (cM. (4.4), cp. (2.16))

I (@)1 (~oem) = 1 (4.11)
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paBeHcTBO (4.10) npMHMMAET KNACCHYECKHt BUX

r™(a)r” (8)
8" (a,8) = —— 4.12
@ = s (4.12)
OrMeTHM CHMMMETDHUHOE BHDAXEHME I
n =
8" (a,8) = DT (B)I(7), (4.13)

TOAe a+B+y = 0.

3ameyanne. PopMyaM mn. 4 ¢ TOYHOCTEW KO0 oOo3HAUEHUH
npuBegenu B pabore B. A. CvmupuoBa. Ouu ucnoassyorca B moc-
TPOEHUH TEODMM BO3MYWMEHMH B p-aIM4eCcKoil eBKJIMAOBOH KBaH-
TOBOM TEOpMM IOJA C NPONAraTopoOM BHAZ

| (zm) %



TJIABA II

NCEBAOAHPSEPERIHANBLHHE OINEPATOPH
HAX TNOAEM ])—AM‘IECKRX YHCEA

NNIcepdoduddpepeHUUATbHNN -QnepamopoN (Han noJjieM p-agHyec-
KHX 4HCen) B OTXPMTOM MHOXecTBe O c Q: Ha30BeM onepatop A4
BUIA
(4y) (z) = [G(E,z)ﬁ(ﬁ)x‘,(-(ﬁ,x))ds, z €0,

o

P
RefCTBYOUMA Ha KOMIJIEKCHO3HayHWe OyHKuUMM Y () p-aguueckux
apryMeHTOB Z € O. 3mecy ¢yHKUMA Y Ipennogaraerca 3aTaHHOM
HA BCEeM INPOCTPAHCTBE ﬂ: M mpojoKeHHO# Hynem Bme O, P(£) -
ee mpeobGpa3osanne Pypre,

v(g) = Jw(x)xp((i,x))dz.

v}
byukuus a(€,z), € € Q:, T € €, HA3WBAETCA CUMBOJOM ONepa-

Topa 4.
§ 9. Omeparop n*

Oneparop *: ¥y Daw onpefeqfercs KakK CBepTKa f—a
(eMm. n. 3 § 8) ¢ y:
D = f *, « = -1
a
|

D% - ncespoauddepeHUMANLHRA ONEPATOD C CHMBOJIOM | &€ b

B cuiny dopmynu npeobpasosanud Pypre cBepTKHM
F[o%] = 1€1%.
1. OnepaTop Da, «a # -1. B cuny peayinraros §8, 0606-
meHHas QyHKUMA

fol@) = ——
r

*
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roixoMoppHa no o BCOXY HA BEMECTBEHHOR OCH 3a HCKANYEHHEM
r-1

NPOCTOro moiaNCa o = 1 ¢ BHYETOM - ; npu srom f (z) =
= &(z) n (cm. (3.8) u (3.9) § 8)

foa*fg = fyg> @sB>0+B = 1, a,8 € R.

pln p

Ilycte o6ofmenHast ¢yuxums y M3 D’(Q ) rakoBa, uTO CBEp-
TKa ji «y cymectsyer (a = ~1). Oneparop Daw fia*w HA30BEM
npy a > 0 oneparopoM (ApobHOro) oJupPpepeHUUPOBAHUN nopsdKa
a, a nmpu « < 0 - omeparopoM (Zpo6GHOro) uHme:zpupoBawus no-
psdxka -o; npu a = 0 pr = 8+ = ¥ - TOKIECTBEHHMHA omepaTop.

Npumep 1. Auanor nepsoit npoussoguoik (a = 1, D' = D):
2

» -2
Dy = jll*w = - —|x| "%
el P
Ecniu ¢ € D, to 3ta dopmyna B cuny (1.18) §8 npunumaer BMA
»?
v(z)-¥(y)
) (2) = ~—(1y174@0)) = [—————dy
p+1 p1)  |z-y)2

4
unu, B cuny (2.19) §8,

o¥) (z) = j €] 9(6)x (-€z)de.

a
P

Npuuep 2. Npouspoanas lﬂw, a > 0, uva ¢yHKuMax ¢y € D
ZaeTcCad BHDAKEHHEM

p*-1 [ w(z)-¥(y)
” = :
(5% (2) 1_,,-a-1J e (1.1)
MK, 3KBMBAJIEHTHO, )
(0%) (2) = I 1£159(6)x (-€2)de. (1.2)
Q

| 4
Npumep 3. llepsoo6pasnas /*y, « < 0, a * -1, Ha byHK1IM—
aX ¥ € D gaercs Bupaxenuem (cMm. (2.19) §8)
o

1-
(0%) (=) = ;#J |z-y]* ¥ (y)dy (1.3)

Q
P

WIK, 3KBUBAJIEHTHO,
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1€1%%(8)x, (-€2)dg, -1<a<0,
0
) (@) ={ (1.4)
€12 [F(©)x, (-€2)-#(0) | dg, ac-1.
Q

Nycmps obobmeHHast $YHKUUS ¥ € 8 u a,B,a+B * -1. Toezda
cnpaBednuUBN pABEHCMBA

0°pPy = 0By = DBp*y. (1.5)
s Butexawr u3 ¢opmyn (3.13)-(3.14) § 8 u (2.19) § 8.

F[D“’Bw]

Flf op¥] = Fog¥ =

161575 = 1615 (16158) = 1e1} s gm] -

= F[f_a*oﬁw] = F[D“[DB\&]] = F[DB (D"w]] ,
ROCKONBKY ¥ € € (cM. m. 3 § 7). =
H3 ¢opmyn (1.5) npx B = -a CHEAYDT PABEHCTBA
% =y =D%"%, v ¢ 8, a = 1. (1.6)

3ameuvanme. Pasencrea (1.5) ocranTCi CHpPABEAJIMBEMM M
ana Tex o6o6wennux ¢yHKUMA ¥ € D', OAA KOTOPHX CBEPTKHU

f_a*(f_B*w), fB*(f_a*dl) s f—a-B*w cymecteywr B D°. Cymwecrt-

BOBAHME I3THX CBEPTOK KaX YCJOBME CHPABELJIMBOCTH paBEHCTB
(1.5) cywecTBeHHO, kaK NOKA3HMBAET CHCAYOWUH NIpPUMEp: NyCThb
a >0 u y =1, rorxa f_a*l = F ISI:S(E)] = 0, cBepTxa f«x*l
He cymecTByeT # paBeHCTBA (1.6) HeCHpaBenIMBM:

o“"[z)"l) = 0% = o0,

Da[D'al] HE CYWeCTBYyerT.

NMpyMep 4. o € R, ﬂpaa:O,
0¥, (az) = |a|% (az). (1.7)

m» Burexaer u3 pasencrtBa (2.19) §8 u
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Flz,(a2)] = 8(eva)
(cMm. n. 3 §7),

F[Daxp(ax)] = F{f_“*xp(.ax)] = F[f_a] -F[xp{az)] =

l€|(:'8(g+a)’ (1*—1,
= = |a|?8(5+a), (1.8)
[? . la(g)]-a(g+a) a=-1
gl ?

M M3 CYMECTBOBAaHMA NPOU3BEAEHUI

P

1€15-3(e+a) = |a[}-8(€+a), P——3(E+a) = |€|; 5(ga),

€|
5(£)-s(g+a) = 0.

HOpumensas obparnoe npeobpasosanme Pypre x pasencrsy (1.8),

P

noxyuum opmyny (1.7). =
Npuvep 5. a e R, v ¢ Z. Nlycts

2(2) = F[s(1€l,-P)f(-0)], f e o'

Torna
%3 (z) = p"% (). (1.9)

m Kak u B npumepe 4 umeem:

§(8) = s(lgl ~p")f(-8),

[g15-8(1€l -p")F(-€), ax-1,
F[D"‘@] =F, %= . ' =
[P« p@] e el sC0), wt,

p
= p"% (1€l -p")F(-6) = p"78(8). »
Mpumep 6.2 € R, v e I, |2a] = P
2*[s(12l -p")x,(ax)] = "%120|35(|2| -p")x, (as) . (1.10)
e Burexaer u3 ¢opmysu (1.9) npu f(§) = xp(agz) B CUIY
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dopmMynu (2.10) n. 2 § 7. =
P-1
Npumep 7. p = 2, 7 e 1, Z‘n(k) =0,
k<1

p[n(z)s(lzl, )] = p**Pa(as(zl -p") . (1.11)

a Kaxk u B mnpumepe 6, crenyer u3 ¢opmynu (2.14) mn. 2
§ 7. m

2. oneparop D'. Hawa 3agauya - pDacCIpOCTPAHKTH ONEPATOD
D* Ha o = -1 rtak, urobu Ha xnacce O0OGOOWEHHHX QyHKIMIt
v e€&, (¥,1) =0, omeparop D* 6un 6u HenpepuBeH mo o B
Touke a = -1 u Ouam Ou crmpaBeXsusu paBeHcTBa (1.5) npu Bcex
BEMECTBEHHHX o U B.

lipexne Bcero gokakeM JeMMy.

Jlemma 1. Jag mozo 4mobw o6obmennas ¢yHruust f € &',

supp f ¢ lL, ydoBaemBopsna ycAoBUD

(f:l) = (f)AN) =0, (2'1)
Heob6X0dUMO U S0CmamodHO , Ymobs
Fe) =0, B, (2.2)

n HeobxommmocTs ycnoBus (2.2) BuHTEKaeT M3 pPe3y/bTaTOB
n. 3 § 7. Nycrs Bunmosueno ycnosue (2.1). Tax xak napametp
nocroaunocTH Qymxuun f(€) He memsme -N, TO npu BCex £ € B
JF(&) = 7(0) = (f,4) =0, B cuny mpeacrasnemns (3.10) n. 3
§ 7. Q6parnHo, ecsn BHnmosHeHo ycnoeue (2.2), To, BuGupas

¢ eD, supp ¢ ¢ B, fv(s)ds =1,
QP

nosyuum ycnaosue (2.1):

0= (F.0) = (£, = [f,A,,m | w(E)xP(wi)dﬁl -
Q

P

= [f,A,,(w)j w(E)dEJ = (f,8). =
Q

P
Ha OCHOBHWX ¢yHKQUAX ¢ € D maxux, umo J p dz = 0,

Q
P

CNpaBednuBo npedesfibHOE COOMHOmMeHUEe
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r-1
(fa,P) — —EIE_;J 1n|z[pw(z)dm, a > 1. (2.3)

Q
P

s Cywecrsosanne mnpexena u dopmyna (2.3)
NpPefesbHOT 0 COOTHOWEHHS

caeayoT us

1
(fo0) = —{ |21% g (2)d =
@)

(d—l)lnlxlP

1-e
P

e -1
J (P De(@de -
4]

-1
- iIﬁ_EJ ln]xjpw(x)dm, a - 1.

Q
P

Bo3aMoxHOCTE nepexoma x npenenay noag 3HaXKOM HHTerpaJa obecne-
yneaerca rteopeMmoit Jebera (cM. n
(d—l)lnlxl
P
e -1
. -{0-1}1n p
1l-e

npu Hexoropom (

. 48§ 4), B cCMIy Maxopauuu

< C‘lnlxlp

s T € supp e, |ot—1|p < 1,

C(p,supp ¢). =
06o3nauum uepe3 f‘ perynapuyw o6Gobwennyo ¢yHKUUO

p-1
- ﬁIﬁ‘ﬁlnlxlp’
(f,,9) = '513—5[ In|z| ¢(z)dz, ¢ € D. (2.4)
Q
P
Nonoxum
Dy o= fru, ¥oe & (2.5)

Jdoxaxen npedenbHoe COOMHOWEHUE:
ol ~1 ,
I - Dy, a>1, B D, (2.6)

ecnu y € & ydosnempopsem ycsaosuo (2.1).

s IIycte supp ¥ c l& ¥ ¢ € D. Nlons3ysace Teopuein CBEPTKHU
(cm. m. 1 § 7), npu Bcex a > 0, o = 1 umeem

,0) = (F¥.9) = (£,(2), W) 0(+9))] =
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- j f @@z, (2.7)
Q

1 4
NMOCKOJIBKY

9@ = (¥ e@n)] = (¥ .4,We@Ew)] < 2.
lanee, B cwiy ¢opmysnm (6.5) n. 6 § 6 (Tak kax A“(y)w(x+y) €
€ D(Oz)) u ycnosus (2.1)
fy(z)dz = I [w(y),AN(y)w(wy)]dw =

P p

= [v@) .0, | p(asn)de) =

p(z)dx] = (w,l)J p(z)dz = 0,
Q

P P
Tak 4T0 ¢yHKUMI ¢ ympoBiaersopser ycaosuo (2.1). [MHosromy,

= [vw.a,w

O— @

MONb3ysiCh NpefensHuM cooTHoweHuem (2.3), u3 (2.7) u (2.5)
suBoaumM (2.6):

wﬁmw)=Jfg@ywﬂx—»JfJ@yuMz=

0 Q
P P

= in(w) [w(y),A,‘(y)w(zw)]dﬂ? = (f,*v.9) =
0

= (D.lw,w), x> 1. m

Aoxaxen dopMyny

1 1
?1(5) =P +55(§)) (2'8)
|&

P

1

2de obobmeHHasA PyHKUUS P onpedemena B (1.10) nm. 1 § 8.

s U3 popmynu (3.6) m. 3 § 4 cnenyer, uro npeobpazoBa-
aMe Pypre ¢ymxuuu fl(x) cosnagaer C ¢yHKUMed |€f;1’ rae £ *
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# 0. HNosromy (cM. m. 3 § 6)

1
7,8 - ?IE = C5(€). (2.9)

P
llna onpenenenus nocroanHoit C npuMenuM obGe yacTHM paBEHCTBA

(2.9) x ocuHoBHON yHKUMM A, = A (bynxuuu A oOmpeneseHH B

o]
n. 1 § 7). Nonssyace uurerpanom (2.6) §4, momyuum

1
¢ = (F.8,) - (?T—~—,Ao>] -

£l
- A, (&)-8,(0) A, (8)
= (fl’Ao) - —(-)——o.(_.-—ds - 0( ds =
|€] 1€l
gl=r G
p-1 r-1 1
= - m[lnlxlp,Ao} = - m 1n|xlpd1’ = ;. [ ]

B
0

Ecau ¢y € 8 ¥ yzosaerBopser yciaoBuw (2.1), To mo JaeM-
Me 1 §(£) obpamaercas B HYTb B OKDPECTHOCTM TOuYKK £ = 0.
Mostomy B cuny (2.8)
1
F i = (v
|€

~

+ PEOJIE = 1815 -

P

Orcona, xax u sBuwe, y6exmaeMmcsa, uto dopmynm (1.5) cnpaBemg-

JIMBHN JJ BCEX BEUWECTBEHHNX o MU B, ecau Y € &, (y,1) = O.
Nlemma 2. Ecau ¢ € D, supp ¢ < B, mo npu |2:|p > "

1 - ,
wl.’tl: IJ 14 dx > ¢x==1,
0
P
(fa(@) 0@-2)] = (2.10)
p-1
- 5Iﬁ—iln]x|pj ¢ dx’, o=1.
Q
P

» Mycre o = 1. Hpx |z| > P e(z) =0 u lz-y|, = l=| ,
y € supp ¢ ¥ dpopmymu (1.1), (1.3) mawt (2.10):

(fale) 02 = gy [ |2 |37 0 (z-2" ) da" +
NP P
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p

. , 1 -
o R B e o T
Q

P

- r%‘&y|x|:-ljw(y)dy-
P
Q

P

AHaJIOrMYHO PACCMATPHBAETCA M Caydal o = 1. =
HoxaxeM DaBeHCTBA

Fxfg =T q=F*f, 2= 0. (2.11)

m lIpy o« =0 fo
a > 0. Torga mo ompemenenmw cBeprku (cM. m. 1 § 7) npu BCex

& u pasenctsa (2.11) sepuu. Mycrts

¢ € D gna noboit 1-mMoCAEeXOBATENLHOCTH {'nk, k - w} uMeeM
(frfor¥) = 53[fl<x>><f_a<y)m,,(x)«»(w)] -

= lim‘[ nk(z)fi(x) (f_a(y),w(:z+y)]d$ =
k>

]
P

- J £,0) [£.40) 0 (e) ) .
Q

P
Bo3aMoxHOCTL nepexoxa K mpededy TOoA 3HAKOM MHTErpaxa M
CymecTBOBAHME ROCJELHEr0 MHTErpasa ciaeayer u3 Tteopemu Je-
6era (cM. m. 4 § 4) u seMMu 2 B cuay Maxopauuu npu k z N

=

8,(2)1,(2) (£ () 0 (z+v))

- -a-1
= C lz| % | 1nja| |, ||, > &,

Hrakx, cBeprka f1*f-a CyWecCTBYeT M, 3HAUMT, CyWEeCTBYyeT
CBepTKa f_m:kf1 M oHM paBHH. [N ee BHYMCIEHMI PACCYXTAEM
caenyouuM o6pa3om. CymecTByeT npoussezeHue fl-?_a "
CNpaBea/HBO DABEHCTBO

F[f1*f-a] =F, Ty (M. m. 58 7).

Hpunumas Bo BHIUManMe dopmyam (2.19) §8 u (2.9), nepenumem
nocJaegHee PABEHCTBO B BMAeE
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1
1
Plfary] = [P 520 1612
€l
HeTpyaso y6emurscs, 4ro npu a > O

1
P— €% = 1€]%7, 5(8)-1¢]% = 0.
€1,

lNlosTomy

Flfosy) = 16187
oTkyxa B cumy (2.19) §8 BuTexaor paBeHcrBa (2.11):
Fofg = F1617] = iy
M3 (2.11) pu a = -1 CnAEAyWT COOTHOWEHMA
j;*fd =8 = fd*fl' (2.12)

Tenepr nmoxaxem Taxée YTBEPKICHHE: ecau Y € &', mo npu
-1 -1 -1
o = 0 cymecmyom D'D% u D*D'y u onu pasuw D*y:

D% = 0* Yy = DPDMy (2.13)
uau, S3KBUBQ/MIEHMHO,
fl*[f_a*./;) = f M= f_a*[fl*w]. (2.14)

» Bocnosrsyemca reopueir ceeprxu n. 1 § 7. llycts ¢ € D.
Torma npH BCEX Z € Op

([£.a¥] @) o0@ew)) = [F0@), [ )0 (eeper)]] =
= [f_a(y),g(wy)],v

ree g(z) = [w(y’),w(x+y’)} € D. MosroMy cBeprka fl*[f_a*w]
. CyWleCTBYE€T M paBHAa fba*w:

[fl*[f_a*W]’PJ = Jfl(x) [f-a(y):9($+y))dx -

Q
P

= [£#F 9] = [f,_a(x),[w(w,v(w)]] = (Fiar9)

B cuny paseHcrea (2.11). AuajoruMyHOe paccMOTpeHHe M AJA

CBEPTKH
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f«a*[fx*w) = f:-a*w = [f-a*fx)*w' .
H3 pasencts (2.13) npx a = 1 ciexyoT paBeHCTBA

DDy =y =DD'y, v e €. (2.15)

HoguToXMM HauM Pe3yJLTATH B BHIE CHEAYyOUEH TEOPEMM.
Teopema. Fopuynw (2.5)

PPy = DBy = DPD™, v c &,

cnpaBednuBw, ecau a,B,a+f # -1 uau a =z 0,8 = ~-1; ecau Y e
€ &’ ydomnemsopsiem ycnosuo (2.1) (y,1) = 0, mo amu ¢opMynn
CnNpaBedNUBN NpuU BCex PemecmBEHNX o U B. Ilpu -3moM D*y nenpe-
pwWBHO 3aBucum om o B D'.

3ameuanne. Oneparop D*, o #= -1, onpememsercd OTHOPOA-
HO# oGoOmwenHo# ¢yHKUMEH fla CTeNneHH OXHOPOONHOCTH -o-1; mnpu

o« = -1 3T0 cBojicTBO YyTpauemo: omepatop D' ompegengercs
-1
HKUMEHR - Inlz KoTOpas He 06na.na,e’r CBOMCTBOM OJHO-
dyHxu PIn 7 | |?’ p
PORXHOCTH -

3. VYpaBHeHue Daw = g. PaccmoTrpum ypaBHenue
Py =g, ge €&, achR, (3.1)

OTHOCUTEJILHO HeusBecTHOH oGoOwenHHON ¢yHkuuu ¢ e D’ . Pemenue
ypaBaenus (3.1) umerca B kjacce Tex ¥ € D’, II KOTOPHX
CBepTKa jla*w cymectsyer B D' (u paBra g) (cM. § 7).

TeopeMma 1. IIpy « > 0 smwboe pemenue ypasHenus (3.1)
BNpaxaemcs: ¢opNynol

v=0%+0, (3.2)

2de C - npousponrHas nocmostHHast; npu o = 0 pemeHUue ypapHe-
Hus (3.1) eduncmpenHo u Bupaxaemcss ¢opMysnotd (3.2) npu C =
= 0.

s Tor ¢axr, uro D ®g ecrs pemenme ypasmenns (3.1)
caenyer u3 dopuyn (1.6) u (2.15). Ocranocky ucCCrIea0BaATH
peumenys OXHOPOAHOTO YPABHEHHA

Daw = f_a*w = 0. (3.3)

HNpumensa x ypasmenun (3.3) npeobpaszosanue ¢Pypre (cMm.
n. 5§ 7), nonywm f_(&)-9(g) = 0. Tax xax F (&) = O mpu
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€+ 0 (cm. (2.19) § 8 npu o = -1 u (2.8) npx « = -1), 7O
v(€) =0, £ = 0 u, cnexosarensno, ¥ = C3(¢), ¥ = C.

lloxaxeM, uro npu ¢ = O C = 0. llpu « = 0 3ro Tax. Ilycrs
a<O0ucC =0, r.e. f_&*l = 0. llockonawxy

foa€l'(B), J fy(8)dE = -w,

1<) x|
P
10, BHOMpas ¢yuxuuw ¢ € D Takyw, UTO Iw(x)d:c = 1, noayuum
Q
P
APOTHBOPEYHE
0= (f_a*l,w] = lim Jf_a(x)Ak(z)Jw(x+y)dydz =
k=300
]
P )
= jf_a(x)dx + lim J fo(2)dT = -a. »
k- -
B, 1<|z|p5pk
TeopemMa 1’'. Jass moeo 4mobw CYmMecmBOBQA/IO pelerHue

ypasHenus (3.1) maxoe, umo y(€) obpamaemcs B Hyab B
oxpecmHocmu £ = 0, HeobxoduMo U Jdocmamo4Ho, dUmobw g ydoB-
nempopsna ycaopuo (2.1). Mpu smoM pemeHue Y = D"ag eduH-
cmeeHHO, HenpepwBHO no o € R B D’ u cnpaBednuUBH POPMYIIN

DBIII = DB'ag = D'aDBg. (3.4)

» HeoGxommMocTb. Ilycts ¢ - pewenue ypasuenus (3.1) u

¥ = 0 B oxpectnoctu £ = 0. Toraa

F[0%)] = F[f on] = F4(0)-0(0) = 50,
oTxyna creayer, uto g(€) = O B oxpecraoctu ¢ = 0. Ilo nem-
Me 1 g € & ynosnersopser ycaosuo (2.1).

HoctaTounocts. IIyCTh ¢ € &' YIOBJETBOpAET YCJIOBHW
(2.1). Mo nemme 1 g(€) = 0 B okpecrnoctw £ = 0. Tax xax
nocrosHHas C = 0 He yROBJeTBOpseT ycaosuow (2.1), To mo Teo-
peMe 1 cymecTsyer enuHcTBeHHoe pewenne ¥ = D"*g ypasnenus
(3.1), ynomnersopaomee yciaouo (2.1):

W(e) = F[0%] = F[f,xq] = F,(0)-5(0)-
OcrannHNe yTBEepXIE€HMS TeOPEeMH Cpa3y CIeIyOT M3 TeOopeMH
n. 2. =
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4. CriexTp omeparopa ’* = 0, «>0. Onmeparop -
ncespoauddepeHUNATEHIA C CHMBOJIOM |€|: (cm. m. 1):

»*y = [ |&] 5%, (-62)¥ (£)de.

Q
P

Ou ompenenen Ha tex ¢yHxkumsx ¥ u3 runsbepToma mpocTpaHcTBa
LZ(DP) =I? (cM. m. 4 § 7), mIa KOTODHX ]EI‘ZQJ e I?. 310
MHOXEeCTBO, - 0Go3maunmm ero uepes D(D*), - maswsaerca obsac-
meio onpedenenus onepatopa D* B Q. llpx stom

[Da_w,q>] _ [Dot/zw’pa/zw] -

- [1las@F@a. veco0m, @
ﬂp
o] - J €1215(5) 1%dg, v « D). (4.2)
(]

P

PaBencrsa (4.1) u (4.2) HeENOCPEACTBEHHO CJAEAYOT U3
paBenctrBa Ilapcepans - Crexknosa: (D“w,q;) = [F[Daw] ,F[w]};
3gecs (-,:) - ckanapHoe mnpoM3BeAEeHHE B TUILEePTOBOM NpO-
CTpaHCTBE LZ(CM. n. 4§ 7).

Onpenenennnit takum obpasom omeparop D* - camocomps-
KEeHHHH M INOJOKMUTEABHHN:

[D"‘w,;b] = ﬂl)""zwﬂz >0, 0=y e DD,

Tax uro cmektp omeparopa D* nexur ma moayocu A = O.
PaccMorpuM 3agady Ha cOOCTBEHHHE 3HAYEHUSA

v =ay, v e Lz(op). (4.3)

lycte A = 0. B n. 3 6uno ycraHosneHo, u4to nmpu A = 0
ypaBHEHUE (4.3) ¥MeeT eAMHCTBEHHoe peweHue B D’ y = const.
Taxum obpasoM, ¥ = 1 asagerca obobuennoir cobcreemnoit Pyux-
uneit omeparopa D%, cooTBercTByOMEel COGCTBEHHOMY 3HAUYEHMUIO
A =0. Tem ne Menee A = 0 He ecThb COOCTBEHHOe 3HAYEHUE
oneparopa D*.
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Hanee, ran D* (o6nacte 3mavemuit oneparopa D*) nmomua B
A
s Jro BuTexaeT M3 TOro $aKra, uUTO0 ypaBHEHHe

D"w=w,ve1>,f¢dx=0
0

P
umeer pewenne ¥ = D% ua obnactu D(Da), NOCKONBKY ¢ € D u

~ o - o~
i = F[0%] = Flfre] = Fb = (€% e D
(mo nemMe 1 m. 3 p(£) = O B oxpecrnoctH Touku £ = 0), a
MHOXECTBO OQYHKUMNI {p e D: f p dz = 0} nmnoteo B L mo nemme,
Q

KOTOPY®D Mi ceffiac XOKaxeM. :
Jlemma. MHOXeCMBO OCHOBHWX QyHxuuid ¢ u3s D, ydoBremBopsi-—
omMUX yC/MOBUD I pdr = 0, nmomro B 2.
0l»‘
s B cuny paeencrea Napcesans-Crexnosa e = Jo] (cm.
n. 4 § 7) v nemmu 1 n. 3 7OCTATOYHO A0KA3ATH MIAOTHOCTE B I?

MHOXECTBA QYHKUM
D[Op\{O}] = {To € D: p(§) =0, €« B, N e l}.
Ho B m. 2 § 6 moxa3saHo, 4uToO D[Op\{O}] NIOTHO B Lz[ﬂp\{o}] =
= Lz(op) = [’ u
ycts temeps A > 0. Nlepexoas B ypasHenuu (4.3) x mpeo-
6pasoBanun Pypre, NMOAYYMM 3KBUBAJICHTHOE YDPABHEHHE

a ~
(112 - aJico) = o.
Orcoxa 3akmo4yaeM, 4YTO MCKOMHE TOYXM cnexkTpa A (B IDaHHOM
ciayuae - CO6CTBeHHME 3HAYEHUSA) HMENT BUI
Ni

A, =% Nel, (4.4)
M coorBercTByouMe (HOpPMMpOBauHME) COGCTBEHHNE QYyHKUMM HMEWT
nmpeaACTaBJIEHME

5e) = s(lel-#0), [ 1001 =1, et (5.5)
SL
5. OproHopuupoBaHHMIT 6asuc cob6cTBeHHhX OQyHKUUE onepa-

Topa D”. B xauectse {ymkukk p ® (4.3) BuGepen crexyOWyw
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CHCTEMY JIOKAILHO NOCTOSHHMX QYHKUMIl HA S": npu p # 2

p,’,,,'el(&') =

2N-1
- /P r N1} 2
= pN/z p—_i—kp(elpl)xp[— T(€+kp N )], (5.1')
1

!=2,3,..., k=1,2,...,p-1, ¢ = c°+slp+...+el_2p"2,
e, = 0,1,...,p-1, €, * 0, y=0,1,...,1-2;
l—“
"ko(E) =p®8(g,-k), (5.1)

k=1,2,...,p-1, 1 =1, ¢ = 0;

npu p = 2

-N 2N-1-2
2

mw—z A2<e,2‘>xz[' C (€+2"""‘]2]’ (5-27)

1

— — — 1-20
l =2,3,..., k=0,1, € = 1+€12+...+€l_22 3

p:'k'o(g) = 2 [ICZN- E] l =1, k=0,1, £ = 0. (5'211)

B pesyabprare NOJIYYMM CHEAYOWYK® CHCTEMY HODMUDOBAHHHX
cobcTBenHnx ¢yukumit, npeobpasosanuus Pypre KOTOpHX B CMIY
(4.5) u (5.1) paBHH: mpu p = 2

~ | - /P
./‘:l,k,sl(;g) = prAp(cxpl)a(|€|p'PN) X

pzll-l 2
1-N-1 ’
% xp[——z——[&*kp ] ]; L =2, (5.3)

1

1—N

Verol8) = p 2 s(lg] -PN8(g,k), 1 = 15 (5.3)

npy p =
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1-N

B0 =22 (e2)8(]€],-2) x

N,k,el

22"-1—2 .. 5
X x2 = ——-e—l—-[§+2 ] B l = 2, (5.4')

1-N

Tro(®) = 228016120, (k2%). 1= 1. (5.47)

llpumenss x ¢yuxuuam (5.3) u (5.4) ob6parnHoe npeolpa-
3osanue ®ypre u mnoas3sysce opmymamu (2.7) - (2.10) m. 2
§ 7, monyuuMm ciaesyouue cobcTBeHHHe QYyHKUMM OIEpPATOpA Da,
COOTBETCTBYKUHE COOBCTBEHHOMY 3HAYCHHO A, = paN, N e Z: npu
p =2

I poaa
(L=2,3,..., k=1,2,...,p-1, €, = E*E PH. .. +eb2p“2)

N-1

b -
w,“,k,el(w) =p* /18] =™ x

X % [elpl'z"a:2+kp""‘1x] , (5.5)

I1 pona
(=1, k=1,2,...,p-1, ¢ = 0)

N-1

w;,k’o(ﬂi) =p?a(p _1|x|p)xp(kp'"a;); (5.5")
npu p = 2

I ponma
(1l =2,3,..., k=0,1, €, = 1+ 2+...+¢ _221-2)

N-1

hure (@) =27 8(|2),2 x
1 s
X x, [el2"2"a:z+21'""‘x] (5.6")
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IT poma
(T1=1, k=0,1, e = 0)

Yl;’k,o(z) = Zn_;l[ﬂ[zulz-kZ"'zlz] -

i a[|x-k2"‘2|2-2"“]] . (5.6")

Cob6cTBennne ¢ymnxuuu (5.5) - (5.6) npunagnexat mnpocr-
paHCTBY O M YUOBJAETBOPALT YCHAOBUL

J Yux, e, (z)dz = 0, (5.7)
Q

P
nocxoneky B curny (5.3) - (5.4) ¥ Nxe (0) =0 (cM. nemmy 1

n. 2). Co6creennue ¢ynxuuu I poma ynOBJxeTBOmeT TaKXe yCJo-
BUD

J Nk, E (£)ag = 1=2,3,... (5.8)

Q
P

OpPTOI'OHANBLHOCTL COOCTBEHHNX OYHKUMM npM pasauyHux N
crenyer u3 ¢opmyn (5.3) - (5.4). OproronansHocTs ¢yHKuUMI
npu pasauyHex | v ¢uxcupoBamnmx N cinepyet u3 ¢opmyn (5.5)
(5.6). Oproronansuocts ¢yukuuit I poma npu uxcuposamnux N u
Il n pasmuunmEx €, cmexyet u3 bopmynu (2.10) m. 2 § 7: mnpmu
p=*2 )

1 1
[wu,k,e . ’wu,k’ ,e’l]

. J'az(lxlp_pl-n)xp[el a2 gl 'Hx] %

Q
P

« ‘;p[cipl N2 l"'ix]dx _

= f xp[(cl—e’l)pl =N 2+(k k’ )p1 N-1 ]d:lt ~

S
~,;[

1-8
(k_k, )Vpl -N-1
2(£:l—e’l)pl'2
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NOCKONBKY Cl * 8;, TaK 4YTO

, -1+ , -2N 2-2(1-N)
|81-81|p z p '3, ]4(5:1-&:])11l |p z p s
"
(k—k,)pl-"-l -l1+N+1
’ 1- = —i+ ’ =
2(e,-e ) ™Mo P70
< p-mlpl-zlk_k, Ip < pl-N‘
Mpu p = 2 - ananoruuno. Ilpu éuxcupopamuux N,l u €, ¥ pas-

nuuaex k cobcrsennue dymxuuu (5.6) oproroMansHM, B CUAY
dopmynu (2.8) §7:

! ! 1-N 1-N-1
[wn,o,cl’wn,1,c‘] - J 12(2 1’]12[—2 :It)dx

1e1-N
= J x2[2l'“'1x]d:v =0, 1 =2,
1+1-N
[J;,o,o’w;,l,o] ~ sz[?"zs] =0, 1=1

S

N

Hrax, npu p = 2 cobcmeenuwe ¢ynxuuu (5.6) obpasyom
OPMOHOPNUPDOBAHHYD CUCMEMY B LZ(QP) .

llpr p = 2 cobcreennne odymxumn II poga (5.5”) opro-
TOHAJMLHN npu pasnuuuux k (u duxcuposannom N), B cuiy Qpopmyn
(5.3%). Cucrema xe cobcrenunx ¢ymxumit I poga (5.3’) me op-
TOoroHansHA npu pasauunux k (¥ ¢uxcupomauuux N,l u cl) .

Iis mocTpoenus OPTOHOPMHDPOBAHHOM cHCTEMH COGCTBEHHHX
¢YHKUMA DOCTATOYHO OPTOrOHAJIU3MPOBATE CUCTeMy  QYHKUM

1 .
{'/‘Nkc , k= 1,2,...,p—1}. JHoxaxeM, 4T0 B XaudecTBe Takoin
VK,
1

OPTOHOPDMMDOBAHHOW CHMCTEMH MOXHO B34Th CJHEIYWUYK® CHCTEMY
éynuxuuit I poxa:
1
¢mk,€l(z) =
N+1-1

=p 2 8(lz'p_pl—ﬂ)a(a;o—k)xp[clpl-znzz]’ (5.9)

k=1,2,...,p-1.
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Cnavyana YCTAHOBHM COOTHOMEHKSA

e @ ==L T, { e, (5.10
1 VP17 ks 1
wu,k,cl(ﬁ) = —5 ,Z,[xp 7 - 1 !l/"’j’cl(x), (5.11)
N-1 P
2 1 N P 2l -
Pue, () = 2 22 (e,P)8(€l,-p") 8 (e, k )xp[- = &) -
L (s), (5.12)
Tme €] = - Z%T u k' onpemenserca CpaBHeHMEM
-2e k = k' (mod p), £ = 1,2,...,p-1. (5.13)

s %opuyna (5.10) cnemyer us (5.3’) u (5.9) B cury
COOTHOWEHHSI NPM I € Sl_“

p-1

xp[kp""”x] = xp{kx ] Zs(x -3) = Zx { ]G(ﬂv -3) -

Hanee, NOJB3YACHh COOTHOMEHHAMMU

P- (ks 38 PoUo((k-3)s
Pl 2] - T2
-1 :k*j

= L ki’ = -1 + pSU, (5.14)
p-1,k=]

u3 (5.10) BuBoauM ¢opmyny (5.11)
p-t ks

1
s;xp[- T}w"”’cl(z) )

p-1 ks)P ' (s
= 1 - — R P =
= sZ1x"[ 7 ] Zxxp[l’ }w"d'ﬂm
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T RO e, -
P 1 1 1
= — — T =
\/p—_—fwu’k’cl(x) vp-1 3214’""'61( )
. , -
- 1 1
- ijn "'k’cl(x) + jziwn",,el(x) >

B CHAy paBE€HCTBA

p~1
1 1
== )¢ (z) =
T LOue,

p-1

- p -
= -p"! ;:Té(lxlp—Pl")x;[c‘ 1N ﬂ z s(x-7) =

3=

» p-1 z j
= ! /p__i_s(lxlp_pl-n)xp[elpl-anxz) pr[ o ] -
]

£, % | 7P

= wl xT
0, @

Haxouweu, ¢popmyna (5.12) creayer us (5.11), (5.2"), (5.13) u
(5.14):

vp-1 k
nxc (2) = _p—' Z[ [ J] - 1}&:,1,81("”) =

N+1 2N-1

P
p? Ap(clp‘)a(lilp-p")xp(- q?l-sz] x

: fiﬁ 5 - el o) -

N1 2N~
=2 Ea (e sl -, - €7
p-1 kj € ]
o —
x j; [xp[- T ] - lep[- 2——-—%?) =
_N+1 2N-1

4
=2 P (e p)s (18], - 25| P (g, k) .
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H3 npegcrasnenua (5.11) caeayer, 4ro é¢yukumu (5.9) -~
cobcTBennne dymxumu omepatopa J*. Takum o6pasoM, mocrpoes
OpTOHODMUpOBaHHAA cHucTeMa (5.9) co6CTBeHHMX (YHKUMA ONepa-
tropa D% npy p + 2, Ne I:

I poaa
(1=2,3,..., k=1,2,...,p-1, € = g +c p+...+c,_p' )
e (8 =
N+3-1
= p 7 8(lal P Ms(a, B o0 ), (5.150)
II pona

(Il=1, k=1,2,...,p-1, € = 0)

N-1

P:‘,k,o(x) = pTg(p '1|x|p)xp(kp-ll$) _

- 1 N -7
= w"’k’o(x). (5.1u )
Nonnora. [JokaxeM NOAHOTY NOCTPOEHHMX OPTOHOPMMDOBAH-
HuX cucreM ymxumit (5.6) u (5.15) B LZ(DP). llns  sroro
DOCTATOYHO X0KA3aTh NOJHOTY ux mnpeobpasosamkit Pypre Ha 0-
60it OKPYXHOCTH S, N e I, mockonexy

@) = y CL3(s,) . (5.16)

N=~0
Jna moxasaTenbCTBA 3TOr0 AOCTATOYHO KOKA3AThH CIPABENJIMBOCTD
paBencrsa Ilapcepans - CTexsioBa Ha IUJIOTHOM MHOXECTBE QyHKIUMI
-N 2
{xp(&o), |o-|p zp B L(S) (em. m: 2§ 7).
Oycrs p = 2. Ecmu |a|p =p", To xp(&a) =1 wa S, u,
3naunr, B cuay (5.27)

p-1 N-1

p-1
L= ZS(zo—k) =p? kz 5;,1(,0(5), €eS,.

k=1 =1

-N+1

lycrs lalp =p

x,(£0) = xp[e;’,%] =

. Toraa npu € e S;
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~N+n

llycrs |a'|R =p ', nxz 2. Toraa npu £ € .‘5"N

N,k,Cl

Cone, = (56 o ) = pr<so>$;,k,e (6)de =
Q

P

- [For O, E01iE = T, )
Q

P

Mlosatomy u B cury (5.14) 6'N =0, ecau I = n; npu

€
Ll =n
—n 2 N+i-ng s
c::,k.e = 1%k (0)‘ =p 8l0 k).
n n
IlIpu o¢uxcupesauunx [ =n =z 2 u k =1,2,...,p-1 uucno

cobcreennux dymxumi (5.15°) pasmo (p-1)p">. Mosromy
|, ], = rabHoo

xeaﬂ = p (1-3)(p-1) =

P LZ(SN) P

p-1

= (-0 Y 8 (0,k) =

k=1
>
XIKIZ]"‘(C,

Tak 4ro paBeHcTBo llapcepans - CTEKI0BA BHIIOJHEHO.

Iyers p = 2. JHpn |o|, = 2™ wan lof, = R x, (&) =
const Ha S u, takuM obpaszoM, B cuny (5.4") xz(go) ~
Noo(g) wa S.. Mpn o}, = o™ n 23, kak u B cayvae

P = 2, umeeM

i}

t

Coe, = (8 P | = Fae (@

N,k,Cl
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Nostomy C;x e = 0, eciu l+1 = n, u upx l+1 =
Ry l
2
-1 —n-1 _ oN-n+l
|C:,k, wN,k,C (o) =2 :
n-1 n-1

llpy PuxcuposannoM [ = n-1 =z 2 uucao cob6cTBEeHHNX QYyHKUMH
(5.6°) pasmo 2-2'% = 2°%. Ioatomy

2
| ), =20 -
L (S")

2

N—nol
=2 Z Z Z we, |t
1=1 k=0
Haxonen, oTMeTHM, 4YTO QYHKUMM BUZA
{xp(:ccr), ]cr[p = p"} (5.17)
ynopneTBopsawT ypasHemmw (4.3) npu A = A = p“", B CUAy

(1.7). .

Taxu1 o06pa3soM, MH NPDHUIH K Clegywmed TeopeMe:

TeopeMma. Cnexmp onepamopa n* cocmoum U3 CYemHO20 duchaa
co6cmBeHHNX 3Ha4YeHuU A, = pa", N ¢ Z, kaxdoe uU3 KOmMOPpHX
6eckoneynol xpamHocmu, U mo4yku A = 0 (npedenvrHas moyxa
cobcmpenHnx gHavenul), obpasyomux cymecmBeHHwWU cnexmp.
CymecmByem OpPMOHODNUPOBAHHWU B Lz(ﬂ) 6asuc co6CmBeHHbNX
¢yuxuut (5.6) npu p =2 u (5.15) npu p * 2. CobcmBeHHbeE
¢YHXKUUU npuHadnexam ﬂ(ﬂp) u ydoBnempopsom ycaossM (5.7) u
(5.8). Touxe A = 0 coompemcmByem edUHcmBeHHAss o6o6meHHas
cobcmeennas ¢yuxuyus Y(z) = 1; cobcmpeHHNM 3HAYEHUSIM A
coompemcmByom ob6obmennne cobcmpenuwe ¢pynxyuu BuUda (5.17).

6. PaanoxeHHs no coScTBeHHMM QyHKkumsiM. [And enumrooGpa-
1

3ug  3anuMcu npy p = 2 cobcreennne dynxumu  (5.6) Yer e
kL E

nepeo6o3HauuM uepes p’ K3 pesyaeraros nm.4 - 5 BuTe-

%k, € :
KaeT Ccaenywumas TeopeMa o paanoxemm no co6CTBEeHHEM PYHKIUMAM

1
[

MxE oneparopa J*:

%! = p™! (6.1)

N,k,Cl. N,k,cl’

NelZ, I=1,2..., k=1,2,...,p-1, € -
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TeopeMa. Bcaxas ¢yHxuui f e LZ(O") pasnazaemcl B pPsid

#ypre no cob6cmBeHHWNM $YHKUUAM {p' } onepamopa D*:

ll.k,sl

£ = T T Ll fmetiae @ (62
20e

1 - —1 /
Frwe, = Jf(x)v,"k,el\x)dx- (6.3)
Q
P
Pad (6.2) cxodumcs B La(ﬂp), U cnpapednueo papeHcmpo Illapce-

BQJ/Ia - CmexaoBa

i1 'Z ZZZI wee 1™ (6.4)

N=-00 1=

Opyrumu cruosamum, L° (Q) pa3naraercd B npsmylo CyMMy
KOHEYHOMEpPHHX CcO6CcTBeHHMX mnoanpocTpancts (cepwuit) b s Nel,
l =1,

Fe) = y Y%, (6.5)

Ilpy p = 2 mnoampocrpalcTBa b:l, l = 2, wnHarauwyTh HaA CO06-
crpennue ¢ynxumn I poma (5.15’), rax uyro dim b:‘ =

= (p- 1)2 -2, b; HaTaHyTH Ha cobcreennue ¢yunxkuuu II poaa
(5.15”), tak yro dim b: = p-1. Mpu p = 2 b‘l‘, l = 2 narauyTtu
Ha cobGcreennne ¢ymxumun I poma (5.6’), dim b;: 2!, b;
HaTAHyTH Ha cobGcrBenHue o¢yuxumn II poma (5.67), dim b; =
= 2.

.3ameyanne. Herpyamo yGeauTwhca, uro mnocrpoemswe cob-
CTBEHHEME QYHKUMM OmepaTopa Da, a >0 (cm., manpumep, o¢op-
Myar (5.5) u (5.6)) nNpM KOMIJIEKCHOM CONDSXECHMM NEPEXOAAT
aub6o B cebs (BemecrpeHHwe), aubo B apyrue cobcTBennse ‘dGys-
KIUMH M3 TOH xe cepuum (xommnexcuue). losTomy xommiaexcHas
co6crBennas dynxuma (5.5) u (5.6) maer Bxmax B dim brlu’
paBHuit 1, a He 2, kak 3T0 HMEEeT MECTO B KJIACCMYECKOM Mare-
MaTuyeckoi ¢usuke.
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§ 10. Oneparbpu TMIA Ipenﬁurepa

OnepamopoN muna lipedunzepa Ha3opemM ncesaoguddepeHuUU-

aJBHEA oneparop BUAA
Ay = axy + V-y.
CuMBosioM omeparopa 4 aBagercd PyHKUHS
a(g) + V(z),

rze a(£) - npeobpasosamue Pypne (o06obwmennoi) dyuxuun a(z);
¢ynxuua V(z) wnasmuBaerca nomenyuasox. IllpocreimmM mpuMepoM
TaXKHX ONepaTopoB MOXET CJHYKATh OIeparop »* = jia*, a>0. Ero
CMMBOJI €CTh Iglz (cm. m. 1 § 9).

1. OrpanMyeHHN® CHU3Y caMoconpsikeHuse omeparopu. llycTs
4 - camoconpsxenuwit oneparop B rwib6eprosoM mnpoctpancrse H
¢ (mrormoit) obnacteo onpegenenus D(A). 06o3maumm: p(4) -
pe3onbBeHTHOE MHOXeCTBO, ¢(4) - cmextp u P(A) - mpoexTop-
HO3HAYHAS CIEKTPANbHAx Mepa omeparopa 4,

4 = J AdP(A), (4p,¥) = J Ad(P(A)e,¥), ¢,W€3(A)-

o T
Ilyctes A € o(4). CkaxeM, YTO A NAPUHAZAEKUT CYmeCmBEH-
HOMY chexmpy a“s(A) oneparopa 4 €CiIM NPOEKTOP

P(r+e) - P(a-€) (1.1)

6ecxomeynomepen i Bcex & > 0; ecam npoexktop (1.1)
KOHEYHOMEpeH npx Bcex 0 < & < €, TO A NPUHANIEXUT JUCKpem-
HONy cnexmpy ad“c(A) onepartopa 4.

Taxum o6pasom,
o) = o, () vo, (4,0, () no, (N =a;

Aeo, (4) Torma ¥ ToOMBKO TOrZa, KOrxa A - H3OJHDOBAHHAL
8C

disc

touxka cnektpa o(4) u A - cob6crBeHHOe 3HayeHMe omeparopa A4
KoHeyHO#t KkpatHocTu. Oneparop 4, gmna xotoporo o(4) =
= o, (4), nasusaerca onepamopoM C SUCKPEMHNM CREKMPON .
llpyras xnaccudpukauus touex cnexrpa o(4) ocHosuBaercs
HA PpasjioKkeHMM crnexrpansuoit Mmepw dP(A) (rounee, Mep
d(P(A)Y,¥), ¥ € H) HA CHEArynapayo, abCOMNTHO HENPEPHBHYO X
HENPEPHBHO CMHI'YJIAPHYO 4YacCTH. JITO jgaer COOTBETCTBEHHO
o}p(A) - uucro Toueunyw, o (4) - abComoTHO HENpepuBHYL M
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o (A) - HempepuBHO CYHT'YJADHY® 4YacTH cnexrpa o(4),

sing
= 4).
o(4) a}p(A) vo (4 v a'hw( )
OnHAK0 3TH MHOKECTBA MOT'YT NEPECEeKaThCs .
Tenepr ApPeaNONOXMM, YTO CaMOCONPAXEHHWHE onepatop A4
OzpaHUYeH CHU3Y, T.e. CYWECTBYEeT TakKad NocrosHHas C, 4TO

(4y,¥) = Clyl°, v € D(4). (1.2)

3aMxHYTY®D OuauHEeHHY® $OpMY, NODOXIEHHY ONepaTopoM 4,

o6o3nauuM A(p,y); ee obnacte onpexenenus o6o3HAYUM uepes
Q(4) > D(4), rax uro

A(P’W) = (A¢’W)) P,¥ € D(A)' (1‘3)
0603HauuM uepes Ak(A), k =1,2,..., uHcJIa, onpegenseMmue
NPUEUUIIOM MMHHUMAKCA

Ak(A) =
. A(v,p)
= sup inf —_—- (1.4)
P e P, € Wl.v)lho, 1=1,2,...,%-1 112]
YeQ(a)
HMeer MecTo caenyomas
Teopema. Jlycmp A - O2pAHUYeHHNU CHU3Y CANOCONDAXEHHWU

onepamop B zunbbepmopoN npocmpaxHcmpe H ¢ obnacmpo onpede-
nenust D(A); nycmp A(p,¥) - coomBemcmByomas 6ununeilnas ¢popma
¢ obaacmbo onpedenenus Q(A). Cnedyomue ycnoBust axBUBQseH-

mHH .
(1) onepamop (4-1)"' xomnaxmen npu mexomopon A e p(A);

(2) oOnepamop (A-J\)'1 xoMnakmeH npu Bcex A € p(A4);
(3) MHoxecmso ¢ynxuyui

{v « 202 toisa, 1avy=d}
KoMnaxkmHo npu Bcex a > O u b > 0O;
(4) MHoxecmso ¢yuxuyui

(v« e+ Wiza, 4(v,v)=0}
KONMNAaKmHO npu Bcex a > O u b > O;
(5) Cymecmpyem opmoHopNupoBanHNWl 6a3uc
{“’k e D(A), k = 1,2,...,}
cobcmBeHHNX $yHKUUU onepamopa A, coomBemcmByomux cobcmBeH-

HWN 3HQ9€HUSN {Ak, k = 1,2,...},
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Ao, = A9, (1.5)
npuies xaxdoe A - KoHeyHOU xpamHocmu,

A SA S o, A e, ke (1.6)

(6) AM) > e, ko, (1.7)
2de qucna A (A) onpedensomcs us npusyuna wunumaxca (1.4).

JpyruMu ClOBaMHM, NpU BWNO/AHEHUU 0dHozo ug ycnosuid (1)
- (6) BunonHeww u ocmanbHNe ycaopus, U cnexmp o(4) =

[ = 2
> o, k> ow.

i}

k= 1,2,...] - OuckpemHwld, npuiex A = Ak(A) -

Npmuep 1. Illycrs noTeHuman V([z[P) OTPaHHYEH CHU3Y X
XOHEYeH B Op: C s V(|xh) <w, T € OP. Oneparop rtuna Hpe-
AMHrepa

Ay = D% + v(lz| ¥, « > -1, (1.8)
C CHMBOJIOM
1€l + V(|=])

¥ o6nacTen ompegeNeHMA
D(4) = [¢ < °(0): {61% < L2(R), V(|2 )o < LZ(DP)]

OrPDAHHYEH CHH3Y M CHMMETPHYEH B TI'MiabbepTroBoM HpOCTpPAHCTBE
LZ(QP). On pgomyckaeT CaMOCONpAXEHHOe pacumpenue 4 no ®pua-
PHXCY C NOMOMBED 3AaMKHYTOR OrpDaHMYEHHON CHM3Y OMIMHEHHONH
dopmMu

4oy = [ 1015©F e + [ V(121 0T -
Q Q

P P
= (0*%,0"%) + (Vp,¥), (1.9)
ofnacte OmpexeNeHHs KOTODOH ecCTh
Q(4) = [¢ ¢ I(0):

1€1%% e L2(0), Y V(|| )+|C|+1 ¢ « Lz(ﬂ,,)]- (1.10)

ficuo, uTo

D(4) < p(4) < Q(4).

TNipumep 2. Muoromepuwe oneparopu thna Mpeaunrepa ¢
CHMMBOJIAMK
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1€,12 + .- 16,12 + ¥V(2), |(£,0)], + V(2),

rxe motenuuan ¥V e L (n) uV(z) = -C, z e 0 ZanT NpUMe-
P OTpPaHMYEHHHX cnnay CHMME TPHYHMX onepa.'ropon B LZ(OP)

2. KpHTepHM KOMIAKTHOCTH OyHKIM#A B LZ(O) Tax xax
NpOCTPAHCTBO OP JIOKAJIbHO KOMHNAKTHO, TO DPAX XKPUTEDMEB KOM-—
NAaKTHOCTH QYHKUMH BEWECTBEHHNX APryMeHTOB HENoCpeaACTBEHHO
NMEPEHOCATCA M HA KOMIUIEKCHO3HAYHHE QYHKUMM p-agMyeCKHX ap-
TYMEHTOB, HANDUMED, JIeMMa Apuesa - ACKOJH:

Ecau GecxoHeuHoe MHOkeCTBO M HempepuBHNX OQyHKUMHE Ha
xomnakte K ¢ 0: orpanuyeno B C(XK) M cocrour u3 pasHO-
CTENMEHHO HENpPEepHBHHNX ¢yHkuui Ha X, To u3 M MoxHo BHOpATH
NOCJEeN0BATENLHOCTh , cxoaauywcs B C(K).

Ilycts G - OTKDHTO-3aMKHYTOE MHOXECTBO B Q: (uanpumep,
wap Br, cdepa Sr, BHEWHOCTL WAapa Br: Q\B BHEWHOCTh cCdepu
S : Q:\S.-’ BC€ TNPOCTPAHCTBO 0: M T.O. ) fpocrpancreo L*(6)
(cM. m. 1 § 4) nam Gymer ymoGHO paccMaTpMBAThL KaK MHOXKECTBO
Tex QyHKuUMN U3 LZ(D"), I KOTOPHX HOCHTEJb COAEPXUTCA B G,
T.e. BcAKas <1>ymcuuxp f ua [*(G) 6Gymer cuuraTecs 3aJaHHOK BO
BCEM 0: ¥ papHoii 0 mouTu BCiAy BHe G.

OonpeneseHns .

1. Bymem roBopuMThL, uYr0 MHOXeCTBO Oynkuuit M c LZ(G)
COCTOMT M3 paBHOCMENEHHO HenpepwBHHX B Ue/JON B LZ(G)
¢yukuuit, ecam ana moGoro £ > 0 cywecTByer takoe n = n_ € Z,

€
yro aada sgobon dynxuuu f uz M cnpaseasiMBO HEPABEHCTBO

{|f(a:+h)-f(x)|2dx <evhedB.
G
2. Byaem rosoputh, uro muoxectso M c¢ L?(G) cocrout us
dyukuuit ¢ pasHOcmenewno HenpepwBHwNU L°(G)-unmezpanaMu Ha
6eckoHedHOCmU, €CaIH BAx yqoboro € > O cymectByer Takoe N =
=N e Z, uro gna moboit f € M cnpaBenauBO HEPABEHCTBO

€
| f(z)|%dz < €.
G\B

3. Bymem rosopurs, “trro H3MepUMasd BemeCTBEeHHAsd OYHKLUUs
F(z), 3agannas na MHOxectBe G c Q°, cmpemumcs x +o Ha bec-
xoHeqHocmu (r.e. F(Z) » +w, lz], > =, = e€), ecm G -
HEOTDAHHYEHHOE MHOXECTBO ¥ aAas Jwboro M > O cymecTByer

raxoe N = N e I, uro F(z) > M npn |z]| = "z e@.
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Auasior kpuTepus Pucca =~ KOJMOrOpoBa 0 KOMIIAKTHOCTH.
A1 mozo 4mobw MHoxecmso M c L?(G) 6mno xomnaxmuwn 5 L?(G),
Heo6X0dUMO U AOCMAMOYHO, 4YmMOBH OHO YJOB/NEMBOPSNO YCAOBUSANM:

(1) ozpanuuenc B L*(G);

(2) cocmoum us paBHOCmeneHHO HENDEPWBHWX B UE/NION B
L*(6) ¢ynxuuii;

(3) cocmoum us é¢ymxuyuii c paanocmenenno HenpepHBHLNU
L?(G) -unmezpananu Ha 6ecxoHedHOCHU . ‘

llepexoas x npeoGpasosanmw Pypre, u3 xpurepus Pucca -
KonMoropopa mnomyyaem Takoit KpMTepUll KOMIAKTHOCTH.

Ans mozo umobw uHosecmso M ¢ L*(G) 6HA0 KOMNAKMHWN B
1?(6), HeobxoduUNO U J0oCmAmMOYHO, 4Ymobw OnAu BWNOMHEHW YC~
aosust (1) u (3) u ycnosue

(2') wmmomecmso l|g = F: f ¢ M| cocmoum us ¢ymxuuii c
pPABHOCMENEeHHO HenpephBHWNU 1?(0:)—uumeapanauu Ha 6eckxoHed-
Hocmu .

H3 nocsegnero kxpuTepus cpa3y CAEAYeT AHAJOr KpUTepMs
Permmxa. Ecau MHoxecmBo ¢yuxuyuii M c Lz(G) OzpaHU4YEHO B
L*(6) u yooBnempopsiem ycaoBusiM

[a(ﬁ)lf(s)lzde sC, fed, (2.1)
g
Fmﬂﬂ@fwsC,fe% (2.2)
G

2de o0(£) u p(z) - nonoxumenbvHwe ¢$YHKUUU, cmpeNsmuecst K +w

Ha 6eckoHeuyHocmu, U yucao C He zasucum om f, mo M xoMnaxmHo
B L*(G).
3ameyanne. B ciayuae orpamuuennoit obractu G ycnosus (3)
u (2.2), ecTecTBeHHO, OTCYTCTBYOT.
3. Onepatop Tuna lipemuHrepa ax+V-. Onepatop ax+V- = 4
- ncerppoauddepeHUMANLHNI,
(W)@ = [ #@F©O%,@0)E V. G
Qh
)
Bymem paccmarpuBath omeparop A4 B ruwibfeprosom npoctpaHncTse
L?(6), rme € - OTKPNTO-3aMKRYyTO€ MHOXECTBO NPOCTPAHCTBA Q:.
Hostomy B (3.1) = mpoberaer mMuoxectBo §. CuMBONOM omepaTtopa
4 aBaserca (o6o6wennas) ¢ynxuus
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a(g) +V(z), £ e, z¢6.

HOpennonaraeM, uro a(€) ¥ V(z) - dymkumum, OrpaHuyeHHMe CHU-
3y, NOKANBLHO OrDAHMYEHHME M CTPEMATCA K +o Ha GECKOHEYHOCTHM
B Q: ¥ 6 cooTEeTrCcTBeHHO. DBes orpamMyenMs OOGWHOCTH MOXHO
cunrars, uto ¢yHkuun a(£) u V(r) monoxmrTenbHM.

B xauecrse ob6nactm onpenenenus onepatopa A BO3bMeM

MHOXEeCTBO
D(4) = [w < IP(6): GF « (W), Vy < LZ(G')].

llpu coenaHHMX NPEXNOJOKEHHIX Oneparop A CUMMMETPMYEH M IOJIO-
xureneH. Coorsercrsymomast O6unuueitnas ¢opma

A(y,0) = J a(e)u(e)e(g)de + JV(z)w(z)ETEwa (3-2)
G

On
P

c obmacTeo onpenesieHus

Q(4) = [w < IP(6): @7 § € L), VP < LZ(G)]

3aMKHyTa M mnonoxurenbHa. Hoaromy omnepatop A4 pgonyckaer
(eauncTeennoe) caMoconpaxennce pacumpenne (no Ppumpuxcy) 4
¢ obnactem onmpenenenus D(4) = D(4%) n Q(4) < Q(4), npuuem

A(Vl,fl’) = (ZV'W), P,V € D(Z)'

CooreercTByowas (3.2) xBagpaTHuHas ¢opMa MMeEeT BUI

A9 = jﬂe)ﬁ(e)ﬁds < [r@ @ e, v e ot a9
nh
P

«Kpaesas» 3amaua anaa oneparopa A4 Ha MHoOxecTBe G

crasurca Tax: mycts f e L?(G), maimtu ¢ymxumo ¢ us D(4),
YAOBIETBOPANUYD yPABHEHHN

(Ap) (z) = rp(z) + f(2), z € 6. (3.4)

Ilpu f = O moanyvaeM 3amayy O CHeKTpe onepartopa 4.

3ameyanme 1. «IpaHuuENE» YCIOBMA B <«KPaeBON» 3amaue
(3.4) cnpatams B onpenejseHuu kBaaparuyaoirt dopmm (3.3), B
KOTOpO# mpeanonaraercs, 4YTO ¢yHkuuu ¥ obpamawrcd B HYNbL BHE
G.

B cuny amanora xputepus Pemnxa (cm. m. 2) swboe orpa-
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mnvennoe B L?(G) mmoxectro ¥, nns xoroporo

AV,¥) = b, ¥ e N,

npu mexotopoM b > O, kommaxtho B L°(6).” Orcoma, nons3ysachs
TeopeMoit n. 1, BuBOAMM, uTO K oneparopy A npUMEeHMMa TeO-
pust Tunsbepra - HMuara, a MMEHHO, CHpPaBElJIMBA CACOYOWAS
OcHoBHasi TeopeMa. llycmb ¢yHxuuu a(€) u V(z) ozpanuuennw
CHU3Y, /IOKQAbHO UHMezpUpyeNw U cmpeMsamcsi K +o Ha beckoHey-
Hocmu B Q: u G coomeemcmBeHHO. Tozda cnexmp onepamopa A =
= a*+V:. OuckpemHwd U cocmoum U3 BemeCMBEHHNWX COb6CMBEHHNX
3HAYEeHUul Alshz s ..., Ak > +o, k 9 o3 Kaxdoe cobcmBeHHoOe
3HayeHue - KOHedHoll KpamHocmu. CoompemcmByomue cob6-

CmBEHHWe $YHKUUU ¢ € 0(4) o6pasyom opmonopManbHuii 6asuc B
L*(6),

Zgok = A0, (thk,wj) = 6k1’ k,7 =1,2,... (3.5)
Cnpaped/nUB BAPUAUUOHHNU -NPUHUUN
_ A(v,¥)
A= min > (3.6)
(W,pj):o,):i,z,,..,k—l 2]
YeQn)

npuyeM min B (36) peanusyemcs Ha cobcmpentoli ¢YHKUUU
¥ = P, coompemcmBypmell cobCmBEeHHOMY 3HAYEHU© A .

Mpu A = A, k=1,2,..., onepamop (Z—J\)'1 BnosiHe He-
npepwBeH, max 4Ymo ypaBHeHue (3.4) O0OHO3HAYHO paspemuMo B
D(4) npu moboii f e L?(6) u ezo pemenue Bupaxaemcs ¢opuyaoil
> (f’q’k)

v = k;—x-—q’ﬂ- (3.7

Npu A = A _pemeHUe ypaBHeHUS (3.4) cymecmeyem mozéa u monb-
X0 mozda, kozda [ OpmozoHAALHA KO BCeM CO6CMBEHHNM ¢YHK-
UUSIN, COOMBEMCMBYOMUN CO6CMBEHHONY SHQYEHUD A ,

(f:q’k”) =0, 5= 0’1"""‘1;_1’ (3.8)

2de n_ — KpamHocms Ak; amo pemeHue BNpaxaemcst ¢popMymaold
o (fre) el
$= z A -A U] * zcﬂ’m’ . (3’9)
Jj=1 3 k j=o0
Ajthk
2de cj ~ NPOU3BO/IbLHHE NOCMOSTHHbE.
3amevanme 2. (cHoBHAg TeopeMa 0CTAeTCS CHPAaBEANMBON M
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OIS TeX OrpaHMYEHHMX CHM3y ICeBXoaudppepeHUHANBHNX oOmepa-

TOPOB, IUIA KOTOPMX CuMBOX a(£,Z) /NOKaJILHO HTErpMpyeM M Ha

0:><G u obnagaeT TeM CBONCTBOM, 4YTO BCAKO€ MHOXECTBO QYHKUMIH

BMOA

fper@ me1, [o@omcEni@TEcs: 5 1)
Q:XG

komnaxtao B LZ(G).

Of6pauneHnue ocHopHo#i TeopeMm. Ecau onepamop A = ax+V- B
0: muna lipeduHzepa C CUMBOON BU3Q

?(‘gllp’ cev Ignlp) * V(lelp’- ces lxn|p)’
2de P u V noxanbHO ozpaHUYeHHHE U OzpAHUYEHHWE CHU3Y ¢YyHK-

yuu, maxoB, 4YmMo 9ucaa Ak(A), k=1,2,..., onpedensesne
opuHyunoN MuHuMaxca (1.4) no xBadpamuyHoi ¢opMe

A(w,¥) = J?l%(s)|2d£-+ [Vlw(x)l"’dx, (3.10)
Q oA
MaKoOBH, 4NO AK(A) Y2, ko>w, mo P> o, |§|p 2o UV 3 o,
|x|p -> .
s Paccmorpum cuaugana cayuvait n = 1. lycrs V(‘xlp) He
CTPEMHTCA K o IpH |:c|p - ». Torma mnaitayrcs uucao X > O u

MOCHCROBATENBRHOCTE HEJHX YHCeJT pk > o, k> o TaKue, 4TO

pk
V[p ] <K, k=1,2,... (3.11)
Ha ¢ynxumax I poma (cm.(5.15’) n. 5 § 9 gna p=2 n (5.6')
n. 5§ 9 qma p = 2) w:-pk,nx(x)’ RS KOTOPHX
9@ | = 2 121,27
le—Pk»hl(x) p-lp 8 lep p ’
2 p p-2 2-p
~2 _ Kk _ K
pz—pk,t,l(f) = _p-lp 5(|5|p p ]’

kBagpaTuyHas ¢opMa (3.10) npuuuMaeT 3IHavYEHHE

2 2 _
A('pz-pk,hi’wz-pk,l,:) =

P p-2 2-p
= 51 J?(lﬂp)ﬁ[lilp-p “ae
Q

P
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+ -,-,—_Iifp-p"J V(IEI,,)S[IzIp—pp"] = ?[pz-p“] * V[pp“]

Q
P

M, cnegoBaTespHo, B cuiy (3.11) orpaHudena no k 4MCIOM
2-p,
sup ?[p ] + K.
k=1

Ilo Teopeme nm. 1 MHOXeCTBO QyHKUMH
{(o:_pk,l’l(x), k= 1,2,...} (3.12)

ZOMKHO OHTH KOMIAKTHHM B l?(ﬂp), 4YTO HECOBMECTUMO C OpPTO-
TOHAJIBHOCTRI0 9TOH cucteMu. JllosyyeHHOe NpoTHBODEYME M AOKAa-
3uBaeT, 4TO V(|x|p) > @, |Z] o .

AHaJIOrMYHO JOO0KA3HNBAETCHL, UYTO ?(]Elp) > w, |£|p -
Mpeamonarasd, 4TO 3TO HE TaK, MJIA COOTBETCTBYWWEH NOCIEA0Ba-
TENLHOCTH LENNX YMCenl p > w, k > o, QYHKUMM, AHATOrHUHUE
(3.12), Bubupanrca B BMEE

{ p 11(1)’ k=1 2,...}. (3.13)

llpy n > 1 nokxasarenbCTBO NPOBOAUTCS AaHAJOrMyHo. B xa-
YeCTBE OPTOHODMAJIBLHHX CUCTEM QYHKUMI HYKHO B3iTh HNpOuU3BEIe-
g dymxumit (3.12) u (3.13) ¢ pasaMYHWUMM apryMeHTamMu. =

4. Onepatop Da, a>0m8 £ﬁ. BuuucnauM B aBHOM BuUge BCe
cobcrBenHne 3HaueHMs M Bce cobcTBennme ¢yHxuMM onepaTropa
Da, PaCCMATPHBAEMOI0 B Kpyre B < 0 r e l.

Ilo ocHOBHOX TeopeMe m. 3 cnepr oneparopa D% (ero cum-
BOX ecTh |£| ) B Kpyre B AMCKDETHHit, a cobcTBewHue ¢yHK-
ukn obpasyor opronopuuponannun 6asuc s IL? (B ). B coorBercT-
BMM C HPMHATHMM ONpPENEJEHMAMUH COOCTBEHHMMM QYyHKUMAMMU ONepa-
ropa D* B B_aBaawTca Te cobcrBennue ¢ynkuuu omeparopa D® B
Qp, HOCHTEJM KOTOPDHX COZEPXATCH B Br. Cob6crBeHHue QyHxuuu
oneparopa D* s Dp BHUYMCAEHH B m. 5 § 9.

llpeasapurensHo ybemuMcas B CHpaBEeRJIMBOCTH ClexywWeit
JIEMMH .

NleMma . nycmb ¢ynxuus f(|z| ), T e Q maxoBa, 4wmo
m

zp""‘|f(p')| < w, zp NP <

npu HexomopoN o > 0. Tozda

*
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LOPR. JUpS
@@ = LD gy
I -1
1 -a-1
[lzl £(1))dy +
r (-a) P P
P |y|p<|.’l;|p

fyr;“"f(tyrp)dy], TeQ. (4.1)

PIRIEIR

B wacmHocmu, npu f(|:1:|p) = Q’[p'r|x|p), rel,

r-1 .
(0%f) () = —— Ipa“ ", zeB; (4.2)
I

apu f(|zl,) = 8(Izl,-7"), < T,

o
p+p-2 A (1-r)
2

D%f)(z) = P (4.3)
r -1

relS.
r

s Ilo onmpenenenuo omeparopa n* (cm. n. 1 § 9) umeem

N PRETR
(%F) (z) = f_+F(|2]) = I "y -
¥ (-a) |z-y|

o
P

1

- -0(-1 dy +

- (_a)[lxl,, vl )dy
’ lyi<l=|,

-0~
+ lvl; ‘f(|y|p)dy] -
lyl >1zl,

[z %! dy + |y|;°‘“dyJ. (4.4)

P
vl <lzl, i >lel,

f(lzlp)[

r, (-

N
Ho, o6osnavas [:c]p = p , uMeeM

1 -0-1 - -0-1 -

lyl <l=], vl >z,
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P

]
[1 g . Y YT 1-%)] =

l"p(—a) 7=N+1
-a
T
- _ 1 ! l" . p-a("'”(l--]-'-) 1 -
reol ? Py-p®
o - o
= ’xl—a_p_._i l -+ (1—.]_') ? = lxI-apa'p—ip;%
P 1_p—(!-‘l ? P 1_p-a p pabl_l

oTkyma u u3 (4.4) creayer pasencrso (4.1).
Pasencrso (4.2) cneayer npome u3 (4.4): eciu |:1:|p =

= p°, To

1
O*F) () = - J vl =y =
T (<) ’
o lylpr

(1—-1—)1)’(“‘“71)7 -
Fp(—a)']:ru ‘p

o
! -1 ( _l) ~a(re1) 1 - Pl an
1_p—a—1 l_p—a pa+1__1
Pasencreo (4.3) cneayer us (4.1) mpu z e S. =
Oycrs p=»2. Cobcreennne ¢yuxkuuu I poga (oN e, (cMm.

(5.15’) n. 5 § 9) c uomepamu l-N = 7 uMenT HoCUTENIK B Br, ¢
nomepamu l-N > 7 obpawaTcs B HYJL B Br. CobcrBeHHNEe (yHK—
¥, 1,0 (cM. (5.15") m. 5 § 9) c nomepamu 1-N =

= r uMewt nocurenu B B, c nomepamu 1-N > r obpamanrca B 1

uuun IT poma go

B B . Ho mo semme 4>ymcum{ v, (z)=1, © e B, aBnaerca cobecr-
BEHHON Jynxuuei omneparopa % s Br, COOTBETCTByOUe# cobcrT-
BEHHOMY 3HAYEHHI
»-1
i-
A= ———p* (4.5)

[»] pa+1_1

Pasencrso (4.2) mpu y (z) = 1 u ¢ € B npunumaer BURX
(1%,) (2) = A, (2) -

Tax xax cobcrBeHHme QyHKuMH ¢

(s 4
Ne, oneparopa U B GDP

o6pa3yr oproHopMMpOBaHHHK 6a3suc B LZ(Q ), TO mepedMCIeHHHKE
Bume cobcreennme $yHkumu omepatopa D% B B o6pa3yor opro-
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HOpMMpOBaHHuWA 6a3uc B LZ(BI_). B wactmocTM, xpatHOCTE CO6-
CTBEHHOI'0 3HAYEHHS A DaBHA 1.

Hrax, nmonyueuum caeayoupe Co6CTBEHHNE 3IHAYEHUA M OPTO-
HOPMMPOBAHHNI 6a3uc cob6CTBeHHuMX QyHKUMHE Omeparopa Da, a >0
B Br npu p = 2:

p-1 o (1-1) —r/2

Y = e P #y(2) =
xpaTnoc'fL 1;

(1-r) .
A, = %%, II poma o) | (2), 5 = 1,2,...,p-1,

KPATHOCTH p-1;
o (k-r)

lk=p ,Iponap

(),

7 =1,2,...,p-1, 1 = 2,3,...,k, €,

erC

II poxna P (), j =1,2,...,p-1,

k-r, §,0

CyMMapHO# KDPATHOCTH

(p-1)%+(p-1)%p+. ..+ (p-1)?p2+p-1 = (p-1)P*", k = 2,3,...

Ilycts p = 2. Cpenu cobcrBenmnux ¢yuxumit I poma 'pu)c

(em. (5.6°) m. 5 § 9), mocurenn xoTopux Comepxarci B B, -
Te, AAs KOTOpHX [+1-N = r; ocranbmme o6pama,n'rcx B HyN1b B
B . Cpemn cobcreemmux ¢ymkumit II pona wnjo (cm. (5.67)
n. 58§ 9) - re, nna xkoropux 1-¥ = r npu 5 =-0 n 2-N = r npu

j = 1. (3ameTuM, 4TO HOCUTENb OQyHKUMK rp COIEDKUTCI B

N,
) Kpoue Toro, mpu 1-N > r qp“oo(:c) 5110 B B, a npx
2 1V R of2) =0 3 B. To onemme y =1 ecrs
co6cTBenHas ¢ynxuna omeparopa D% B B, coorBercTBYNMAs
cofcTBEeHHOMY 3HAYEeHUd )\o; Ao - apocroe cobcTBeHHOE
3HAYEHME .

Hrax, noayyens caegywume coOCTBEHHME 3HAYEHHS U
opTOHOPMANLHNIE Ga3uc cobGcTBeHHNX QyHKuUMIt omeparopa * = Br

nmpu p = 2:
- 2 _ o-r/2

A, = o®+1_y ’ %(-’B) =2 ?
KpaTHOCTH 1;

—_ o0Q1-r)

A, =277, II pona fplroo(:z:),
KpPATHOCTE 1;
A, = 2%%" 1T poma ¢! (), 7 = 0,1,

2 2-r, §,0
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KPATHOCTbL 23

A za(k-r)

. , I poma o  (2),
€,

1=2,3,....k1, j = 0,1, ¢,
II pona p;_m'o(a;), j=0,1,

CyMMapHOR KPaTHOCTH

2(1+2+...+2%+2 = 2" k£ =3,4,....

5. oneparop 0%, a > 0, B S . Kax u » cnyuae xpyra B,
BNYMCIMM B SBHOM BMAe co6cTBemnsne ¢yHkuuu ¥ coBCTBeHHHe

3HaYeHud oneparopa D* ma OKDYXHOCTH éﬁ < Qp, r.e L.
1

Ilycrs p=2. .Cpesm cobcTBeHHux o¢ymkuuit I poxa Pu e

SN
(cm. (5.15) m. 5 § 9), HocuTenm KOTOPWX Cogmepxarcs B S -
Te, maa xoropux l-N = r; ocrampuue obpawmaoTca B HYNb BHe
S}. Cpenu cob6crsenunx odynxkuunn II pona ¢; io (eMm. (5.157)
n. 5 § 9) rakux mer. MHx orauumme or O cjexw Ha Sr - 3TO

byHKuUKM
1, vj(x) = xp(jp"lx), J=1,2,...,p-1, z & S_. (5.1)

Pynxunu (5.2) suueiHo 3aBMCHMMH Ha S, MOCKOMLKY

p-1 p-1 p-1 ]-
- .or-1 - i = _
Z’u}(z) = pr(]p z) = Zexp[2mpx] 1, zeS.
)= =1 =1
OcraBumecs dyuxuuu {v), 7 = 1,2,...,p—1} JIMHEHHO HEe3aBUCHUMH

Ha S mockonsxy (cm. (3.2) m. 3 § 4)
rs
" (1-3), s=k,

v,v,) = | 2 ((F-k)p'z)de = (5-2)
( J’ K ‘l" P __pr-l’ j*k,
r
H NMO3TOMY
p-1 -1 -1
-1 p-1 ... -t
(r-1) (p-1) rp-r-1
detﬂ(vj’”x)l=p” i IO =77 = 0.
-1 -1 ... p-1

B xayectBe 6a3uca ¢yuxunﬁ (5.1) Bubepem $yuxuun

v =1, ¢

o = 2,(Jp"'2) -2, ((7+1)p"2), (5.3)

]
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J =1,2,...,p-2.

Mo nevme m. 4 § 10 ¢ynxuus wo(x) = 1 - cobcreennas
dyuxuus oneparopa D*, cooTsercTBywmas co6CTBEHHOMY 3HAYEHMIO
(cm. (4.3))

o
_? +p'2pau-n‘ (5.4)

A = —
o pa+1_1

r

bynkumMm  xe {wj, J = 1,2,...,p—2} NPONOPUMOHAJEHN Ha S

COOTBETCTBEHHO QYHKUMAM
wl—r,j(x) =

1
= E[V’:_r,“,o(x) - «’i_r’j”,o(x)]: J=1,2,...,p-2 (55)
(em. (5.167) n. 5 § 9), u mMo3TOMYy ABAANTCA COBCTBEHHNMM ONs

onepatopa D%, coorBeTcTBy0UMMHU co6CTBEHHOMY 3HAMEHMIO

o (1-r)

A, =P

Pe3wMupyeM: mpu p # 2 oneparop " s S;, T € Z, wnMeer
caenywuMe coOCTBeHHHE 3HAYEHMS M HOPMMDOBAHHHI 6asuc cob-
CTBEHHHX QYHKUMI:

o
p+p-2 /P
— o {(1-r) _ aoT72
A, = ;Ej?j;p > #(z) = p 71’ (5.6)
XpaTHOCTH 1;
a(1-r)
Ax =P " 4 wiﬂuj(z) =
P- r/2
- - rel _ . r~1 =
= ——[x G779 - % (D)

e [Py ® - @], D)
V2

j=1’2" . -,P'z,
KPATHOCTH p-2;
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A = pa(k-l’), p:-r'he (x)’ (5-8)
k

J=1,2,...,p-1, €.

k-2
xpatnoctu (p-1)°p*2%, k = 2,3,...
Nepeuncnennue cobCTBeHHME JYHKUMM B3AUMHO OPTOr OHAJLHH

B Lz(Sr), xpoMe OGyHKuMN {“’1-” J= 1,2,...,1)-2}, ONE KOTO-
pux B cuay (5.3)

-1/2, ecnn j=k+1 wiu k=j+1,

T (5.9)
[ 137 Tier K 0 , ecmn jzk, jek+l, k=j+1.

pu p = 2 coGCTBeHHMEe 3HAYEHHWA M ODPTOHODMANBHHI OGaszuc
cob6crreHENX ¢YHKHMIt omeparopa s Sr MMEOT BHA:

g®(2-1) =
Ay = (oo(z) = 2 ° , xparuocTtu 1;
257 -1
a@-r 1
A, = 2 0 'pz-r,i,o(w)’ KpaTHOCTH 1;
A = Ul ok (x), j = 0,1,

k-l-r,),ck

kpatuoctu 2, k£ = 2,3,....

6. Oneparop Da+V(|x|p), «>0, 80 (p = 2). Paccmor-
puM omeparop tuna Hpegunurepa 4 =~-D°‘+V(|x|P) (cM. mpumep 1
n. 1) B NpPEANOOKEHHAX, HTO NOTEHUHAT V(lzlp) - KOHEeYHas
OFPAHMYEHHAA CHM3Y OGyHKUMA H V(]a:lp) > w, ]xlp > w.
Onepatop A orpanMyYeH CHM3y H CAMOCONDAXEH, €CJH B KavecCTBe
ero o6nactu omnpengesnenus D(A) B3ATH MHOKECTBO TeX M TORBKO
Tex OyHKuMit y H3 LZ(QP), Ans  Koropux Ay e Lz(ﬂp). Ou
YROBJIETBOPAET YCJOBMAM OCHOBHON Teopems n. 3. B wacrHocrH,

ero cmextrp auckpetHuit. Ilycrts Ay A, A - ero cobcrBen-

22
HHE€ 3HAYEHHS, Ao s h1 = 7‘2 s ..., @ 95 P, --. — €ro
cobcTBennue yHxuuM '

4y

. = AP, P € D(4), k=0,1,2,...,
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Bce cob6cTBennue ¢ymkuuu 1 poxa P;, e (em. (5.15%)
hE,

§ 9) apnaawrTca cobcTBeMmuMmu yHKUMAMM omepaTtopa A, COOTBET-
CTBYwupmMu COGCTBEHHNM 3HAYEHUSIM

A; = p™ 4 V[ph“], 1 =2,3,..., Ne L. (6.1)

Kpatuocts A; He MeHBUe, YeM
2 -2
(p‘l) z py s
y
rae (z,y) - pa3IHYHHE DeWeHUd yPaBHEHHA

2™+ V[py_x] = p™ . V[pl'"], y=2,3,..., z e L. (6.2)

JTO0 yucio KOHEYHO 1O OCHOBHOIH Teopeme m. 3.
lanee, cobcrBennne ¢yuxumu II poma (em. (5.16”) m. 5
§ 9) u (5.5))

(@) = —[oh,0(@) = 0,0, =
N-1

P 2

vZ

8 [ | xlp-p""] [xp(jp'"w)—xp( (J‘+1)p'"x)] > (6.3)
2

J=1,2,...p-2

ABAAWTCA COGCTBEeHHNMH ¢yEkuuiMK oneparopa A4, COOTBET-
CTBYuMMH COOCTBEHHHM 3HAYECHUSIM

AL = P V(pl‘“), Nel. (6.4)

Kak majtitu memoctawume cobcrBennue dyuxuuym omeparopa 47

Kax cnexyer u3 pesynntatoB m. 5 § 10, moanpocTpaHCTBO,
HATARYTO€ Ha Te cobcTBeHume ¢ynxumu (5.15) §9 u (6.3), y
KOTODHX HOCHTENM COAEePXaTcs B OKpyxHocTH S , 7 e I:

{¢L*,Lel’ Ner =2,3,..., 7 =1,2,...,p-1, €3

14 y? J = 1,2;--',p'2}’ (6'5)

1-r,

HMEeT KOpa3MEPHOCTH 1 M OpPTOroHanBHO X 1 B LZ(SF). HApyrumu
CNOBaMu, BCAKas QYHKUMS Y u3 LZ(OP), OPTOrOHANBHAS KO BCEM
cobcrpennum ¢ynxumam (6.5) mpu Bcex r € I, eCThb NOCTOAHHAS
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Ha Kaxmoi OKPyxHOCTH S , Ppasiaraercs mno OpTOrOHANLHOMY

xanoHMYECKOMy Gasucy {8(|z|p—p7), 7 € l} B Lz(ﬂp):

o
—p7 = (AW
Wizl = T ws(lal 0], v, = w0 (6-6)

MHOXECTBO yHKUMI P M3 L(ﬂ) puga (6.6) obpaayer
runs6eproso mpoctpanctso L’ (O) (3a.MKHyToe) HOANMPOCTPAHC-
TBO LZ(Q) Ono usomopduo rn.nb6ep'rony NPOCTPAHCTBY l noc-

JegoBaTeJsHOCTER ¥ = {’/’7’ 7 € Z} C HOpMOit

=y Al (6.7)
7=-w
npuueM
1
I* = (1 - DIl

7. OnepaTop Da+V(|x|p), a>0,8 L;(Dp), p = 2. llpeama-
PUTEJbHO NOKAXEeM yTBEpDKIcHHE

NpocmpaHcmBo Lz(ﬂp) UHBAPUAQHMHO OMHOCUmEeNbLHO onepayuu
npeobpasopanust Eypbe.

» Jto BuTexaer u3s ¢opmyam (3.3) §4: npeobpasosanue
dypre QymkuMit u3 1)(0 ), 3aBMCSUMX TOABLKO OT |x| (naorHOTO
B L? (ﬂ) MHOXECTBA) ecu dyuxums Takoro xe Knacca Tak xak
nonnpoc'rpanc'rso L’ (0) samknyro B L° (0 ), a omepauus
npeobpa3oBanus ¢ypx>e HenpepuBna B L? (0) (cm n. 4 § 7),
3TO yTBEPXIEHME CHDABEIJIHBO M [Jid BCeX (bymcu)m us L? (0)

H3 poxa3aHHOTO YTBeDXAEHHMS CjelyeT, 4To omnepatop 4
npeobpasyer o6aactes D(4) n L (0 ), rae D(4) - obnacts ompe-
nenenus onepatopa A (cMm. m. 6), B LZ(Q) (nockonsxy ero
CUMBON |£|‘:+V(|:1;|p) 3aBMHCUT JIMMEL OT IEIP ; ]z|P)

0603nHauMM uepe3 Ao CyXeHHe oneparopa A Ha HOANPOCT-
PaHCTBO Lf)(o ). Ero o6nacte ompeaesenus ecTs SD(AO) =
= D(4) n Li(DP). llo nemme m. 4 omeparop 4 Ha QyHKUMAX Y U3
D(4)) wmeer Bun

) (1) = @) (12]) + V(lel Jv(lz]),  (7-1)

rae K - mosOXMTENbHHNH HMHTErpajbHNH omepatop,
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&) (I=],) = Jﬂ[lfvl,,lylp]w(lylp)dy, (7.2)

) 4
C CHMMETPDHYHNM BEWECTBEHHHNM AADOM

(1

¢! ™<t,
r,(-e)
o
p+p-2 o
K(t,t) = | -t . o=t, (7.3)
(p-1)(1-p777")
1 %1
s — b
rp(_a) ™©ot.

B tepMunax mocneposarenbuoctei ¥ = {'ﬁ.,, 7 € Z} onepa-
TOp AO NPMHHMAET BMI

(49, = Ko, » V(v , v e (7.4)
o’y 7,ZLm LA S 4 7’ ’
{
p_l - * *
T(o+1) 1,, 1,57_1’
r(-a)
P
(4 o
p (p +p-2)
K, =4 ———p 7" 7'=v, (7.5)
7Y pa+1_1 4 i
-1 .
—p ", v zy+l.
or (o)

Marpuua J(",, 7,7’ € I, cuMMerpusyeMma.

Hawa 3anaya ~ MCcnenoBaTh CHEKTPasibHME CBONCTBa ONepa-
TOpA Ao.

(_)nepa'rop Ao ~ OrpaHMYEHHNA CHM3Y M CMMMETDHYHHR B
Lz(ﬂp) ¢ obnactin onpenenenus D(4) = D(4) n Ls(ﬂp). Ou
YROBNETBOPAeT YCAOBMAM TeopeMw n. 1 ¢ X = Lz(op). B uacrt-
HOCTH, €0 CHeKTDP - AMCKpPETHMH, T.e. COCTOMT ¥3 COOGCTBEHHHX

3navYeHMt {uk, k = 0,1,...}:
Hy S B S M, S ..oy 1w, ko w,

4
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Kaxgoe KOHEYHO# KPATHOCTH 7 ; COOTBETCTBYOUME cobcrren-

HHE QyHKUUH wk(|x|p),
Ao'llk = ukl/!k, wk € D(Ao): k=0,1,..., (7’6)

. 2

0o6pa3ynT OpTOHOPMMpOBAHHMHA Oaizuc B LO(QP).
8. Haumenbllee coGCTBeHHOe BHA4YeHWe. JIECh MH IOKAXKEM,
UTO HaUNeHbmee COGCMBEHHOEe 3HAYeHUe A onepamopa muna Upe-

duHzepa
d=0%+ V[|z|p], «> 0,
npocmoe, ydopaempopsem OUEHKAM

inf V(p") < A, <
vel

-y 7
. 1 p _ , P
< 1nf(1 - i) a1 * P7 z V(P1 )P7 , (8.1)
el 1-p 7' T

A, = M,, U eMy coomsemcmpyem (eduncmpennas) nonoxumenbHas
cob6cmpeHHast YHKUUS wo(lwlp) us ﬁ(Ao).
s Jna nanvenswero co6CTBEHHOTO 3HaueHMs A onepatopa 4

CIpaBEANMB BapUauMOHHMM npuuuun (cMm. nx. 1, 3)
(&y,9)+(Vy,¥)

A, = in 5
yeQ(4) fvli

= (do,,0,) =

= (Kq’o’«’o) + (VWO;SOO)’ (8'2)

npuueM Aapo X |x|p,|y|p MHTErpajiLHOro oneparopa K obGnagaer
csoiictBoM: K(t,T) < O npu t=t u X(t,t) > 0 (cm. (7.5)); B
(8.2) ¢, (z) - mobas cobcreemnas ynxuus omeparopa 4, coor-
BeTcTeyomas A . Bes orpanuuenus obumocTn MOXHO cuMTaT ¢
BEWEeCTBEeHHONA .

JdoxaxeM cHagama, 4YTO po(x) z 0, e Op.

s llycTe, HANDOTMEB, CymeCTBYOT OrpaHMYeHHHE OKPECTHOCTH
U(z') n V(z") rouex z' u z" taxue, uto ¢ (z) > 0, z e U(z’)
x vo(x) < 0, z € V(z”), Tak uro

lo,(2)| = o (z), z e U(z’), n | (z)]| > o (2), T e V(z)

(n Bceraa |po(z)| = ¢b(x), T e Qp).
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Beenem mocaenoBaTeNbHOCTH, OYHKUM

{n@ = s,@[a(s"121,) - a("1z1,)]. ¥ > )

u3 D(Op) ¢ D(4) c HOCHTemaMM B B"\B_", TaKk 4TO ¥, > ¢, N>
» o B I?. Orcoga u u3 3aMKHYTOCTH xBaxpaTuunoit ¢opmm A(Y,y)
(eM. m. 1) u (8.2) crnemyer

Aw,v,) (4v,.9,)
inf———— = in

f———— = (do,,0,) = A, (8.3)
A A oe °

lanee, mnpu pocrarouno Gomewom N U(z’) v V(z”) < B\B w,
TaxuM o0pa3oM,

J x(12,01w1,) (@0, @) -

- @) |19, 0) |)dzdy = 2, (8.4)
rge uyuciao n > 0, pammoe

n=-4 J J x[lxlp,lylp]wo(z)lwo(y)ldwd?ﬁ
Ulx’) v(x") ’

Hs (8.4) BuBomMM

A = [ (i, 100} 10, 110y @) sy -
q
LN
+ [J((lz]r’,[z]p]w“(x)‘?dz + JV[[:I;\D]M"(x)‘de <
OP QP
s [ x(121,5191,) ¥, (@)W, (v) dzdy +
o
ERITR
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. Jx[|x|,,|x|,]wu<x)zdz . JV[IxI,]w,,(x)Zdw-- "=
Q Q

P P

= (AWN"/IN) - 7.
Orcoma, yuurusas, 4ro leqlﬂ = "w“", BHBOIMM HEDPABEHCTBO
Alw,151v,1) (4 ,0,)-7
e, 11° v, 1

xoTopoe B cuay (8.3) NpPOTHBOPEYUT BAPUALUOHHOMY IDUHLUHIY
(8.2). =
AHAJIOTMYHO HOKa3HBaeTCH, 4T0 jwbHas coOCTBeHHAA QyHKUMA

1A

N—-)m,

wo(]x]p) omepaTopa A, COOTBETCTBYOWAs HAUMEHbUIEMY cobcr-
BEHHOMY 3HAYEHHO [ , HEOTDMUATENbHA.
Hoxaxem, uTo wo(]z]p) >0, ze0.
m Ilyctes, w=anporus, cymwecrsyer Takoe 7 € Z, 4TO
wo(p7) = 0. Torga, MHTErpMpys ypaBHEHHE
Ap, = Ky + Vy = py

0 0’0o
MO0 OKDYXHOCTM S7 u obosnavyas Y = 8[|¢|p—p1] € D(Qp), noay-
YHM MPOTUBOPEUHE :
(49:9) = [9,:49) = [0:80) = [,.79) = w00 = 0,
MO CKOJIBKY

(o) =00 o) -

= (1 - %)p’ J x(p’,lyl;]wo[lylp]dy <0.m
lyl,=p"

Orcwna creayer, 4To p - npocmoe cobcmBeHHOe IHAYEHUE.

s Eciy 6u mawracs aApyras JMHEHHO HE3aBHCHMad COOCTBeH-
HAd QYHKUMA Y, COOTBETCTBYOMAA ( , TO M0 JOKAZAHHOMY
w0(|x|p) >0, z e Qp, M MOXHO INOCTPOMTHL HMX JUHEHHY® KoMOu-
HALUMO, NPHHAMANNYN KaX HOJIOXMTEJbHHE, Tax M OTpHUATEeTbHHE
3HAYEHUA, YTO NPOTHBOPEUYHBO. ®

H3 Bapuaumonmoro npuuuuna (8.2) ¢ O4YEBMAHOCTHO CjleRy-
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er, 4TO A S U Ho A < u, 6uTr HEe MoXeT, HHAYE COGCTBEH-
HHE anxuun ®, (z) = O oy, (j=| ) > 0 pmomkum OuTe  OpToO-
FOHAJILHHMK B La(Q ), uro nexosuoxno Cnenosarensno, A = u
u o (z) = v:o(lz]p) daKkTHYECKH 3ABUCHT OT lxlp.

Ouenxku (8.1) cnexywtr u3 Bapuauuonsoro npuHuuna (8.2).
Huxusa ounenka oveBMAHA

= (Kyy,v,) + (Vo ,¥,) >

>JVﬂﬂQﬁﬂzuwz=igVUth
D P

P

Jlns mosnyuenus Bepxmeit ouenku (8.1) moacrasum B (8.2)
— — -7
v = Aw(x) = n[p |x|p] € 2(Q).
Nockonsky
2 _ 7T % - ¥ v
18,17 = 2%, (0 = p"a[p"1¢1,)
(cMm. m. 2 § 7), a Taxxe ®, * A,‘ M A - mpocroe, TO

A, < ;Ielfp [(D“A,(,A1) + (VAv,A,')] =
= axr 3 -+ =
= it [(1€155,.5,) + | V(Ie),)de]
B‘l
= inf[p’l |e|°‘d£ + (1__),;7 Z vip' ) p" ] =
7el ¥ =-o
-¥

-7 7
- 1n§(1——)[ 7 L Uy Y v )" ] .
ve = =

9. Oneparop Da+V(|x|P), a>0, 8 Qp (p = 2) (npomenxe-
uue) . Hoauroxum pesynstatd nn. 6 - 8 B Buge ciexyouwei Teo-
peMsi .

Teopema. Cnexmp onepamopa D* +V(|x|p) duckpemuwii U coc-
moum u3 crnedyomux cob6CmBeHHNX 3IHaYeHUU U UN coomBemcmByiom
cnedyvigue (HOpNUpOBaHHHe) cobcmperwe ¢yHKUuU, obpasybmue
6asuc s Lz(ﬂp):
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Haunenbmezo cobCmBeHHO2O IHAYEHUS Ao xpamaocmu 1,
cobcmpeHHASt PYHKUUS wo(|z|p) >0, T e Dp.
Cob6cmBeHHWNX 3HAa4eHud TP k=1,2,..., - o, k5w,

KpamHocmu
b
2 k 11-2
n, + (p-2)u, + (p-1) |Z1p (9.1)
20e w - 4ucao pemeHul {N‘:, 1 =1,2,.. .,wk} YpPaBHeHUS
wo= " VY, Ve, (9.2)

k

{(N‘:,l‘:), 7 = 1,2,...,bk} - BCe peWeHUN YpPABHEeHUS

=™V, Ner, 1 =2,3,..., (9.3)

cobcmBeHHNEe QYHKUUU Cymb:

'ﬁkﬂ(lzlp)’ 1 = 0:1:---’nk;19

w“d(z), N = N‘:, 7=1,2,...,p-2, i =1,2,...,0

k’

CobCmBeHHNX 3HA4YeHUU
M= e V™) s, Nel, kel, (9.4)
KpamHocmy
c. W
PR
(p-2)n, + (p-1)* Y p' (9.5)
i=1
2de n - 4ucno pemeHul {a:':, 1 =1,2,. ..,n"} ypaBHeHUS
A; = p™ + V™), z € Z, (9.6)
{(x:,y:'), § = 1,2,...,%} - BCe PENENUR YPABNEHUR
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A= eV, zel, 1 =2,3,...; (9.7)

co6cmBeHHNEe QYHKUUU Cymb:

¢",’($), N = .’B’:, J=1,2,...,p-2, ¢ = 1:"')77"5
1 N . .
¢"J’€)(x), N=1z, 1= y?, J=1,2,...,p-1, i =1,...,¢c..

Cob6cmpeHHNX 3HadeHul

)‘; = pa“ + V(pl'“) =y, * A:‘, (9.8)
NelZ,1=2,3,..., ke z, N e,
XpamHocmu
d
N,1 W,
2 v, 2
p-1? § Bt (9.9)
1=1

2de {(1TJ,yT'), i = 1,2,...,le} - BCce pemeHUS YpABHEHUS

2,3,..., (9.10)

n

N =PV, 2 el y

cobcmBeHHbNEe QYHKUUU Cymb :

1

N, N,
wN,J.Cl(x), N = ut l’ L= Y, l’

J=1,2,...,p-1, ¢ = 1,...,le.
3ameuanne 1. llepeunciaensue B Teopeme co6GCTBEHHHKE
¢yHKUMYM B3aMMHO OPTOrOHANBHH, KpoMe QyHKUMIl

{q’",j: J = 1’21"-117‘2}:

IJIs KOTOPDHX MMenT MecTto cooruHowenus (5.8) npu xaxaom N e Z.
3amevaune 2. CobGcTBeHHas ¢yHKUUA wo(lzlp) > 0, coor-
BETCTBYOUWAS HAMMEHbMEMY COGCTBEHHOMY 3HAYEHMO A,, ompexess-
eT OCHOBHOEe COCTOAHME OH3HYeCKOH cucTeMM («BakKyyM»);
«BaKyyM» - eZMHCTBeHHWN. Co6CTBeHHMEe QYHKUMM, OTBEYAIUME
COOCTBEHHMM 3HAYEHHAM KPATHOCTH >1, OonpexenanT <«BHPOXIEH-
Hue» BO30yXIeHEHE COCTOXHMA.
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_ 10. TipuMep noTeHuMana V(|z|p) |x|:, a>0, p= 2.
s norenunana lz[‘: PE3YALTATH N. 9 JONYyCKamOT YTOYHEHHA.
Ouerxu (8.1) npuHMManT BHI

2(p-1)p*
0 < ho < g < 2. (10.1)
pti-1

| el v
n inf(l—l) Eh——— z Py
yel P |1-p7*? 75w

-ay o -1
. 1. P 1+p1, 2(1-p7")
= 1nf(1—5) 7 = - "
vel 1-p 1-p
Jlna manbpHelimero HaM TMOHAXOGUTCA creaywOMAT
JleMma. Bce pemweHUS duodaHmoBa YpaBHEHUS
N oM ox oy In 2
prrp = v, MMy el a= 15

uneom Bud N =z, M= yunu N =y, M= z.

m bes OTr'paAHMYEHHA 06OMHOCTH MOXHO CYMTATHh, HYTO

N

max(N,M,z,y) .

Ecau npemnmonoxurs, 4ro N =2z M N =y, Ttorma z+1 s N,
y+1 = N u, cnemosarenbHo,

2paw-1) - pa(N-l) - p(!(!l-l) =

> pax - pay = pall + pax > pall’

In 2

In »
torna M = y), nu6o N =y (v torza ¥ =z). =

YTO HEBO3MOXHO O « 2

. €neposarensno, aubo N = z (u

H3 mokxa3aHHON JIEeMMH CJIedyeT, 4YTO yYDABHEHME

AL = P, lyel, Nz e, (10.2)

uMeeT Bcero xBa pewenns £ = N, y = l uz = I-N, y = 1, ecan
l = 2N, u onno pewemme z = N, y =1, eciu I = 2N. Orcona
cleayeT, 4ro B TeopeMe n. 9 BO3MOXHN ciaelyoume ciaydan. Ecau

In 2.
o = ==, TO ®_ MOKET NDUHHMATL JIMWE 3HAYEHHS O 2, B

In p
NMOCNAeZHEM cCaydae i pemeHMit le H Nzk ypaBHenus (9.2)

k
CIPaBEIJIMBO COOTHOWMEHHE IV2 = 1—le; bk MOXET NPMHMMATH JIMWb
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sgayenus O u 1, ectm 1 =2N, n 0 u 2, ecaum I = 2N; B
nocnegHeM chyyae pemenus ypasHeHus (9.3) uMeOT BMA (IV':,Z';),
(l’:-lV:,l:); M, =2, M AN pemeHHH x’: " x: ypaenenus (9.6)
CNpaBEIJIHBO COOTHOWEHHE :1::= 1-2:':, €y = 0; du’l MOXeT
NPUHKMATE Juus 3HaveHue 1, ecau !l = 2N, u 3navenue 2, ecau
1 + 2N, B mocneameM ciayuae peweHus ypapHenus (9.10) umewor
san (2 ',y0h), (-t .

B 3axmoyenue oTMeTMM: ecau ¢ - cobcmBeHHAsT QYHKUUS
onepamopa Dd+]x|‘:, coomBemcmByomass cO6CmBEHHOMY 3HAYEHUIO A,
mo ee npeobpasoBanie Fypbe P - makxe co6CmBeHHAS QYHKUUS,

coomBemCMBYOMAN MONY %€ CcO6CmBEHHOMY 3HQYEHUI A, maK 4Ymo

n

5(33) = ch¢k(x), T € @p: (10‘3)

k=1
2de {:pk, k=1,2,. ..,n} - cobcmBeHHNe @¢YHKUUU, CoomBem-
cmByomue co6cmBeHHOMY S3HA4eHUD A, 7 - KpamHocmb A U C, -

Hexomophie NOCMOSHHHE .
s YpasHeHnue

Daqp + I:I:I‘:p = Ap
npu npeobpasosanun Pypre mepexonut B cebs (cM. nm. 4 § 9):
1€19% + D% = 2p. =
3aMeyanne. Jna cobGersennunx ¢ymxuuit I poxa :p; , t:(:1:)

(em. (5.16’) §9.5) dopmyna (10.3) ympomaercs, B cuay (5.12)
n. 5§ 9:

Puse, (D = Py o0 (@), &0 = g, 57 = -2e,j(wod ),
T.e. cobcTeennue ¢yHKUMH cepuHx b; (Il =z 2) npu npeobpaso-
saanun Pypre nepexoasT B cobGcTBenHHMe PyHKUMM cepuM b:_" M
NPHHAJIEXAT OXHOMY M TOMY Xe¢ COOCTBEHHOMY IHAYEHMN h; (cp.
n. 6 § 9).

11.0OnepaTop Da+V(|z|p), a > 0, e kpyra (p = 2). 060-

snaunM  vepes G = OP\B = {:z: €Q: |z] = p'} BHENHOCTH

s-1
 ,» S8 € I. Paccmorpum omepatop 4 = Da+V(|1:|p) B
MHORECTBE G B Npennoioskenusx n. 6 o norenunane V(|a:|p) .

xpyra &
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Kax v B n. 6 3axiodaeM, uro 6asuc cobcreenHux QyHxumi
oneparopa 4 B Lz(G.) cocTOMT u3 Tex cobcTBeHHuX OQyHKuUMI

1
¢",M:l (Il =22) u $y,,» Y KOTODHX HOCUTENM COXEpKATCA B 6‘5,

a Taxxke M3 COOGCTBEHHMX QyHKUM# wk(lxlp), k=0,1,..., ome-
paropa Ao B Gs,

A, = P + V(2| )y, = uy,, (11.1)

o]

¥, € D(4)) < L2(G),

COOTBETCTBYOUMX COGCTBEHHMM 3HAMEHMSIM U .
llonuTaeMcs HAWTH B SIBHOM BMIE

{uk, wk(lxlp), k= 0,1,...}.

IpexBapurensHO OTMETHM CieXyoli€€ DPABEHCTBO, BHTeKawwee u3
JemMs 1. 4 (cM. Takwe m. 7)

15 (|z| -7") =
= Z J(rwa(lx]p—p’), zTelQ, el (¢ >0), (11.2)
~u<y<w

rane

~-{i1+0Q)
—-pp" 0T ey,

K_ = op T, r=7, (11.3)

-0
=pPp " > ™7,

-111‘“,,(-m)'=

_ (p-1) (0%-1) o

——, 0+ p=p . (11.4)
p(2-p % 1)

Nycrs \"(l"”lp) - cobcteennas $yHxuus oneparopa A B G
-~ COOTBETCTByeT COGCTBEHHOMY 3HANEHMN i M YZOBJIETBOpPSET
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ycaoeun y(p°) = 0. Bymem mcxars ee B Buge dopmanssoro psna
N0 OPTOTrOHAJLHOMY KaHOHMYECKoMy 6Gasucy

{8(|xlp—p7), 7 = s,s+1,...}

2 -
B L (6):

v(lzl) = ) ds(|z| -p"), d = 0. (11.5)

ssr<w

Toraa 8 cuxy (11.2) u (11.4) Gyaem umeTs npu = € G

Py(lz))) = T d0%(|z| ~p) =

s=r<w
- . T\ _
- Z dr Z Xr16(|$|p-1)) -
gSr<on -wly<w
¥
= Y sz -p") ) Kyl =
s<r<w ~0{¥<w
= a(|x]p—ps) y Cld_ -+ Yy 8(|x|p—p7) Y Crd,
8=r<m s+1Z2Y<o s=r<w
=s(ll, (x4, T x4) -
s+1%5r<co

+ z a(|z|p—p")[ z Ko d o+ X d + z xrvdr]=

s+15Y<w sSr=<y-1 Y+15r<o

s((2),-2") ((o+p)p™™d, - p § »™4,] +

ssr<n
+ z S(ixlp—p1) ["P z pr-(l.ﬂx)')'dr +
s+12y< s<r=¥y-1
+or®d - p p‘“'dr]. (11.6)
T+15r<w
06o3HauuM
-or + _
Yy »¥d_ = «d. (11.7)
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Torza pasencreo (11.6) c yuerom (11.3) mpumer BMA

Pu(l=l) = 8(lzl,-2) [p4% - ox)a, +

« 3 8(al,0") [-exd, + P
s+15y<m

+ p z Cw,rp-ardr], (11.8)

sS<r=y-1
rae oboanaueHo

€, =1-ph0erT, (11.9)

NHoncraenas supaxeuus (11.8) u (11.5) B ypasmenune (11.1),
mnpu |z|p z p° nosyumm

5(|$I;PS) (pu-s)a a px]ds .

+ T 8zl ) [-pxd, + pO V% 4

s+1=<r<®
-y
+ p z Cr',’p d1] +
s<Y¥sSr-1

+ L 4d¥@)s(lz| -0 =u § ds(|z| -p),

ssr<o ssr<o
T.E

PPV - ok V(P) = u, (11.10)

‘PKdrg - p(l-l‘)adr +p z Cr,vp'a7d1 "
sSY<r-1
+V(p)d, = ud , r = s+1, s+2, ... (11.11)
dopMyna (11.11) onpegenser pexyppenTHyo OQopmyry mas

onpeneneHus kod3dduMuMeHToOB dr:
- -or
pxd' +p z Cr’vp d,'

. sSYSr-1 )
d = =, (11.12)
o - p(l-r)a _ V(pr)
d =1,r=s§-1, 8+2, ...
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npx ycaosusax (cM. o6o3mauenue (6.4))
= p" %y (pN) = ALT, r = g+1, 8+2, ... (11.13)

C nomompw pasenctsa (11.10) HCKJIOYMM M3 DABEHCTB
(11.12) u (11.7) HeH3BECTHYO BEIMYHHY

_1if

K = E[Al-s - lJ.]

M B pe3ynbLTaTe MOJYyYMM DPeKyPPeHTHOE COOTHOWEHUE

1 -~y

b= Al-s TP z Cr.?'p d1

sSysr-1
d = 5 (11.14)
T

1-r

d- =1, r = s+1, 8+2, ...,

M TPAHCUEHIEHTHOE YDABHEHWE [{AA ONpElejIeHHs HEUIBECTHHX
cOBCTBeHHNX 3HAVYEHUHA U = T

Yot w = i

s+1Sr<w

L) - P d () =4, (11.15)
npu ycnosusx (11.13).
dopmyna (11.8) npunuMaeT BMA

Py(jzl) = ) d:8(lzl -p"), (11.16)
ssr<ow

rge

a; = [u-ve"]e,

, o oemey S
dr =0p dr p z p d7
rsy<w
- (1+0)r 7
- pp z pld_. (11.17)

sSYy=r-1

lipuBenenHue paccyxfeHus HocaT OGODMaJIbHHM XxapakxTep,
NOCKOJBKY CX0QMMOCTE pamoB (11.5), (11.15) m (11.16) 3mecs
He paccmarpusanach. JloauToxuM HawM pe3yasTarTH B BUIe Chae-
Ryoueir TeopeMs.

Teopema. Ilycmb cobcmBeHHoe 3HA4YeHUe | onepamopa Ao B
6& ydoBaempopstem ycnosusx (11.13) u coomBemcmBypmas exy
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cobcmpeHHass $yHKUUS $(|x|p) ydoBnempopsiem ycnosun y(p°) =
# 0. Tozda w(|x|P) npedcmapnsemcs psdon (11.5) B 6;, npuyes
Ko3¢PuyuUeHmb d8 = ds(u) ydoBaemBopsom peKyppeHmHONY Ccoom-
nomenuwr (11.14) u u ydopnemsopsiem mpaHCUeHIEeHMHOMY ypABHe-
Hup (11.15). O6pamuo, BCcsixoe (BemecmBEHHOE) pemeHUe | ypaB-—
Henus (11.15), ydosnemsopsomee ycnovusw (11.13), apasemcs
co6cmBeHHNNM 3HQYeHUEeN onepamopa Ao B G‘, a ¢yHKUUS W(|$|p)7
nocmpoenHass no ¢opMynam (11.5) v (11.14), asasemcs coomsem-
cmByomeli cobcmpennol ¢yHKUuel U ydoBnempopsiem yCJ/IOBUL
w(p®) = 0. .

12. O6ocuoBaHMe NeToma. MHccineayem CXoguMOCTb paxos
(11.5), (11.15) » (11.16). Jna sroro ouemum xosdppuuments d_
npu r » o. H3 dopmyn (11.9) u (11.13) crexyoT OuEHKH

1—1/)"’"1 = Cn7 <1, s = v s r-1,

AL~ V() T o el (12.1)

Orcoma u u3 (11.14) (npu QUKCHPOBAHHOM ) BHTEKAET DEKYp-
PEHTHAS ONEHKA,
1
ld | = —;——I[I#“l:_sl +
1-r
+p 2 p‘a7|d7|, d =1, r=s+1. (12.2)
sSYSr-1

BuGepem uenoe wyucao 8, = S TaKuM, yTobu 6uno

p ) ———=g<1. (12.3)

1
1-7

s =Y<w
o 7

(Pag (12.3) cxoaurca, Tak Kax ALV ~V(P') 5 +0, 7 » +0.) H
nepenuweM peKyppeHTHOe HepaBencTtso (12.2) B Bune

1 .
ld | = *1___[0 «p T 5d |), reos+l, (12.4)
r |u_l | v

1-r s 2Y=r-1
o v

rae obo3mayeHo

_ 41 -y
C=lua | +p ) 77d].

=¥ =s -1
s’lo
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Bsoxs HOBY® NMOCTA€XOBATENBHOCTE
1
T = ldr(u-Al_r)l, r=8, 8+, ..., (12.5)

nepenxmweM pexyppeHTHoe HepaBeHCTBo (12.4) B Buae

1
T, sC+p } ”-aw—_-;‘_—Tw’
s Sy<r-1 |u 1-7'
4]
T =|d (u—ki_ |, 7= s+1. (12.6)
s0 s() sO
OTcona BuUBOOMM OUEHKY
”1
T =—, r23s,r0e M = ma.x(C',T ] (12.7)
r o] 1 s
1-¢q o

m HepasenctBo (12.7) pgokaxeM MeTOZOM MATEMATHYECKOMN
MHOIYKIUMM 1O 7. 3TO HEPABEHCTBO BEDHO NpU 7 = 8- Cuuras ero
BepHEM miaa S +1,...,7, goxakeM ero mas 7+1. H3z (12.6) ¢
yuetom (12.3) umeem’ - '

1 M M
ald sHfre )=

= €re L7 s Al =g -
s <y=r bu=A, 7 q q

U3 ouemxu (12.7) u B cuny (12.5) u (12.1) caexmyer
ouenka (mpu HexoTopoM M)

1
fd | s b———y, r = s. (12.8)
V(r")|
H3 monyueHHoit ouesku creayer, uro psa (11.15) cxoaurtcs.
Tenepr npeamosiokuM, 4TO NMOTEHLHUAT V(|:1:|p) YAOBJIETBODS -
eT YCHOBHD

< . (12.9)

r3(|e) dde = (1 - 1) "
J |z| ) dz | ~ 'E(wl) o
Q

P

B stom cnyéae B cuny (12.8) paax (11.5) cxoamurca B Lz((}'),
HOCKOABKY z p'[dl_|2 < w, TAK 9TO Y € L;‘:(Gl).

sSr<w
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lokaxeM ONEHKY

|d'| = Mp V2 e, (12.10)

rae uucna d’ onpenenens B (11.17).
n llons3yace oumenkamu (12.8) u (12.9) npu 7 = s uMeeMm

' (1-r) -
ld:) = p"%d | +p } Pwld.,l +

r

rsy<ew
M
. pp-(d+1)r z P71d7| < pu-r)a . .
sSYSr-1 |V(p )|
z (1) z ¥ 1
+ pM P+ oMy " pl——— =
"57<°° 'V(pv) I sSY=r-1 IV(])T) |
/ z -(200+1) ¥ /z
= P
7
[IV( Bl r Sy < r <7< Vi(p )
. p—(om)r ‘/z ‘/z p'r ( 7] < sz-(a»x/z)r
p

sSY=r-1 sSY¥=r-1
nMpH HEeXO0TOPpHX ”! u Mz. 3}16(3]: MH BOCHOJb30BaJIMCh HEpABEHC-
TBOM

-r/2

1
,7‘23,

V(") | =5

BHTexaoumM u3 (12.9). =
Hs ouenku (12.10) craexyer, YTO DA T p']d'rlz cxo-

sSr<w

autca u, takum obpasom, pax (11.16) cxoouTca B Lz(G’s), T.e.
D*y e L;(Gs). Orcoga B cuny ypasHenus (11.1) cneayer, 4To
Vy e L:‘;(Gs), TaK 4TO

=0% + Vy e Li(Gs).

4]

Taxum o6pa3oM, dynxuus w(]:z:]p) npuHagaexur ob6racTH omnpege-
neHus D(Ao) (cM. mn. 6 - 7) u, crexoBaTensHo, ABAAETCA C06-
CTBeHHOIl ¢yHKUMel omeparopa Ao. OTMeTuM Takke, YTO M3 yCJO-
Bux Vy e Lz cjlenyeT CXONMMOCTE- PAH3A

Y PV N4 |7 < w. (12.11)

s<r<w
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MoguroxuM HaumM pe3ynsTATH B BKIE CIIEAYOWSH TEODEMH .

Teopewa. IIlycmb nomeHyuan V(|:z:|p) ydoBsnemsopsiem ycC/OBUL
(12.9), cobcmpennoe 3HaweHue | onepamopa Ao B Gs ydoB-
nempopsiem ycnopusM (11.13), a coomeemcmeyomass exy cob-
cmBeHHas GYHKUUS W(|x|p) maxopa, umo y(p°) = 0. Tozda xos¢p-
puyueHms d_, BWYUCMeHHWe no pexyppeHmHol ¢opNyse (11.14),
onpedenstom 3my ¢YHKUUL no QoOpNyne

v(jz) = T 435(z] -9,

s=r <®

a cobcmBeHHOe 3HAYEHUe |(I YJOB/AemBOpsem MmMPAHCUEHIEHMHONY
ypagHenuo (11.15); npu osmow cxodumcs psd (12.11).

‘ 3amevanue. 0OTKpHTHM oCTaeTCAd BOIPOC O TOM, MOXHO JIM
M3JIOXEHHNM METOLOM MOJY4YUTH BCe coGcTBeHHHE ¢YyHKUMM omepa-
TOpa Ao B Gs.

13. AanbHeilwne pes3yabTaTH O ClleKTpe oneparopa D*+
+V(|x|p), a>0, B Qp (p = 2), nonyuesu A. H. Kouybeem B
MNPeANOJOKEHMY, YTO NOTEHUMAJ V(|:r;|p) BeWeCTBEHEH M JIOKAJIBHO
orpanuuer. llpy A0ka3arejsCTBAX OH MCHOJIB3OBAJI pE3YJabTATH
nm. 5 § 9. llpuBenem Ge3 moxka3arejabCTBA €ro pPe3yJbTATH.

06o3HauuM yepes b, u b, runs6eproBR  NMPOCTPAHCTBA,
HATAHYTHe Ha cobctBeHHwe dynxkumu I u II poma cooTBeTCTBEHHO
(cm. (5.16) §9), rax uro Lz(ﬂp) =bheh, u wepes A u A, -
cyxeHMe oneparopa 4 Ha h1 " bz coorsercrBenno. ([Jokasano,
4YTO MOANPOCTPAHCTBA hl M bz npupodstm omnepatop 4.)

1. Ecau nocnedosamenbHOCMb {V(p') , ¥ =1,2,.. } He

UNeem KOHEYHWX NpedenbHHX MmOYeK, mo cnexmp onepamopa A,
qucmo AuckpemHwld U onepamop A uMeem noaHyb cucmeMy cobcm-
BeHHWX ¢yHKUUl.

HamomMuum (cM. m. 6), uTo cmexrp omneparopa A u3secren
-~ OH YMCTO EMCKDETHHH M COCTOMT M3 COGCTBEHHMX 3HAYEHWIH

M= g™ eV, Nel, 1=2,3,...

Mycte N(A) - oymkuus pacnpepenenus CoOGCTBEHHHX 3Ha-
YeHUH onepaTopa AZ,F T.e. KONMYecTBO COGCTBEHHMX 3HaveHuit (c
Y4eTOM MX KDATHOCTEH), MEHBLUMX, YEM A.

2. Mycms V(|x|p) ~ Clzlf, |xlp > w, 2de C >0 u g >0,
u cymecmByem maxoe N, umo V(Ix[p) * V([y|p), ecnu |a:|P *
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* ly'p: IxIp > P", Iylp > p". To2da

N() = (p-1) [% + %—]logph - 0(1), A > +=.
3. Ecnu V(]x]p) >0, Ix]p 5 ®, Mo
(4) = {0}.

4. Ecau V(|x|p) -+ 0, |:1;|p » 0, mo o (4,) cosnadaem c
NHOXEeCMBON KOHeYHNX npedesbHWX modeX nocsedoBameabHOCMU

{r™, v 5 v}

5. Ecau

ess

]
AT (13.1)
T=-0
mo cnexmp onepamopa A, (u, cnedosamenbHo, cnexmp onepamopa
4) qucmo cumzymapHuli.

Npumep. [JIna noreHuuana V(]xlp) = sin(alz]p)., a € R,
ycnosue (13.1) sunomneno u o (A4) = [-1,1] ana nouru BCex
a.

14. HecTaumoHapHoe ypaBHeHHe Tuna lipeAMHrepa C NOTEH-
uuasoM V{(z) orHOCHTEAsHO BOAHOBOR QyHkumu Y(i,r) uMeer BUX:

Dy = lil Py + V(z)y. (14.1)
P

fpu V(z) = O nmonyuaeM ypaBHeHME RN CBOGOXHON YACTMLUH

1
Dy - o Dy = 0. ' (14.2)
P

O6mee pemenue Y ypasHenus (14.2) B xnacce ob6obmeHHNX
¢yuxuuid D’ (0:) daemcs popuynoii

v(t,z) = ¥(¢t,z), _ (14.3)
2de Q(kl,kz) - npousBonbHas obobmeHHas ¢yHkuyus u3s D’ (Qz) c
HocumesneM Ha MHozoo6pasuu [kllp = |k2/2|§.

s llepexons B ypasuenun (14.2) x mnpeobpasosanuw Pypse,
NOJIYYHM ypaBHeHHe
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k_,2
2 ~ - ~ ’ 2
'2— p]W(ki,kz) = O, VI e D (QP),

[lkllp -

OTKYAa CJIEAyeT, 4TO

k_ 2
supp ¥ c [(ki’kz) € Q:: |k1|p - 123 = 0]. =
P
B toM cayuae, korna
kZ

B(k,,k) = p(kz)s(kl - f]’

dopmyny (14.3) nepenmmwem B BuAE

¥(t,x) = Jp(k)xp[éit - kz]dlc. (14.4)
Q

P

dopmyny (14.4) MoOXHO MHTEDPNPDETMPOBATH KAK pAa3JOKEHMHE
pewenus ¥ (f,Tr) N0 IJIOCKMM BOJHAM

xp[{{ft - ka). (14.5)

(Yrobu ybegutnhcs, uTo maockue BOMHW (14.5) yaoBIETBODPAOT
ypaBHenumw (14.2), D0OCTATOYHO BOCHOAL30BATHCA Qopmysnoit aud-
depenuuposanus (1.7) §9.)

i mI0CKMX BONMH CHpaBeAnuBa agejbHas dopmyna (cM.
(1.11) §3)

p=o

2
mx, K - k:z;] =1, k,t,z € Q, (14.6)
p=2

CBA3NBAlOWAS p-agM4YecKue, TUutockue Boxud (14.5) ¢ knaccu-

YEeCKMMM IIJIOCKMMH BOJIHAMM

xm[git - kx] =.exp[—2ni(§it - kz]]. (14.7)

Iipu p = 1 gopmyna (14.4) maeT BONROBYH QyHKUMO - SXPO
oneparopa sBo/mouun cBoboamoit vacTuum (cM. Huxe m. 3 § 11)
172

X® (2) = F[xp[{{it]] = Ap(t)l% xp[-i’t*'-z), (14.8)

B cuny dopmyan (3.8) §7 ponHOBas yHKUMA K?) YOAOBJIIETBOPSET
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HaYaJdhRHOMY ycioBuo (cM. (3.9) §7)
K:”(x) »>38(z), t >0, s D’(Qp). (14.9)

Tenepr paccMOTPMM Kiaccuieckoe ypasHenue MNpenunrepa
nas ceobomHON vacTHUH
w 8%

— -t — = 0. (14.10)
at 8 az?

CoorBercrynmas BonHoBas dymkuus ects (cm. (3.2) §5)
o

:Ki'”)(x) = Iexp [—211'11 [t{{j - xk]]dk =

- J xm[t{{f - zk] = 2 (t)l e [ %{f] (14.11)
o
K™ (z) > 8(z), t >0, B D (R). (14.12)

3necs obosunaueno (cm. (3.3) §5)
A (2) = exp[—igsign t].

ns BonnoBuMX QYHKUMI cupaBennuBa ageasrHas $opmysia
ﬁ kP (z) =1, t,z e Q, t =0, (14.13)

BNTeKawwas u3 anensuux ¢opmyn (1.4) §1.1, (1.11) 83 n (4.2)
§5.

Hueer MecTo amanorus Memny «dasamu» A (%) u Ap(t). B
COOTBETCTBMH CO 3HAKOM ¢ BemecTBeHHoe Bpema R MoxHO npen-
CTABMTH Kak oOmeguHeHMe Tpex MHoxecTB 6e3 ofumux ToYek: OABYX
cexropos: R' (cexrop 6yaymwero), rae Am(t) = e (1.e.
t > 0); R (cextop mnpowemsmero), rxe A (2) = e (r.e.
t < 0); u touku t = 0 (Hacrosmee).

Ananoruyno, p-aauMveckoe BpeMs @ MOKHO NpPEeICTaBUTH
crenyouuM obpasom (ompenesnenue Ap(t) cM. §5).

Hpu p = 1 (mod 4) - obrenunenne (6e3 obuMx Touek) ABYX
CEeKTOpOB: O;, raoe Ap(t) =1, Q;, rge Ap(t) = -1, M TOYKM
t =0.

pu p = 3 (mod 4) - ob6reaunenue (6es obumx Touek) Tpex
CEKTOPOB: Q;, rae Ap(t) =1, Qi', rue Ap(t) = 4, UM TOYKH
t = 0.
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Mpu p = 2 - o6senunenue (6e3 obumMx TOoWeK) HETHpPeEX CeK-
TODPOB : Qi, rae a(t) = e Qi’, rae Az(t) = g4,
Touku t = O.

3apnawa Koum ans ypasmemums (14.10) B obmactu R'xR c
HavaneHoit (0606wenHoit) ymxunei wo(x) u3 D’ (R) craBuTCH
rak: Ha#tu pemenwe Y(t,r) ypasmemua (14.10) B obnacru
(t,z) c R’xml, YAOBJETBOPANUEE HAYAJIBHOMY YCJIOBMIO

v(t,z) » y (z), t »+0, 5 D'(R).

Ananoruuno, samaua Kouw nmna ypasmenus (14.2) B cex-
TOPE, CKAKEM, @;x@p ¢ uHauansHoNl (oGofwenunoit) ¢yHKumei wo(x)
u3 D’ (@) crasurca Tak: Hajitu pewenue Y(i,T) ypaBHEHHUS
(14.2) 5 cexrope (t,x) c Q;xﬂp, YAOBIETBOPANWEE HAYATHHOMY

yCJIOBHIO
u(t,z) >y (z), t >0, te 0;, B D’ (cup).

Pewenue 3agauu Koum ana ypasmenus (14.10) maercs ¢op-
MYJIO¥K

[

v(t,z) = 8(t,x)*wo(z) = Ié(t,z—z')wo(z’)dx',

rae &(t,z) - dyHzaMeHTaTbHOe pemenue ypaBHeHus (14.10):

&(t,z) = ()K" (2) = e(t)\/%—exp[Zni%j - T”']_

3mece 6(t) - ¢ymkums Xemucaimaa: 6(¢t) =1, t = 0, e(t) = 0,
t <0: _
HuTepecHo O0TMETHTH, 4YTO $YHIANEHMWILHOE pemeHUe ypaB-
HeHus (14.2) B xsmacce D’(Q:) He CymecmByem.
s [ycTe DA ONPERENEHHOCTH p # 2, ¥ CYWEeCTBYEeT DpeueHue
& e D'(Q:) yDaBHEHHUS
DE - I’& = 5(t,z)

B Qs. llepexons k npeobpasosanuw Pypre u nonae3ysics $opMyIoi
(1.7) §9, ana obobuenuoit ¢yuxuuu é(gpgz) MOAY4YUM HPOTUBO-
peuYuBOe DABEHCTBO
2]z 2
(16,1, - 1612)E @ e) = 1, (5.6 « @,
NOCKOJMLKY JIeBAd 4ACTH 3TOr0 paBencTsa ofpamaerca B HYAL B

OTKPDNTOM MHOXECTBE

[(6-8) « & 161, - 1612 = 0, (¢,.6) = 0].



FJXABA 111

p-—qucm KBAHTOBASA TEOPHSL

§ 11. p-agndyecKkas KBaHTOBas MexXaHHKa

B macroameil raase M3MAaraoTCs OCHOBH KBAHTOBOH MEXaHMKY
HAA NOJIeM p-aAUudYeCKMX YHCeJ M JAeTaJbHO HCCJIeAyoTCs NpocTei-
uMe M BaxHeiumMe MogeaM - cBOOOXHAA YACTUUA M I'ADMOHMYECKMUIR
ocuuansirop. OkasuBaerca, yxke 3TU NPOCTeilmMe MOgeIH MHMEOT
3ameuyaTessHo 6oratymw CTPYKTypy.

Hccnemosanue p-agMueckoit KBAHTOBOH MeXaHUKM NpPEACTAB-
JA€T 3HAYMTEJIBHHH MHTEpeC kak C MaTeMaTHYeCKOH TOYKH 3pe-
HMA, Tak M c ¢usnuyeckoin. Kax Bo3MoxHNe $uU3MYECKUE HPHMEHE-
HUA OTMETMM PACCMOTDEHME Monejed C HeapXHMeZOBOH reomMerpues
NPOCTPAHCTBA-BPEMEHN HA OYEHb MAJHX PACCTOIHMAX, & TaKKe B
TEOpHMM NpPOUEeCcCCOB B CJHOXKHHMX cpexax. Kpome toro, pacnpocrpa-
Henne dopMaiM3Ma KBAHTOBOM TEODMH HA NOJEe P-agMYECKMX 4HUCe
npeacTaBifeT MHTEpPEC Oake HE3aBMCHMO OT BO3MOXHHX HOBHX
NIPUMEHEHHN, INOCKOABKY HaeT BO3MOKHOCTH Jyquwero HOHMMAaHUA
¢opManu3Ma O0OHYHON KBAHTOBOH TEOp¥H.

MoxHo OXMZATH, ' YTO MU3yYEHME P-aAMUYECKOH KBAHTOBON
MexaHMKH Oyger nojae3Ho M A9 YHCTO MaTeMaTUYEeCKMX MCCle-
JOBaHMH B TEODHMM TNPEACTABJICHUN, TEODMHM YMCEI M P-aAUYECKOM
anaymse. HamomMuuM B 5T0if CBA3M, YTO KBAHTOBOMEXaHMYECKOE
npexcrasienue Beins (cM. Hke) HAWNO, Kak M3BECTHO, LWMPOKME
NMPDMMEHEHHS B TEODUM YKCEJ U TEODHM NpeiCTaBJIeHMH, OXHAKO C
TOYKM 3pPEHUS KBAHTOBOH TeOpMM OHO OTBEYaeT JMUL NpocTeiumen
ceobogHoit HeB3auMomeincTByiumei cucreme. Her comuenuit, urto
U3yYeHMe HEeJIUHEHHMX B3aMMOREMCTBYOUMX CUCTEM HACT BO3MOX-
HOCTH NOAYYMTH eume Gonee raybokue MareMaTHYecKMe pe3yib-
TATH. '

Buwmwe, npu M3I0KEeHMM pP-aAMYECKOT'0 AHAJIU3A, MH DPACCMAT-
PUB aJIH byHKuUMU p-amuyeckoro apryMeHTa CO 3HAUEHMIMM B MON€
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P-agMYECKHX YMCeNa Qp, a TaKxe CO 3HAYEHHAMM B I0JIe KOM-
mrexcuux wyucen C. COOTBETCTBEHHO BO3MOXHH pAa3jMYHHE Bapu-
aHTH (QOPMYIMPOBOK KJIACCHUECKOH M KXBAHTOBOH Mexamuxyu. Huxe
6ynyt paccMoTpeHH QODMYJMDOBKH, KOTODHE NPEACTABILNTCH HAM
Haubonee ecrecrpeHHEMu. M HauHeM C uccaexoBanus Gopmy-
JUPOBKM, KOTOpad 3anaercs TPOHKON (LE(QP),V(z),U(t)), rie
¥(z) - npeacrasnenue Beitna KOMMYTAUMOHHHX cooTHoweHwit, U(t)
- YHMTapHOE NDPEACTABJICHME AJTUTUBHON NOATDYNNH NOJAS P-agu-
YeCKHX 4YHCeJ, 3ajawoumee IMHAMUKY. KBanToBas mexauuka Oynmer
HOJMYydEeHA MOPM TOMOWM KBAHTOBAHMA KJIACCHYECKON p-anuvdeckoi
MEXaHUKH.

1. Knaccuyeckas MeXaHMKa Han Qp. Haunem ¢ paccmorpeHus
P-aANYECKOTO ANAA0ra KJAACCUYEeCKMX TaMWIbTOHOBHX YyPABHEHMIl.
YpaBnenus TaMuneToHA uMeRT BUX

aH ol
i’ﬁ‘_‘5&=""" (1'1)
aq ap

3xecs Bce BeAMUMHH: KOODAMHATH ¢ = ¢{(t), HMOYyIbCH
p = p(t), ramunsrouman H = H(p,q) ¥ BpeMd ¢ npuHuMaoT 3HA-
YeHuds B Qp. Mu Gyaem paccMarpuBaTh TOJBKO AaHAJUTHYECKHE
dyuxumn  ¢(t), p(¢t) u H(p,q), TNPOU3IBOAHHE MMOHUMAKWTCH B
cumucne n. 2§ 2. PaccmorpuM mpocreiimMe Momenu CBoGOXHO
YaCTUUH U TAPMOHMYECKOr0 OCHWUISTOpA.

CBobodHnas wacmuua. I'aMWJIbTOHMAH MMEET BULI
1
H=— 1, (1.2)
2m
30EeCk M € Dp, m = 0. YpaBHeHus l'amMunerToHa

1
=0, ¢=5p; p0) =p, q(0) =g,

HMEenT EeIMHCTBEHHOE pemeHMEe B KJACCe aHAIUTHYEeCKUX OGYyHKUMUIl
npu Bcex t e Qp BUIA
4
p(t) = p, a(t)= ¢ + t. (1.3)
rapMonuveckuii ocuyuaaamop. laMuibTOHMAH MMeeT BMI
p2 mw? 2 '
H=2_m+—2_q’ (1.4)

rae m,w € Qp, m =+ 0.
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Ypapuenusa I'aMuianTOHA

3

p=-m’q, § =5 p(0) = p, ¢(0) =g,

UMEeKT pemeHue TOoro Xe BMaa, YTO M B BEUECTBEHHOM ClIydyae

1
q(t) gcoswt + —psinwt q
= e =T\ |- (1.35)
p(t) pcoswt ~ gmwsinwt P
3mecs
1
coswt —sinwt
T, = e . (1.8)
-mwsinwt coswt

CsoitcTBa ¢yHKUM#A sSinwt M cosw? paccMoTpens B n. 4 § 2,
onu 3amaorcs pagamu (4.3) u (4.4) u3 § 2, KOTOpHE CXOZSITCA B
obnactu 6;, 3a1aBaeMOM HEPaBEHCTBAaMU

1 1
|wt|p < 5 TpH p = 2 u |wt|2 s gz mpu p = 2.

06racts Gp ABJASETCA TIPYNNOH OTHOCUTEABLHO CHOXKEHUS: ecau t,

t' e Gp, Tto t+t' e G . llpu raxux ¢t u ¢’ uMeeT MeCTO TIpyn-
P

NOBOE COOTHOWEHUE

TT,.,=T,,, (1.7)

Ha ¢asosom mpocrpanctee V = Dpx@p 3axaauUM  KOCOCHMME -
TpuYeCcKy®w Oununeinyo ¢opmy

B(z,2') = p'q -~ pg’, (1.8)

rae 2 = (g,p) eV, z' = (g’',p’) e V. TNapa (V,B) oGpasyer
CUMILTEKTHYECKOE NPOCTPAHCTBO.
HMeer MectTo cooTHowenue

B(T,z, T,z') = B(2,2'), t e G s (1.9)

T.e. OMHAMMKA OCUWLIATOpPA 3afa€eT OQHONAPAMETPUYECKY T'PYNIy
CMMIUIEKTMYECKUX aBToMopdusMoB mnpocrpancrsa (V,B). 3ro xe
BEePDHO M A HUHAMMKM cBoGoxHo# vactuuw (1.3).

2. Npexcramnenve Beitna. 31eCh 6yleT MOCTPOEHA KBAHTO-
BAS MEXAHUKA, B KOTOPOH COCTOAHMS ONMCHBAOTCI KOMIUIEKCHHMM

BOJIHOBHMM QYHKUMAMH p-aqUYECKOro ApPryMeHTa.
8*
227 -



O6uunas XBAHTOBAS MEXAHMKA HAYMHAETCH C nNpeacTaBICHUA
KAHOHMYE€CKUX KOMMYTAUUOHHHNX COOTHOMEHMH

[2,7] = i

B NPOCTDPAHCTBE Lz(R)' B HlpenuurepoBckoM TNpPEACTABJAECHMM OHE-
paTtop & peanusdyercd KakK ONEparop YMHOXCHMA, a 2 - Kak omne-
parop aAuddepeHuupopanus. [(aHaxko B p-aAMUYECKOM CHAy4dae I €
€ Qp, a y(z) € C, ¥ omepauus ymHoxemus na z: y(z) - zy(z),
He omnpegesneHa. K cuacTew, B 3To#t cuTyauuu BO3MOXEH BHXOX M3
MoJIOKEeHUs 3a cyer nepexoga K npencrasienuw I'.Beitss. Mmenso,

PACCMATPMBANTCA YHUTAPDHHE OIIEDATODH B LZ(R)

e'™: y(z) - y(a+q); P Y(z) o e™Py(a).

B rakoM Bume ux moxHo o6GoOumThr Ha p-aguueckui ciayvai. Pac-
CMOTPUM B Lz(Qp) VHUTAPHHE ONEepATOPH

Uy $(z) o $(aea), V.5 ¥(5) o x(2m)¥(a)

rme ¢,p,Tr € Qp M Y ~ AAOMTUBHHI xapaxTep Ha Qp (cM. § 3).

CeMeNCTBO yHMTADHHX ONEPATOPOB
W(z) = x(-ap)UYV , z = (¢,p) @ (2.1)
YAOBNETBOPSIET COOTHOWEHHWO Beitns
W(2)W(z') = x(B(z,2" )W (z+2"). (2.2)
Oneparop ¥ (z) meitctByer caexywumM o06pa3som:
K(2)u(z) = x(2pz+pg)¥(z+q) . (2.3)

Bupaxenne (2.3) yxobmo 3amucars B BuAE
V¥ = [Pz v (2.4)

Cemeitictso onepatopos K (z) 3agaer npeacTaBjeHME T DYNNH
Teitzenfepra - Beitnin, cocrosmeil u3 sxementoB (z,x), z € V,
o € ﬂp, C rpynmnoBoit onepauuei

(z,0)+ (27 ,¢') = (2+2', wra’ +B(2,2’)). (2.5)

228,



Npeacrasnenue rpymnu Teisenbepra - Beitna sagaercs dop-
MyXoi

(z,0) - x(a)F(2) (2.6)

3ameTuM, 4TO mapa (lb(ﬂp), ¥(2)), rae oneparopm W¥(z)
onpegenaorca ¢opmynoin (2.4), ecTs YACTHHIE ciayyait cucmeMy
Beiins (cMm. m. 7 § 11).

B 06muHON XBAHTOBOl MexXaHMKE MCHOJbL30BAHHE MNPEACTaB-
neuus Beins seagercs BompocoM yaob6crtBa. Kak Bugno u3 usno-
KEHHOTO, B p-aJMYeCKOll KBAHTOBOI MEXaHHKE 5TO M0 CYWECTBY
€IUBCTBEHHN CNoco6 KOPPEeXTHOro 3aJaHuit KAHOHMUECKMX KOMMY-—
TAUMOHHHX COOTHOWEHM . 3

PaccMOTpMM Temeps BONPOC 0 3afaHMM NMHAMMKK B P-aiy-
YeCKOM KBAHTOBOH MexaHMke. B oONYHO# xBaHTOBO# MexaHuxe
CHAYAJIA 3aJaeTCi KBAHTORHH TaMWIBTOHHAH, M 3aTEM N0 HeMy
crpourca omneparop ssomoumu U(t). Pasymeerca, xnaccuueckwuit
p-agMYeckuil raMuibTOHMAH CJleAyeT MCHOJb30BATH MJI1 3BPUCTH-
yeckux coobpaxenun. Onummem 38eCh COOTBETCTBYWUWYI KOHCTPYK-
wvow. Kak usBecTHo, o0o6WuHAs npouesypa XKBAHTOBAHHS 3aKI0OYa-
erca B TOM, 4To Kaxnoi dynkuuu f(p,¢) M3 HexkoToporo xjaacca,
3ajaHHO}t Ha $a30BOM NMPOCTPAHCTBE, CONOCTABIAETCA ONEDPATOD f
B Lz(R)' Ilpy stom coorBercreue f } ZO/KHO YAOBIETBODATH
HEKOTODHM ectecTBeHHWM TpeboBaHuaM. Boobwe rosops, npoue-
Aypa KBAHTOBAHUS HEONHO3HAYHA M CYMECTBYOT Da3HHE KBAHTO-
pauua. Ecau dymxums f(p,q) ectr npeobpasosanue Pypre Heko-

ropoit dymxuumu ¢{a,B)

. 1 (xp+Bq) ~
f(p,0) = | PV (a,p)dadB = §(p,q), (2.7)
[RZ
TO KBaHTOBaHMe Beiyia 3akm0uYaeTci B IOCTPOEHHH OMEPATODA
}\ - 1(a;oB;) d
= le p(a,B)dadB,
IRZ
rae 5 " a ~ ONepaTOPH MMIYJbCA M KOODAMHATH. Takas Teopus
KBanTOBaHMS B R° N0 CyWeCTBY TEeCHO CBS3aHA C TEOpMeR NCeE-

noaudpepeHuuaLHNX ONMepaTopoB. 3TOT CHocol KBAHTOBAHUA MOX-
Ho 0o6o6umThr Ha p-aauwveckuit cayyai. Mmenno, nycte Ha p-anu-
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2
yeckoM ¢a3osoM mpocTpascrse V = QP 3ajaHa KOMIJIEKCHO-
3HauyHag ofyuxuusa f u3 D(Q:). Ona npencrapisercd B BUIE HH-

rerpana ®ypee (cMm. § 7)

f(p,0) = Jx(ap + B7)e(a.B)dadB = 9(p,q). 9 « D(T).

02
P

Bcakoit raxon ¢ymkuuu f mo amamormm ¢ (2.4) conocraBuMm

onepaTop B Lz(@p)

t= J W(a,B)p(a,B)dads,

02
. P

rape W(a,B) = ¥(z) - yuurapumwit oneparop (2.1). &yuxuus
f(p,q) HasuBaeTcs CUMBOOM ONEPATOPA 7. Drmernm cymecT-
BEHHOE OT/JMYHME ONHCAHHOI'O KBAHTOBAHMA P-aAMYECKOH TeOopuu OT
BEMEeCTBEHHO! - TAKOM MeTOoX He JaeT BO3MOXHOCTH KBAHTOBATh
nomuHoMuansuue $yuxumu  f(p,q), Taxk Kak Takue QYHKUUM
NPUHUMAOT 3HAYEHHA B @p, a e B C.

B BemecTeeHHOM Ciyyae g ONUCAHMS AMHHAMUKM CMCTEMH
0ONYHO HAYMHAWT C NHOCTPOEHMS omeparopa lamuarTonHa u goka-
3aTeNLCTBA €r'0 CaMOCONPSXEHHOCTH. B p-aauuyeckoM cayuae STOT
cnoco6 He mpuMenuM. i NOCTPOEHUS ONEPATOPA HBOJIOLMM MOXHO
paccykiaTs ciaexyoumM 06pascM.

Kak u3BecTHO, B BemMECTBEHHOM caydae cumpon U(t) Moxmuo
3a8aTh M B BuUOe QYHKUMOHAJBHOTO O(eiHMAHOBCKOr0 MHTErpaja.
EcTecrsenno oxugats, 4YTO B pP-aqMUECKOM Ciydae COOTBET-
cTBYylmee sgpo OyxeT BHPAXATHCA GYHKUMOHANBHNM MHTETrPAJIOM

Ko =[x [uaan))paae), (2.8)

IpMYeM MHTErpHPO3aHME BHIO.IHACTCHS N0 KJIACCUYECKUM p-AaU-
YeCKMM TPAEKTOPUIM C rpaHuyHHEMM yciaoBuamu ¢(0) = z, ¢(¢) =
= y. 3necs L(g,q) - p-amuueckmuit Jarpamsuan, L(g,q) e Q.

P

t
B ¢opmyne (2.8) mmeercs B BMAY, YTO MHTETpAN I Ldt = S(¢)
R v
MOHMMAETCH Kak QyHkuus, ob6parHas x onepauuu audppepeH-

uupoBanus, T.e. S(t) = L, §(0) = 0, S(t) € Q.
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Mu paccMoTpHM HIKe NMpocreRume Ciaydau CBOOGOLHON YacCTHUH
M TapMOHMYECKOr0 OCHWLIATOpPa. B sTux ciaydasx dopuyna (2.8)
IEeMCTBUTENLHO TNPUBOAKT K MNpaBMiAbHOMY oTBery. Kak u B
BemecTBeHHOM  ciywae  Gymer  moxasamo, uro K (z,y) ~
~ x(SmKt)), rue Smxt) - ReficTBME, BHYUCJIEHHOE HA KJIACCU~
YeCKO#l p-agudecKoli TPAEKTODHUHM.

3. Cmobopmnast yacTuua. unamMuky cBOOOMHON KBAHTOBON
YACTHUH, OTBEYAOUWY® KJIACCHYECKOMY ramwisToHuany (1.2),
33KAAMM B MMIYJIbCHOM NPEXCTABJIEHMM MNPH IOMOMM Nepexoga K
npeobpaszopanuo Pypoe. llycts ¥ e Lz(@p) u y(k) - ee nmpeobpa-
3oBaunue dPypre.

Kax wussecrmo (cm. m. 4 § 7), mnpeolpasosanne ®ypre
F: ¢ v § sBnSeTCE YUUTAPHHM OM€PALOPOM B ié(@n). timeparop

9BOTOLUYMN B MMAYTBCHOM HpeXcTabnenwy U{#) sanasns. GopMmymaoi
s, k2 3~
U(§(k) = x[—t]w(k), ted, (3.1)
4m r
a& B KOODOMHATHOM NPEICTABJIEEMH
U(t) = F'U(t)F. (3.2)

llonyyaeM ceMencTBA YHMTADHHX ONEPATOPOB ﬁ(t), U(t), npuuyeMm

BHIOOMHANTCA COOTHOHMECHUA

O(6)b(t)

U(t+t'), t.t' e Qp, (3.2)

U)YU(t') = U(t+t"), t,t' e Q. (3.3)

P

Buuncnum sapo K; omepaTopa SBOJOUUM B KOOPIMHATHOM

npexcrapiesun. Paccmorpum ceMeiicTBO pPeryagpu30BaHHHX ONEpa-

TODOB
2
D00k = x,[E)ih), (3.4)
) 4m
roe
k2 N
X [Et] = x[4mt], Ikl,=» ’
N
Am 0 LIRY
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llociexoBaTeSEHOCTE ONEPATOPOB ﬁ&(t) CMABHO CXOOMTCA K
U(t) mpu N » o:
lim U ()% - U] =

N>

= lim J |4 (k) |%dk = 0, § e L@),teQ. (3.5

N
N
[kl >p
CoOTBETCTBEHHO NOCAENOBATENLHOCTE omeparcpos U (%)
cuxpHO cxonurcs k U(t). .
Monb3sysces rteopemoit o npeobpasosamuu Pypre CBEpTKH
(3.5) us § 7, sumoamuM obparHoe mpeo6paszosanue Pypre B

cooTHomenun (3.3):

Un(t\)'/’(ﬂﬁ) = F’[ﬁ“(t)l’w(rb)} = F’[x[i—;tjm] =

- F[xx[k_zt]:l*w - JKim(z—y)w(y)dy, (3.6)
4m
rge
Kt(m _ F[x"[:—;t]}(g) = [ xn[gt + kg]dk. (3.7)

<N
{k| =p

Hurerpan (3.7) Own suuncnen B § 7 (dopmyna (2.3)). Ormerum,
B YACTHOCTH, 4TO QyHKIMS lfm(g) MMEEeT KOMIAKTHHN HOCMTENS.
llepexongst x npemeny N » « B dopmyne (3.6) B mnpocTpaHcTBe
Lz(Qp), umeeM mpu t = O
Ut () = ertu-y)w(y)dy, (3.8)
Q

P
rge uuterpan B (3.8) mnouuMaerca kxax HecoOCTBeHHHIt, CXOXi-
uMitca 10 HOpME B LZ(QD).
finpo K (z-y) wMeer Bum, cm. (3.1) § 7,

K = (482 few). e o0 @)
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pu t = 0 umeem
K (z-y) = 5 (z~y) . (3.10)

HH&epecno OTMEeTHTE, 4YT0 $yHKUMOHATLHOE coorHoumenue (4.1) us
§ 5 mna dyHxKuMH Ap(a) BHTexaeT u3 pasencte (3.3), (3.9) bes
HCHONB30BAHUA SBHOTO BHDAXEHHS QYHKUMU Ap(a) yepe3 CHMBOJ
Jexannpa. W3 npusesensux $OpPMyn BHTEKAeT COOTHOMEHWE IJis
ceofonuoi sposouuu omeparopa Beitna K(z) (2.2):

UK (2)U()" = ¥(z), t 0, (3.11)

p

rane

5 = (a(0).p(D) = [0+ 72, 1) (3.12)

- KJaccudecxas 3BOJOUMIL CBOGOAHON YACTUUN.

llosBenem wuror. Ksaurosas mexanmumka cpobogHolt vacTuUH
Hag ToJeM ﬂp 3axaeTca TPOHKON (LZ(Qp)’ ¥(z), U(t)), rme
¥(2) - yuurapuoe npeacrassenue rpynnu leitzenbepra - Beitns
(2.3), U(t) - yuurapmuit omeparop 3Bomoumu (3.8), mnpuuem
BMIIOJHAOTCA cooTHowenus (2.2) u (3.11).

4. rapumounyeckuit ocumunnarop. Ksanromas MexaHuka rapMo-
HMYECKOT 0 OoCUMAIITOpa Han noxeM @O  3agaercs  TPORKO#
(LZ(QP), ¥(z), U(t)), rme W(z) - yunrapHoe npexcTas/eHHE
rpynnu Teitzenbepra - Beina (2.3), a U(t) - takoit yHMUTApHMHI
ONepaTop 3BONOUMH, YTO BHIOJHAOTCA COOTHOWLEHHS

U(tet') = U(U(E"), t,t" € G, (4.1)

UGN (2)U(t)" = K(T,2), t e ¢, zel, (4.2)

rage KJIaccHueckKas 9IBOJIOLHA th 3agaercs dopmynamu (1.5),
(1.6). B zanrpHeiweM MM IOJOKHM M = w = 1.

Onpenenum omneparop U(t) Ba OCHOBHHX QYHKHUMAX Y e D(Qp)
cnenyoumM oGpasom:

0¥ = [ KW, 1<, (4.3)
Q

| 4
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rae Aapo Kt(x,y) MMeeT BMI

1 2y 2
Kt(:c,y) = lp(t)ltlllzx{_ xt;% + S:fgt]’ t =0, (4.4)

K (z,y) = 5(z-y).

Bupaxenue (4.4) mne onpeaeserno B Hyasx ¢yHKUMM Sin ©.
3JaMeT¥M, YTO EJMHCTBEHHMH HyJ b, y 9T0# (YHKUMM MOXKET OHTH
Tonpko mpu t = 0. Ito caenyer us coorHowenus (4.19) B § 2,
|sin t|p = |t|p mpu t e Gp.

Teopema. ZFopwyna (4.3) 3sadaem yHUmMapHoe HenpepwBHOE
npedcmaBneHue epynnu G‘p B 2unbbepmoBOM nNpoCMpaHCMBE L2(®p)
U nepesodum :D(@p) Ha cebs.

m IT0 caenyer u3 BuMEa aapa (4.4), COTJACRO KOTOpOMY
nmpu t = O

A ()

8@ = o - et v o) [

P

Orcona Buguo, wro omepartop U(t) npu ¢ = O ecrsr KOMIO3uuUH
YHUTAPHHX OIEPATOPOB M TEPEBOIUT D(@p) HA D(«Jp). IIpy ¢ =0
omeparop U(0) = I.

JlloxaxeM rpynmosoe caolicrso (4.1) Ha D(ﬂp) nps p =z
Mycre y(2) =0 npu |z| = p" u Ut )y(y) = O npu |y|p =
(t* = 0). Torma

3.
4
p

U()U(t )y(z) = [ K (z,y) I K, (y,2)¥(2)dydz =

N

ly|_=p" |z| =p

i

f v(z) I K (z,9)K,, (v, 2)dydz =

tzl =p" |yl =p"
- Y%, () z? 2| 1
= e X v(z) o I L 2
P N » .
[z] =p Iyl =p

T z
* 2y['s‘i'ﬁ{ * W]]dydz- (4.5)
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Jns BuuMcnenus sHyTpeHHero MHTerpaida B (4.5) ucCmoab-
3yem dpopmyny (2.3) us § 5. 06o3umaumm

o = - 1 - 1 , b = 2z + 2z . (4.6)
tgt tgt’ sint sint’

Toraa, cuuras uyro t+t’ = 0, umeem
tg(t+t’)
(1-tgttgt’ Ytgttgt’ .

t+t’

(4.7)

la], =

1244

Nockonprky aeeas wactes B (4.5) ne 3asucur ot M, npu nxoc-
TaTroyHo Gonasumx M (PuxcupoBaHmux t,t’,z) uMciao M MM MoxeM
BHOpPATL CKXONEL YrogHO OOIBUMM M IOITOMY BOCINONL3YyEeMCH BepX-
Heit ctpokoit B dopmyne (2.3) & 5. Hueem pmanee

<, g
b ow| rsint’+zsint
—_—py =P |— -
20 |p t+t’ p
llosromy
al -4 | = 1.
2a p
Hrax,

dyx _ya[ I | ] . Zy[ zT _ , _2 ] _
tgt tgt’ sint sint”’

tt’
t+t’

x
P

:A—__].'..—_l._
Pl tgt  tgt’

xx[[w e 2 )L 2 )] (4.8)

sint sint’/ ‘tgt fgt'

Yunrusas coormomenue {4.1) u3 § 5, mnpeobpasyeM BHpaxeHue

DAt A ¢
P

1 1 tg(t+t*) t+t’
Al- — - ——| = al- - = A |- =
Pl tgt  tgt’ L {(1-tgtrgt’ Ytgttgt’ PL ot

= Ap(t)‘ixp(t' )"Ap(t+t' ). (4.9)




I[pxueu B0 BHMMAHME€ COOTHOWIEHHE

2 2 2 -1
R ST A I S 1 .41 =
tgt tgt’ sint sint’ ] (tgt tgt’

z%+2° 2zz (4.10)

+

tg(t+t’)  sin(t+t’)

Cobupas BMectre coorHomwenus (4.5), (4.8), (4.9) =«
(4.10), nonyvaem

v()u(e )u(z) =

W 2 Ny(oyaz = v(eer yu(a)
= — | x|~ + V(z)dz = U(t+t’' Yy(z).
|t+t’|;/2J [ tg(t+t’) sin(t+t’)
0 N

Taxum o6pa30;, rpynnosoe csoiicteo (4.1) moxasamo mna t, t',
t+1’ + 0. Cayuvait, xorpa oguH M3 3TMX NapaMeTpOB HCYe3aer,
HOKAZNBASTCS AHANOIMYHO, NPOWE, MOCKOnbXy K (z,y) = s(z-y).
Cnyva#t p = 2 paccMaTpuBAeTCAd AHAJONMYHO. N

3ameuvanne. Kak BUAHO M3 NDMBENCHHHX pACCYKOEHMIl, B
pP-anAHYEeCKOH KBAHTOBOM MeXaHUKE B ornuqﬁe OT CTaHZAPTHON
ouEMTHAA BOJMHOBAS QYHKUMA NpPM SBOJOLUMH MOXET OCTAThHCSI Ou-
HUTHON, HaNpMMep, BONHOBAA OQYHKUUS M3 D(Qp). MoxHo oOuUeHuTH
061aCTE pacnpoCTpPaHEeHMS .

lns npoBepku cooTHoweHus (4.2) BHYUCIAETCH MHTErpas

[r@vw G nr @i = vaze. @

rae ¥(z;u,v) - agpo (2.4).

5. Jlarpanxes ¢popmaruasm. B n. 1 § 11 paccmarpuBaics
TraMMABTOHOB GOPMAJIM3M P-aIMUYeCKON OTHOMEDHOM XJIACCHYECKON
MEXHMKM, B HACTOAMEM pa3gene OJd 9TOro Xe cayyas M3Jaraercs
Jarpanxes ¢opmasmsm. Hauymem paccmoTperMe ¢ onpegpesieHus
MHTErpaja aHAIUTHYECKOM YHKUMM ¥ O0GCYXIE€HMA ero CBOMCTB.

NMlycty dyuxuma f: Op - QP -~ aHalMTHYeckas B Kxpyre B
{(cM. § 2), Touku a u b nexar B kxpyre B, xoropuit cTporo
comepxurca B B. llog mAarerpanoM ¢yuxuuu f B npemenax or a A0
b nommmaeTcHa creayoUEe p-aqHYECKOE HHCIO:

b

jfuﬂx=ﬂm@)-fm@L (5.1)
a
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nepeoobpasnas [ amanutuveckonr Qymxumm onpexenena B m. 2

§ 2. 3amerum, uro f'V ompenenema B Toukax a u b B cuity
ycnoBus a,b € B> ¢ B (cm. n. 2 § 2). dopuyna (5.1) ompe-
neyfeT p-aAMYHO3HAYHMA QYHKUMOHAJ HA MHOXKECTBE AHAJUTHUEC-
xux B xpyre B ¢yuxumii. CsoiicTBa 3TOr0 $yHKUMOHANA OTPAaXEHH
B Clenyomei neMMme.

Nlemma. Unumezpan (8.1) obnadaem ceolicmpanu:

b b b
1. I(Af+ug)dz = Affdz +* ufgdx, AU € Qp.
a : a a
c b b
2. J‘fda: " ffdz = jfdx, a,b,c e B .
a ¢ a

b b b
3. If’ydx = fyla - Jfg'dx.
a a

4. Ecau 9ns moboli ananumudeckol B Kpyze B ¢yuxuuu h,

ydoBnempopsomell yCMoBUSIN
h(a) = A(b) = O,

BbLINOMIHEHO YycJ/oBUE

b
thdx =0,
a

mo f = 0.
s CBoiicTBa 1 M 2 HENOCPEACTBEHHO CJEZYOT M3 onpegene-
HMS MHTErpaja; CBOMCTBO 3 BHTEKAET HENOCPEACTBEHHO M3 onpe-
neJieHus MHTerpasa ¥ QOopPMyNH NMPOM3BOTHON NPOU3BEIEHUA .
lokaxeMm csoitctBo 4. Hpepcrasiss ¢yukuuu f u h B BuMAe
CTENEeHHNX PAA0B M yqxfunaa CXOOMMOCTBb 3THX DSIOB B TOYKEe 4,

MOTyYaeM:
h = Y b (z-a)",
0=n<w
b (b_a)n*l
[fhae = § (fh) ———, (5.2)
a 0sn<w n+1
rge

h = h(a) =0,

a(b) = ¥ A (b-a)" = b,

1Sn<w
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(f’f)n = Z fkhn-k.
O0=k=n
Beons oGosmauenue d = b-a = O u memias B dopmyne (5.2)

NOpPAXOK CYMMMDOBAHMS , HOJIydaeM:
b h d

fhdz = Y fd° Y ——. (5.3)
'i 0=k<o - 15n<mn+k+1

Kosdduunenrn hn dyuxuuy A npu nz2 onpemesuM INPOU3-—
BOJbHO (JMuB OH BHIONHANOCH YCJIOBME Ihnd“lp >0, n> o), a

xo3dduunenT h1 onpeaeauM mo dopmyrne:

h = - z hnd“'l.
2=n<®

Noncrasnsa mocnemuion ¢opmyny B (5.3), nomyuaem:
b f.d*
k
F = |fhdz =
{ Z k+2 z

0=k<w 2=n<w

-n
b d™*. (5.4)
n+k+1

C yyetoM mocnenueit GopMysnm yrBepkIE€HHME 4 JIeMMH MOXHO Nepe-—
dopmyaupoBaTs ciaeayoumMMm o0pas3oM: eciau Gas JOOHX p-agudyeCcKux
yucen hn, n =z 2, YHZOBJETBOPAOUUX YCIAOBHUIL |hnd“|p > 0,
n - o, BHIOJHeHO paBeunctso F = 0, Torga j; = 0 pna Bcex k =
= 0,1,... IllpexmosnoxuM, uto neMMa He BepHa. Torpa Haixem
Taxkoe m, 4TO j; # 0. Koadpuumenrn hn, n =z 2, ompemgesuMM mo

dopmyme:
; 1 { 1, n=p“—m-1,
h

n " (1-n)d" | 0, n=p'-m-1,

rae M e N, p" = m+3. logcramass Bupaxenmue KA h B (5.4) u
BBOAR o6o3HAYEHME:
k
f.d
c, = , k=0,1, ...,
k+2

Oy YuM

F=FH = Y ——ci—l;:o. (5.5)
05k<mk—m+p

AHANOTMYHO [OOKA3ATEJBCTBY CXORMMOCTM DAXA HJid NEPBO-
o6pasnoit amanutuueckoir dymxkumu (cM. n. 2 § 2) nmerxo aoka-

3aTh, 4TO
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'fk k

SORE D) s
osrce (K*2) (k-m)
k#m
OTKYRa crenyer, 4YTO0 DAQ
ck
y — (5.6)
0=<k<w k-m
kK*m

cxopurca. Nockoasky lim p" =08 Q, 1O
P

J 2
' c c
« k k
lim ‘ — = | z e
M -m+ k~m
® 0=k =N k m+p e O0=<k=N P
k#&m k¥m

mpu wbom marypaasHoM N > m. B cuay cxoammocTH paxa (5.6)

Hajgerca He 3asucawas or M u N xoucraHTa Takas, 4TO

c

lim Z“"‘k_n <C.

Mo o=y k-m+p” lp
k#m

CnepoBarensuo, nHaimerca C’ > €, 4Tro, HAYMHAA C HEKOTOPOIo

M, BHUIONHEHO HEPABEHCTBO

c
‘ y ——— | <C. (5.7)
osksy K-M*P P
K¥£m
BuGupas M raxum obpasom, urobu p" > ¢ , M, IPUHUMAS BO
I,
m!p

BHMMAHME HEAPXMMELOBOCTH pP-afN4YECKOH HODMN M HEPABEHCTBO
(5.7), moxyuaem:

c c

K K -H M, o
| TS -] T e | = e,
k-m+p P k-m+p "l "
O=k=N O=k=N
' kK#*m

llepexonss x mpegeny npu N 5 « ¢ yyerom (5.3) us moc-

nenHeit PopMynn monydaem:
_ M
\F |, = Ple,],

OTKyZa f_ = 0. llonmyyeHHoe NPOTHMBOpeYMEe NOKAZHBAET JIEMMy. m

0,

Jarpamxes ¢opmanusm mna Qp CTPOMTCS MO AHAJOIHMM C Jjar-
pamxeBuM ¢opmanusmom ans R. Kax u B m. 1 ¢ m ¢ - coorser-
CTBEHHO KOODAMHATA M Bpemﬁ - NPUHAMAT 3HAYEHUA B Qp, dynx-
uus ¢(t) amamuTuuHa B kKpyre B’ > B, rtorma (cM. m. 2 § 2)
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npouasonnas ¢(t) Takke amamuruuna B B’ . BymeM paccMATpUBATH.
TONBKO Taxue narpamxuagl L(g,q), KOoTopHe ABASOTCS AHAJIHTH-
YEeCKMMM p-3OUYHO3HAYHHMYM YHKUMAMM BO BCelt IUIOCKOCTH nepe-
MEHHMX ¢ ¥ ¢; B 3TOM ciayuae amauvemume L{(t) = L(g(t),q(t))
narpamxuana L(g,7) #a Tpaextopun ¢(t) ecTs aHaIMTUYECKAs B
xkpyre B dyuxuus mepemeHHOH ¢.
lleifictBue S ompemenuM Xak p-agMYHO3HAYHHI QYHKUUMOHAT HA
MHOXECTBE TPAEKTODPUHl Ti0 $opMmyne:
b
Sla) = [ £(a(t),q(2))dt, (5.8)
a
rAe MHTEerpajg NoHMMaercs B cmuciae (5.1).
Bapuauuonny® npousBogHY® AeHCTBUMA S ONpeIenuMM 1o

AHAJIO''MM C BEWEeCTBEHHHNM CJy4dyaeMm:

85[g]  dS[g+eh]

8q de
roe € e Qp, h(t) - npousBonbHAZ AaHANUTHYECKAX B xpyre B

€=0’

byrkuus , yaoenersopsomas ycaosusM h(a) = h(b) = 0. JHeicTsue
(5.8) craumonapno Ha Ttpaektopux ¢(t), ecau BHNOIHAETCA

ycnoBue
55[7]|
sy 1774
Teopema. Ecqu delicmsue (5.8) cmayuoHapHo Ha mpaexmopuu

¢(t), mo Bdoap smoldl mpaexmopuu chpaBednUBO ypaBHeHue 3Jinepa

0.

- JlazpaHxa:
d (38l aL
—|—={ - —=0. {(5.9)
dt\agq aq
m o ycaoBuw Teopemu
d b aL oL
-—S[q+eh]le_o - [ { —h o+ —h }dt = 0. (5.10)
de - 2 aq aq
Hcemonp3ya yTBeprReHMe 3 JIeMMH, HOJydYaeMm
b aL. aL b %4 (oL b4 (oL
J.-—: dt=—7k —J.——'—:‘hdt=‘j——-'—7hdt.
a 99 ag 'a 2 dt\agq 2 dt|agq

lloncrapnas mnocnexnee Bupaxeuue B (5.10), umeem:
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b a4 el oL
- %) Lo
2 dt‘ aq aq
OTKyaa, C Y4YeTOM YTBEDXIEHMS 4 JIeMMH, CJeAyeT yTBepKIeHue
TEOpeMH. m
Knaccuueckas tpaexropus ¢_ (¢), npoXoxfwad uepes TOUKU
g, M g,, Ompemensercs Kax pewenue ypapmemns (5.9) c rpamwu-
muMmi yemosuamu: ¢(t) = ¢, q¢(t,) = q,, 3Hauenue pmeicTBUSA
5 ,[t,,t,], coorsercreyomee 5TOil TPAEKTOPUM, BHUMCIIETCH IO

bopmyse:
t
2

S, Ltat) = [ L, (1).4,,(2))de.
tl

6. deiiHMAaHOBCKHME KOHTHHYaNbHile MHTerpass. 0auH U3 BO3-~
MOXHHX NyTeil NocTpoeHus O¢CHHMAHOBCKOTO KOHTMHYyJIBHOI'0 MH-
rerpana npegnoxken B n. 2 (bopmyna (2.8)). B mactoamem pas-
oene JZaeTcsds crporoe 060CHOBaHUE 5T0TO0 CHoCofa C NMOMOWEIO Me-
TOQa KOHEYHNX ANNPOKCHMMAUMI M BHYMCIIETCS SADPO omeparopa
3BOJIOUMH P-AXUYECKOr0 I'apMOHMYECKOro OCHUWLINTOpPA.

PaccmoTpuM p-amuueckyo cuctemy ¢ aarpawxuanom L(g,q) -
aHATHTUYECKOH QYHKHHEH BO BCel MIOCKOCTH NEPEMEeHHNX ¢ W ¢;
TpaekTopus ¢(t) - aHaaMTHYecKas QyHKuUMA B Kpyre B . Bubepenm
uexoe umciao n < N M NOCTPOMM TNOKDHTHE Kpyra BN Kpyramu
lL(aJ), j =0,1,...,p""1, pamuyca p® 6e3 obumx rtouek (cM.
n. 3 § 1, npuMep 2). B xaxmzoM u3 xpyros HOKpuTus BubepeM mo

opmo#t Touke ¢, J = 0,1,...,p" "1, npuuem cumraeMm, uTo

t, = O u tpwm-l = t. [na xaxmoit napm Tovek (tj,tjﬂ), 7 =

=0,1,...,p "2, NOCTPOMM KIACCUYECKYO TPACKTODHIO ¢ . (cm.
C

M. 5), YROBAETBOPIOWY YCHOBMIM:
0.,(¢) =a;, ¢, (¢ ) =q,.

3HAYEHME HEMCTBHA Ha KAXAON TakOW TPAGKTOPMM UMEeeT BMA:

tj+1

s, [t,.t,,,0 =] L[qcl(t),écx(t)] dt, (6.1)
t

ct bty

3
t
7=0,1,...,p"™-2. Cumson fL(q(t),&(t))dr, B dopmyne (2.8)

Q
6ynem mommMars craepyouum obGpasom:
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3

L[qcl(t),écl(r)] dt =

e

t

JL(‘L’)d‘L’ = lim Z

° n-3-o N
osjsp  "-27)

= lim ) S, [t,.t,,, 1. (6.2)
n>-o
-n
0=j=p -2

dopmyny (6.2) MOXHO pPACCMATPMBATL KaK ANNPOKCUMAUMD
NIIPOKU3BOJLHON TPAEKTOPHM OTpPEe3KaMM KIACCUUYECKHX TpPAEKTODHH.
llapaMerp n ompexesdeT CTENEHb ANNPOKCHMALUY.

C ywerom dopmynu (6.2) KOHedHy®  ANNPOKCHUMALMD

(
KL")(:z,y) sapa ONepaTopa SBONOUMM 3ATMEEM B BMUAE:

(n)
Y (z,y) =

roge ¢ =, ¢

o = Yy, BN - CTEeNeHs AaNNpOKCUMAUUU, Cn -

1
HOPDMUDOBOYHHII MHOXMTENL.

N-n
p -

Ecnu cywecTByer npepen Ké")(a:,y) mpM % » w, TO OH
onpefenseT SEPO ONEPATOPA 3BOIOUUK:
. _ . (n}) :
K (z,y) = lin ¥ (z,p).
n>-w
B cnyvae rapMOHMYECKOro OCHWUIATOPA JAarpaHxuaH HMeer

BUO
. 1,2 N
L(2,4) = 5(d"-d°),
a ypasuenue 3linepa - Jlarpamxa:
dzq
dt?
Pemenne ypasuenus (6.3) ¢ XpaeBHMM yCAOBUAMM

+ q = 0. (6.3)

q(t) =a,; a(t ) =q.,
HMeeT TOT XK€ BMO, YTO M B BEMECTBEHHOM CIayvae:

int - i -
¢,sint, ,-¢,,,sint, g, cost,  ,=d, ., 1

g () = - cost - sint,
el sin(¢, -t)) sin(¢ -t))

rae t,t .t e Gp (eMm. m. 1).

C IIOMOWBI0 NMPOCTHX, HO TPYAOEMKHX BHYHMCJIEHHH , TOJIHOCTHID
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QHAJIOTMYHEX COOTBETCTBYOUMM BHUMCJIEHMAIM B BEWECTBEHHOM CIy-
1ae, MOXHO MONYYMTH Clelyolee BHpakeHne mis S _, [tt’t1+1]:
2 2
+
qi ql#l qlql+1
(6.4)

S [t,t 1= - )
R O sin(t -t
1+1 i 141 1

Hcmone3ys WHTErpajaw, BHYMCJIEeHHNE B N. 3 § 5, XoxakeMm
CAERYOUYID JIEMMY .
Nlemma . Uxeem Mecmo $opmyna:

AP(—Zai) J j‘
£ R
la|

0=i<k-1 i'p Q Q 0%1i=k-1 i
P P r T
1 i+
- dz dx =
. k-1
sin a
A [ -2 “ ] TS+ z
P 0S1=k-1 x
= 1/2 xp - ?
I 5 a, 2tg( Y al] sin( Y ai]
0=i1=<k-1 P 0=<ixk-1 0=<i=k-1
(6.5)

20e ke l, k= 2, a, e ﬂ]p, |ai]p = %, 1=0,1,...,k-1, ¢yHx-
uus Ap(a) onpedeneHa B § 5.

= [JoxasarensctBo nposexem 1no uuaykuuum. IHpm k = 2
dopmyna (6.5) nyreM saeMeHTapHEX Npeo6pazoBaHMM CBOOUTCA K
dopmysne (3.1) §5. MpeamonoxuM, uro dopmyna (6.5) sBepHa Mg

k = n u gokaxkeM ee CHpaBeJMBOCTE npu k = n+l. 06o3navasq

BHNDAXEHME B NpaBoit uyactu ¢opmynu (6.5) uepes F(ao,...,ak_l)
U CYMMY Z a, uepes Ak, TOJIYYMM ¢
0= | =k-1
F(ao,al,...,ak) = .
)\p(-2ak) Tt Ty
= 2 _— (Fla,...,a_)x - dz_ .
! |”2 ° k17T | 2tga sina k
klp Kk Kk
. P
Ilo. mpeAnoIOXEeHNI0 MHAYKILUM MMEEeM:
2 2
( ) Ap( 2an)Ap( 24 ) z, Tz .
Fla ,...,a) = 4 + x
° " ] jro2 Pl sin 4 2tga
n n-1'p n-1 n
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&

2
z, 1 1 T n+1
x‘[x —_ + -z + dz .
Pl 2|tg 4 tga ®|sin 4 sin a »
o n- n n-1 n

1

P
.C yuerom dopmysu (3.1) § 5 nocaexHoo QopMyny MOXHO Iepe-

nucarp B BMIE:

1 1
A (=26 ) (-24_ A ( + ]
P noow n-itow 2tgd | 2tga
F(ao""’an) = 1 1 172 x
el
ron tgd . tga’le
xo n+iy2
A VT
T, T, smAn_1 sina_
X X + - . (6.6)
Pl2tgd 2tga 1 1
n-1 n 2( + ]

tgAn_1 tga,
r

Hcnonessys caojicTBa QyHKUUM Ap(a) (cv. n. 4 & 5),
HoJIyqaeM:

1 1 sin(a_+4__)
2tgd 2tga_ 2sine_sind

1

a +4

n n-1

= —_— =2 {2 24 Ya (-24) .

xp[zu ] L2602, (24D, (-24)
n n-1

AHAMOTHYHO, MCROAB3Yyd CBOMCTBA QyHkuui sin z u cos z

(cM. n. 4 § 2), BUpAKEHME NOA 3HAKOM HODMH NPHBOXUTCH K

BMAY :

o+

anAn-l[ = IA l
tgAn_1 tge

np'
P

1 1 )

JanpHelimee JOKA3ATEABCTBO JIEMMH CBONUTCS X 3JIEMEHTAPDHHM
npeo6pa3soBanuaM mOg 3HAKOM XADaKTepa B NpPaBOit YacTH $OPMyJNN
(6.6). = '

JIns BHYHCAeHMI Aapa E;(x,y) I oCHMANATOpPa BHGEpeM
HODMMDOBOUHNI MHORMTEN: C B BUEe:
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¢ = q AP[—2(tjn-tj) ]. (6.7)

n 172
|tJH tjlp

N-n
0sjsp -2

Torpa annpoxcumauus nopsaxa n anpa K (z,y) 6ymer umers Bun:

Ap(—z(txu_tx)]

)
Kt“(x,y) = m YIRS
osi=p" "-2 Itlfl—tllp
2. 2
qi qlol
x J . o0 pr n -
a Q os1sp "2 2xg(t1+1't1)
P P
2,4,.,,
- q ...dq
sin(t . -t)) ! P2

C yyeToM jeMMH UMeeM:

Ap(°2t) 22 +y? oy

sz = X.(%0)-

K(n)(z y) = x
v [21272 "¢ 2tet

llonyuernaa ¢opMyna coBmagaeT, C TOUYHOCTHI OO HECYWMECT-—
BEHHNX MHOXHTEeJei#, C SApOM OmepaTopa 3BOJIOLMH TapMOHHYEC-
XOr'o oCUMANATOPa, mocrpoennmsM B m. 4 (cm. (4.4)).

7. KBaHTOBas MeXaHWKa C pP-agUUHOBHAUHBIMU QyHKUMsiMu. B
NpemNAyNeM pasjese MH paccMoTpenu $opManu3M p-aludecKoil
KBAHTOBO# MEXaHUKM C KOMIUIEKCHO3HAYHMMH ¢yHxuusamu. B mac-
ToAWEM pasfene Mu o6cyxmaeM MOAX0A K p-aaUYECKON KBAHTOBOI
MEXaHMKEe C Pp-aANYHOSHAYHHMM YHKLUAMU.

HamoMHMM ¢opManu3M BTOPHYHOr0 XBAHTOBAHMA B OONYHONR
KBAHTOBOH MEXaHMKE B TEDPMMEAX ONEPATOPOB DOXIEHUT M YHMY-
Toxeuns. Yepes L o0603nayHM ruaL6epTOBO NPOCTPAHCTBO HOCHE-
nosareasHocre f = (j;,fl,...) KOMIUIEKCHMNX 4YMCEeJ CO CKa-
JIIPHMM NpPON3BEXEeHUEM

9= Y Lr3. (7.1)
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* “
Unepa'ropu POXIEGHUA M YHHYTOXKEHUd a H & JAeHCTBYOT IO
CleAyouMM npaBunaaM:

a*fn - afn = nfn—l’ n=0,1, ..., (7.2)

n+1’

M YHOBJETBODPANT KAHOHMYECKUM KOMMYTAUMOHHHM COOTHOWMEHWSIM:
* x  x
[a,a ] =qa -aa=1 (7.3)

B HeKOTOpoi ofracty B ¢ . TaMMIETOHMAH TAPMOHMYECKOTO OC-

I LIATOpa MMEEeT BUI:

*

B = waa, (7.4)

rie w - BewecTBeHHoe uucao. Moxwo paccmorpers Gosee oOGumit
FAMWIIL TOHMAH

H=H +V, (7.5)

¥*
rae V, Hampumep, HOJMHOM OT OHEDATOPOB ¢ W G. IJBOJOUUI BO

BpeMeHU maercs ypaBHenueM lpeannrepa

ay )
t— = 11'/1, (7'6)
at
rge y = w(t) - BEKTOD U3 ez. 72 caMOCONPSXKEHHOr 0 ONEpaTopa
H uymeeMm .
¥(t) = 'y (0). (7.7)
Ormetum, uro Bmpaxenmus (7.1) - (7.5) moryr GuTe Hemoc-

PENCTBEHHO pACNPOCTPAHEHN Ha CAy4al p-aguyeckoll KBAHTOBOI
MEXaHMKH, €CJAM PACCMOTPETH NPOCTPAHCTBO MOCAEAOBATEIBHUCTEN
f = (fo,fl,...) P-aOAUYECKUX YMCe] CO CKaJIDHHM TIpOU3Bexe-

HMEM

©
(f.9) = ) f3., (7.8)

. n=0
TAEe PSAH CXOASTCH B ﬂ)p. lpobnema 3axnwuaeTcd B TOM, YTO
TEOpHS ONeparopoB B NMOJOOHHX p-aguyeckux rwiIbBepToOBHX Ipo-
CTPAHCTBAX HEZOCTATOYHO PA3BUTA 10 CPABHEHMO® C COOTBET-
CTBYOWEH TeopHeil B KOMIUIEKCHHX IFUIb6epToBNX NMPOCTPAHCTBAX.
Hwke MH XpaTKO U3INOKUM pP-aAHYECKOE MHTETpPANbHOE MCUMC~
JleHMe M ero NpHMeHeHMe B p-aAndeckKoll KBaHTOBOM MeXanMke C
P-aOU4YHO3HAMHMMM QyHUMSIMH, KoTopas Ouna passura B paborax
A.D.Xpennuxopa. Yepes QP(\/?) 0603HaYMM KBAZpATHYHOE pacum-
peHne noas Qp. BubepeM p > 0 u yepes Ap 0603Ha4YUM NpPOCTpPAH-
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CTBO AHAJAMTHYECKMX GYHKUMIT Ha mape

Up = {z € Qp: |$|p < p},

MPUHUMANMUX 3IHAYEHUT B ﬂp(V?) u cHabGkewnoe TomosorHeir,
onpenergseMo HODMO#H

171, = max|f,| 6",
ecaun -
flz) = an.r“.
n=0
IlpoexTuBHUit mpenes MPOCTPAHCTB Ap

A = lim proj 4
Py P

ABNAETCA HEAPXUMENOBHM npocTpaHcTBoM @Ppeme. Yepes A’ Mu
o6o3uayuM aBoHcTBenHoe kx A npoctpaHctBo u OygeM ucnoiabso-

BaTh, 0003HaYeHHe
Jw(x)#(dz) = <p,u>

ana mesicreus p € A° Ha odymkuwmo ¢ e A. Jobas oGobuenuas
dyuxuus u e 4’ umeer npeobpasosamue JNannaca L(u), koropoe
NPUHAKIEXAT MHAYKTUBHOMY Npefesy NPOCTPAHCTBE (GYHKUMA aHa-
JANTUYHEX B O} PeCTHOCTH Hyaa. layccoBo pacnpexeneHue Ha, Qp
310 no omnperejgenun obobweHuas ¢yHkuus v e A’, umepmas cae-
aywomee mnpeobpasosanue Jlanmaca:

L) (z) = V™.

Ha npocrpancrse 4 onpeaenuMM CKa/lipHOoe NPOM3BEeIeHHE IO
bopmyne:

(F.9) = Jf(w)g(w)V(dw)-

Nononuenue mnpocTpaHcTBa A N0 COOTBETCTBYNOIUENR HOpME
€CTE 1O ONpeXeNeHHD p~aTUieckoe Truwib6epToBO0 NPOCTPAHCTBO
LZ(Q ,v(dz)). B 3ToM mpocTpaHCTBe Da3BUTA TEOpMS NCeBROAMY-

3 P

PepeHUMANEHUX OMEPATOPOB .
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§ 12. CnexTpannHas TeopMs
B p-amuecKoil KBaHTOBOH MexaHHKe

06cyauM MOCTAHOBXY 3aXad4d O CHEKTPEe ANA TapMOHMYECKOrO
OCUMJLIATOpPA. B cranmapTHO#i KBAHTOBOJ MeXaHMKe Had TMOJEM Be-
WEeCTBEHHHNX YUCeJ HU3Yy4anTcsd CHeKTPaJbHHE CBOHCTBA oOmepaTopa
TamMuaproma. B p aguueckxoil xBaHTOBOH MeXaHMKEe MH He uMeeM
oueparopa laMunsTOHA, HO3TOMY CHEAYET BHPA3UTH CHEKTPANLHNE
croitcrpa B Tepmuuax rpynme U(t). PaccmoTpum cHauana rapmo-
HUYECKUR OCUMANATOPD B CTAHZAPTHOH KBAHTOBOH MEXaHUKE, U
nycrs U(t) - COOTBETCTBYOUMA ONEpaTop SBOIOUUM, KOTOPHH 3a-
ZaeT YHHTAPHOE NpeNCTaBleHHe ANAMTMBHON TDYNNH BEWECTBEHHMX
uncen R. Pasnoxenue npexcrasienus U(t) Ha HempuBogumse uMe-
eT BHI ©
LZ(R) = n&f)o]{n, (0.1)
raie MHBADHAHTHHE MNOANPOCTPAHCTBA H; HATAHYTH Ha TOJUHOMS
Ipmura. CoorBeTcrByOUMEEe YpaBHeHue ai% COOCTBEHHHX QYHRKUMUN

uMeer BHI Wt

U(ty,=¢ "y

3necs wn - ¥3BeCTHHE COOCTBEHHHE uUuCna Jpiad TapMOHNUECKOTr O

v e H. (0.2)

2’ n

OCHM/UIATDPA, KOTODHE MHTEDPNPETHUPYIOTCS XaK YPOBHM OSHEDLHH.
AHAJOrMYHO, M3yUYeHMEe CHEeKTPAJIbHEX CBOKCTB p-aAMYECKOro rap-
MOHHYECKOI 0 OCUMMIATOPA CBA3aHO C DA3JOKEHMEM NPEXCTABICHUS
U(t) rpynnu G; Ha HENpPHBOIMMHE .

Pewenne 9T0it 3amau¥ paszbuBaercd Ha CREOyOUMe STAIN:

OMMCAHKEe XAPDAXTOPOB T PYNNH G;, cM. § 33

BHYMCJIIEHHE DPa3MEPDHOCTEH MHBAPUAHTHHX HOINPOCTPAHCTE
H&;

MCCIeXOBAHME ABHHX GOpMyNn Ans coOOCTBEHHMX QyHKUMIT ome-
paTtopa osomouun U(t).

Mu ycranoBum pasmoxkenMe, ananorudnoe (0.1), (0.2),

L,(@,) =" o 1, (0.3)

U(t)Y = x(at)y, ¥ < . | (0-4)

Kax u3BecTHO, B CTaHZAPTHON KBANTOBOH MexaHukKe Ijs
TapMOHMYECKOT 0 OCHWUIATODA MHBAPMAHTHHE noanpocrpanctsa H
n

ONHOMEPDHH, T.€. OTCYTCTBYeT BHpOXIeHHEe. Crnexrpaibuue xe
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CBOMHCTBA p- AAMYECKOI0 T'apMOHHYECKOr0 OCHMIJIATOPA CYWEeCTBEH-
Ho Goraue. B wactmoctH, mpu p = 1 (mod 4) umeer mecto 6Hec-
KOHEYHOEe BHPOXIEHME KaK MWHBADMAHTHOTO BekTopa (BakyyMa),
rax ¥ Bo36yxmenanx cocrosuuit. Hpu p = 3 (mod 4) wumeercs
eIMHCTBEHHNN BAXYYMHHI BE€KTOD, & KPAaTHOCTH BHDOXIEHHS BO3-
OykneHHwx coctosuHuit pasHa p+1. Ilpu p = 2 umewrcs psa Baky-
YMHUX BEKTOpPa, A KPATHOCTH BHDOKICHMS BO306YKICHHHX COCTO-
SHW paBHa 2 wiu 4.

B srtom mnaparpade IpOBeIeHO TaKke ucciexoBanue cob-
CTBEHHHX QYHKLUMH NPpU NOMOWM YHUTADPHOTO mpeolpa3oBanus K HO-
BOMY INpeICTABJIEHUD.

llpuBenem BHauane HeoOXoguMse O JajdbHeHWEro CBeJEHMI
N3 PapMOHHYECKOr0 aHaMU33a M TEGPUM ONMEPATOPOB.

1. Fapmommyeckuil aHanu3a. llycTs ¢ - A0KAABHO KOMIAKTHAS
KOMMYTATMBHAS Tpynna. Bcikoe HEeNpUBOAMMOE YHUTAPHOGE IMpen-
crapsieHue rpynnd ( OXHOMEDHO, NO3TOMYy ONMCAHWE MPEeNCTaB-
JIeHM#t CBOOMTCS K ONMCAHUK® XapakKTepos rpynns (. XapakmepoM
rpynni G Ha3HBAETCH KOMIUIEKCHO3HAYHAS HENPEPHBHAA OQYHKUMS
x: G > € co ceoictBamu x(g+9’') = x(g9)x(9’), |x(9)| = 1, rae
g u ¢’ - maobue 3geMeHTH Tpynne (. MHoxecT30o XapakxrTepos,
cHabxeHHoe onepauueir MOTOUEUHOTO YMHOKEHMS U TOMOJOTMEHR
PABHOMEDHOM CXOZHMOCTM HAa KOMIAKTAX, SBAAETCH JOKAJIBLHO KOM-
MAaKTHOX KOMMYTATUBHOH rpymnmoit, xotopyw b6yxem obosHayaTs G.
T'pynna ¢ masusaercs dyanvroli rpymmoit x G unu JOwolicmBeHHOU
no Moumpstzu”y. [pynna ¢ KXOMmakTHa TOrAA M TOTBKO Torga,

korga G pguckperna. Hmeer mecto Teopema amBoncrBennocTtu Ilon-
A

A

TparuHa: G = G.
Hycts U(g) - yuurapHoe HeNpepHBHOE NpENCTABIEHMEe T'PyN-
ni ¢ B rwisbeprosoM npoctpancrBe H. Torma umeer Mecrto npea-

CTaBJIEeHUE

U(g) = |x(9)dE(x), (1.1)

A

G
A
rae dE(x) - cnekrpanbHas Mepa Ha G.

Mlycte rpynna G xomnaxtHa. Ha rpynnme ¢ cymectsyer uMHBa-
puantnas mepa dg (mepa Xaapa). B stom cayyae mepy Xaapa 6y-
HeM HOPMMPDOBATH YCJIOBHEM
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Idg =1. (1.2)

MuoxecTBo xapaxTepos & = {xa(g), a e I}, rae o - abc-

TPAKTHHI MHIEKC, HyMepyobumit xapakrepw, obpasyer moaxyo op-

TOHOPMMPOBAHHYK® CHCTEMY B Lz(G)’

Jxa(g)xﬁ(g)dg = 8,8 (1.3)

roe 3§ cumpoa Kpomekepa, LZ(G) - ruas0eproBO TNPOCTpPAH-

CTBO KgMHneKCHOBHaqHHX dyHKUMT, KBAJAPATUYHO CYMMHPYEMHX IO
mepe Xaapa Ha G.
B sToM cnywae ruasbeproBo mnpoctpanctee H gonyckaer
PA3JIOKEHUEe B OPTOT OHAJIBHYW NPAMY® CYMMY
f= eo4H, (1.4)
oel
rage H& - MakKCMMaJIbHOE€ NOXINPOCTPAHCTBO, NPEACTABJIEHME B KO-

TOPOM KPATHO xa(g). IpMUTOB HPOEKTOP HA Ha uMEeeT BUL

Py = [ra@v@is, « e 1. (1.5)

G

B cury (1.4), (1.5) dopmyna (1.1) npuemmaer BUI

U(g) = ¥ x (9P, (1.6)
ael
HUmeer MecTo cooTHomEenrue
U(g)P, = x,(9)P,. (1.7)
2. Teopus onepaTopoB. IlycTs 4 - OrpaHdYEeHHHH OIEPATOD
B ruaesbeproBoM mnpocrpanctBe H u {wn}T - OpPTOHODPMHUDOBAHHHII
f6asuc B H. Cnedom omepatopa A HA3HBAETCH BHPAKCHHE
0
Tr 4 =7 (v, 4 ). (2.1)
n=1

Cnex cymectsyeT He AJS BCAKOTO ONEPATOpa, KPGMe TOTO, CAen
MOXET 3aBuceTh OT BHOOpa opromopMuposanHoro 6asuca. Hmewor
MECTO CJAelyolue YTBEPXIEeHHA : .

1) Hycts A - NONOXMTENbHMIT OrpaHHMuYeHHH# omeparop B H.
Toraa cyuma B npasoi 4Yactu (2.1) cxoaurca (X KOHEUHOMY WM
6eckoneuynomy npegesy) U He 3aBucHMT or BHbopa 6asuca.

2) Myctes A - TOJOXUTEABHHI OrpaHWYeHHWH omepatop B H,
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T - nocnefoBaTENLHOCTE MOJOKHTENLHHX OPPAHUYEHHHX ONEpPaTo-
POB, CXOXSMANCH K TOXZECTBEHHOMY B cwibHOM Tomonoruum. Torma
COPaBEAJIMBO PABEHCTBO
lim Tr (7T AT ) = Tr A.
n->w n n
3) Mycrs X - xomnaxt, dz - noJoOxUTesbHas Mepa Ha K.
Ilycts 4 - unterpainHuit oneparop B LZ(K) ¢ aapom A(z,y), He-
npepuBHHM Ha kxoMmnaxte KxK. Torpa cnem omepatropa A4 KOPDPEKTHO
onpexesnen (ue 3aBucur ot Bubopa 6asuca M KOHEYEH) M CHpAa-
BeaauBa ciaegyomas dopmynaa:
Tr 4 = [A($.$)d$.
K
3. TeopeMa O pasMepHOCTSAX MHBAPWAHTHHX IONNPOCTPAHCTB.
XapakTeps Tpymmu B% Gunv u3ywuens B § 3. Hamomumm, wuto
rpynmna Gp COBNAKAET C B_1 npu p =z 3 ¥ ¢ B_2 npu p = 2. Us
m. 1 § 3 cneayer, 4TO0 XapakTepH TPYyNIH Gp umeoT Bux x(at),
rgie o € 1;. MuoxecrTBO 1; COCTOMT TIp p = 3 U3 93JIEMEHTOB «
BMIA

- x-2
a =0 mbo a = p 7(c:to+otlp+.. re P )

roge ¥ = 2,3,4,..., 0 = oy = p-1, a°$0, J=0,1,...,9-2. Tlpu
P = 2 MHOXECTBO I2 COCTOMT M3 3JIEMEHTOB BHIA

a = 0 mbo a = 2"7(1+a12+a222+...+a7_327'3),
rge ¥y = 3,4,..., 0 = a = 1, 7 =1,2,...,v-3.
B coorBercrBuum ¢ n. 1 § 11 omeparop
P = |Gp|'1J x(~at)U(t)dt,
G
P
rge
1/p npu p=3,
16| = Jdt = (3.1)
P 1/4 npu p=2,

G

p
ABJISETCA TPOEKUMOHHHM OMEpaTopoM Ha TNoxnpocTpanctso H =
=P H, H= Lzﬂ%), npudeM H sBASeTCs UHPAPUAHMHWM NO3npo-
cmpancmeoM das npedcmasnenus U(t) u mpeacrasnemne B H
kpatHo y(at). HMeer MecTo creaywmas TeopeMa 0 Pa3MEPHOCTAX
NMOXNPOCTPAHCTB H&:
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TeopeMa. UHBapUaHmHHE noonpocmpaHcmsa H;' uMeiom crne-
Jyoiue pasNepHoOCmu:

Mpu p = 1 (mod 4) dim H = o ong mbozo « « Ip.

NMpu p = 3 (mod 4) 918 a = 0 dim A, =1; ons la|p =p
u vemHnx ¥ = 2 dim H; = p+l.

Mpu p=2 ona a =0 umw Jaf, = 2° dim H, = 2; ona
lel, = 2*,¢ = 1 dim £ = 4.

Aast ocmanbHEX o € 1; dim H& = 0.

'

Jng moxa3aTesqbCTBa TEOpPEMH MUCHOJbL3YyeM Claeayluee
Illpepnoxenve 1. PaaMepHocmb nodnpocmpaHcmsed H&, ox € I;,
BHpaxaemcss 4Yepes cneé npoexmopa P& no ¢opMyne

dim # = Tr P,. (3.2)

Joxa3aTensCTBO NPERXJIOKEHUS JErKo MOJYy4YaeTCs NPU TOMOUM
subopa cooTBercrByomero 6asuca B npoctpanctse H.

lns BuuuCnenmus ciepa omeparopa P Gyxem Mcmonn3osars
yreepxaerus 2) u 3) u3 n. 2. Onpemenum B LZ(QP) OrpaHmn-
HYeHHN}i omepaTop w mo dopmyrne

wy(z) = (p" |z )v(2), v e L(Q), (3.3)

rae .

1, O=asl,
Q(a) = (3.4)

o, a>1.
Hockonbky Q(pm|x|p) -+ 1 paBHOMEpPHO HA KaXIOM KOMIAaKTe IIpH
n 5w, To W > F B curenoit Tomomormu (£ - TOKIECTBEHHNI
omeparop). B cuny yrBepkmenus 2) u3 n. 2 umeeMm caenyowee

COOTHOWEHHUE :
Tr P, = lim Tr(0 P w ). (3.5)
o n O n
n—yoe

B cuny ompexeneHus omeparopa P& (4.1) umeem

Tr(w P ) = |G'p|_1 J x(~at)Tr(w U(t)w )dt. (3.6)
[t] =1/p

PaccMoTuM mogmmETerpasrnoe supakenue (3.6). Mcmons3ys
pupaxenue (4.4) us § 11 gna sapa K (z,y) omeparopa 3BosOUMK
U(t) n yrpepxaenus 3) u3 n. 2, noayuumM mnpu t e 6;, t =0,
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Tr(uU(2)0) = Jb(p‘“lxlp)i’t(z,w)ﬂ(p'"lxl,,)dx -

@

= ‘( Kt(:z:,z)dx =

n n
|2],=p 2] ,=p

J A, (1)

1/2
BB

X [sztgé] dz.

B cuny ¢opmyns (2.3) § 5 umeem

A (@) |a| npx |a| =1,
I x(ay?)dy = { * ’ P
1 Tipu |a|p51.

tyl =1

fpeoGpasyem nocneanuit unrerpan B (3.7) k supy (3.8):
f x{%ztg%]dx = p° J x[2p‘2”y2tg§]dy =
2] sp Iyl 51

-1/2
_ {Ap(t)ltlp npu ‘t‘pzp‘zn’

P npu |t }psp'zn.

n

3xecr MCHOIHL30BAHH COOTHOMEHWUS
-2n 2t _ ti _
Ap[2p ytgz} = Ap{22} = Ap(t),
|31nt]p = ‘tip, |cost}p = 1.

llostomy B cuny (3.7) u (3.9) umeem

) Ap(t) .
Tr(wU(t)w) Tt‘l_i—;s e
r(w w) =
n n
" npu |t|p5p"2”.

(3.7

(3.8)

(3.9)

(3.10)

lanee paccMmorpuM cayyait p =z 3. llogcrasnas (3.10) B (3.6),

moJiyyuM mpu n = 1,2,...
x, ()

D+l -
rr]?((dnlﬂxtdn) =P j‘ ]-;-[1-7?;Z ( at )(it +
P

-2n
[¢] =p
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AZ(t)
+ p J
|t

p'z"”slt]psp'1

x(-at)dt. (3.11)

P

06osmaunm mnepeoe caaraeMmoe B (3.11) uepes J, % mpexcrasuM
ero B Buge

A, ()
J =p [ —x(~ap®"t)dz. (3.12)

/2
]!

P

v [Tl =1
‘P
HMockonbky MM uHTepecyeMcd npegesoM IPH 7 - w, TO AJAi a0boro
-2
sagamHoro a BHGepem 2 rTakoe, uto |ap™| = ptja| = 1.
P P

Torza

r (@)
X(—(lpznt) = 1, ..]1 =p J I——iT/—-z-d'C. (3.13)
T

P
|t]p51

Buyucnenue J1 NMPOU3BOAMTCA ciaegyounuM ob6pasom:

A ()
- P 1
Jo=p J oRlt =P z v/2 [ Ap(t)dt =
Il osy<a?
= = (s
|t} =1 Il ,=p
_ 1 1 k
-PZ—W—ZJ‘“* Y A% L [;]X
0s5Y<e -15¥<-0 p 1<k=<p-1
¥ YerTH It'p=p7 ¥ HeueTH
- 1 ¥, _ 1
x J dr = p Z +72F [ p]’
—m<7.<.0p
|'C|p=p1 ¥ uwerTn
T =
TaK Kakx

Tl =0 dc = p' 3.14

'ﬁ - s tT=7p . ( . )

1Sk=<p-1
. §
Izl =p
T =k
o

3xecs e, =1 mpu p =1 (mod 4) u e, = ¢ mpx p=3 (mod 4).
Tosromy
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J=p 3 l;[l - %] = p. (3.15)

06o3HayuM BTOpOe craraeMoe B (4.11) uepes
A% (1)
J =p x(~at)dt. (3.16)
2 1,

-2n+1 <p !
p st s

Npegnoxenue 2. Ilycmp n = 1. Toeda uMeem Mecmo DABEHCMBO

(p-1)(2n-1) npu a=0, p=1 (mod 4),
(p-1)(2n-N¥)-1 npu |a|p=p", 2=N=2n, p=1 (mod 4),
1-p npu o=0, p=3 (mod 4),

X p+1 r-1 _ .
(-1)" —— - —— npu |a|p=p » 2sN=2n, p=3 (mod 4).

« 3aMeTuM, UYTO NOBEAENME GYHKUMH Az(t) 38BUCUT OT p.
IIpu p = 1 (mod 4) A:(t) =1 mpu Bcex ¢; mpu p = 3 (mod 4)
A:(t) = (-1)7, ecan |t|p = p7.

B cnyvae o = 0, p = 1 (mod 4) umeewm

J =p J ﬂ-—p Zp” J dt

It‘p -2n+1 £Y=<-1
¥

p— 2n4>1s I t Ipsp-l

= y [1 - %

~2n+1=yYs-1

2=s=N=2n, p=1 (mod 4), mnoas3ysacs

= (p-1)(2n-1). (3.17)

B cayuae |ct|p = o,
dopuynoit (4.2) § 4, uMeem

J2 =p , J x(—ozt)dL =
It
P
p-znnsltlpsp-l
1_1/1” 7s-N,
=D z "1/17 » 7=_N+1: =
“Anr1=y=-1 0 , v=-N+2,
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=p ) [1 - %] - 1= (p-1)(28-¥) - 1. (3.18)

-2n+1 SYS-N

B cayuae a=0, p = 3 (mod 4) umeem

J,=p Yy (D)7

-2n+1<y=<-1

1 - %] = 1-p. (3.19)

Haxoneu, B cayuae ja|p=p", 2 <N =<2n, p=3 (mod 4), umeem

1_1/]7, VS_Ny
J,=p Y (-1 -1/p, v=-Nel,} =
TEme1=yE-t 0 , y=-N+2,

\
=p Y (-1)7? [1 - lJ - ()™, (3.20)
-2n+1S¥<S-N
Nocnennee supaxenne pasHo 1 npu uverHoM N M paBHO ~-p nDM
meverHom N. dopmyam (3.17) - (3.20) moxa3HBAKT INpeINOXEHHE
2. =
Hockoneky

Tr(wPw) =J +J,
To B cwry dopmyan (3.15) u mpemsioxenus 2 MOAy4HaeM Claexyouee
lpennoxkenne 3. [Ilycmp OAHW HAmMypa/sbHOE YUCAO N U p-adu-
YecKkoe 4Yuc/le o maxue, 4Ymo pa‘z ]a[p. Tozda uMeem Mecmo pd-

BeHCmBO
Tr(w P w) =

\
\

2n(p-1)+1  npu a=0, p=1(mod 4),
(p-1) (2n-N+1) npu |a] =p", 2sNs2n, p=1(mod 4),

= { 1 npu  a=0, p=3(mod 4),
0 npu |a|p=p", N neuemnoe, 2=<N=2n, p=3(mod 4)
p+1 npu ]alp:p", N yemnoe, 2=Ns2n, p=3(mod 4).

Hepexons B NpemjioKeHWH 3 K npefgesy IPU 7 > o € YYETOM
dopmyn (3.2) u (3.5), moayuaeM D0Ka3aTeNHCTBO TeopeMH s
p = 2.

PaccMoTpuM Temeps cayuait p = 2. Bmectro dopmymm (3.11)
(ana p = 3) umeem mpu p =
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AZ ()

_ 4.0m S
Tr(w P w) = 4-2 J |t|1/2x( at)dt +
2
|t],s27"
aZ(t)
+ 4 J x(-at)dt = J + J . (3.21)
t
2

p-2n+ls|tlzs4-l

Anamoruyno mpegmaymemy noxaswsaercs, yro J = 2. Jlanee, npu

oa = 0 umeem

J =4 J dt A;(t),
[z],

p—Zn#ls‘tlzsz-Z
IpMYEM C Y4YETOM BHDAKEHUS TJIg Az(t) us (0.2) § 5, an«
t = 27(142¢ +...) wmeen

2 1 t1~ 2 t1
A2(1) = 5(1+(-1) '9)2 = (-1) .

TlosTomy
t1
J, = 4i J at_ .1y =
2 tl
11,
p-z:wlsltlzsz-z
= 43 y 27 dt - dt| = 0. (3.22)
-2n+1SYS-2 7 ¥
* 1] ,=2 |t],=2

t1=0 t1=1

ycrs remeps || =2", N<2n. Torna umeem

J, = 4i y 2 (-1)t‘x(—at)dt =

-2n+1SyYx-2 ‘t|2=27

= 44 ) Jf-%l, (3.23)

-2n+1SYS-2

roe

9 B.C.Baanumnpos u np.
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H t R
f(a) = f (1) “x(eat)dt = £,(5) - £,(2)
[t],=2"

t

fo = J‘ (_1) 1X(-at)dt’ J=0,1.

wt|2=27

t1=j

Ipu |2, = 2" umeem Jat}, = 1. Torza fo(#) = f(z) u
f(¥) =0. Tpu |t]=2"" umeem {at} = 1/2. Torma Taxxe
fo) = f,(¥) » f(¥) = 0. Tpu |t|2=2'"'2 nveem {at} = 1/4+
+(a+t ) /2. Torma

fo('f) = emp[Zni [% +g— +-;—1—]} J[ dt = i(—l)al27

|¢f,=27
t =0
1
. d1 ¥-2 ~N+2
AHANOTUYHO f1(7) = -i(-1) '2 . Tosromy mpu [tl, =277,

o
t.e. mpu y=-N+2, f(-N+2) = 2"'i(-1) '. Haxomeu, mpu
Itl, = 2% umeem f,(¥) = f(¥) n f(y) = 0. Taxum oGpasom,
DO0Ka3aHO CJefyouee
NMpennoxenne 4. I[ipu p = 2 uMeem Mecmo ¢opMyna

0 , a=0, umu |a|,=2°,
= o
2o 2(-0) Y, e 22", N4l

C yweroM STOro mNpeXJOKeHUST O0KA3ATEABCTBO TEODPEMH
3aKOHYEHO .

3ameuaHne. B cuny meopeMn x(at) sasasiomcs cobcmBeHHWMU
3HaQYeHUNMU onepamopa ossomouuu U(t) mozda v mosbko mozda,

Xo02da 4uUcaA0 o UMeem BUJS

a=0umw a-= p'7(ao+a1p+...+a "),

v-2

0 = dj = p-1, «, * 0; jvz 0,1,...,7-2,

npuyes npu p =1 (mod 4) vy =2,3,4,5,..., a npu p
=3 (mod 4) v = 2,4,6,...; npu p = 2
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R
L}

0 unu a=2‘7(1+2+a2-22+...+a1_3-27'z),

s 4,5,...5 a. = 0,15 7 = 2,3,...,r-3.

i

Mo MHOXECMBO UHAEeKCOB OOO3HAYUM J;. Yucaa u3 J; UHAMOZ2UYHN
«YDOBHSIM 3Hepz2UU» B CMAH3ApmHOU KBAHMOBOU MeXQHUKE.

4. HccnemoBaHMe COGCTBEHHBIX (QYHKIMMIA. o HacTOAWero
MOMEHTA MH DalOTAIX B IHPOCTPAHCTBE Lz(ﬁp), npuyeM geHCTBUE
oneparopa 3posmouvun U(t) Ha QyHKUMM U3 3TOT0 TNPOCTPAHCTEA
UMEeNo KOBOJBHO CiHOxHHE Bux (4.4) § 11, 4YTo 3aTPYRHAIO €ro
CHEKTPAJbHKI AHAJIUI.

PaccMorpuM BHavane cayuait p = 1 (mod 4). B sroM ciyuae
nosie ﬂp CONEePXUT KBaJADATHHH KOpeHp u3 -1, T.e. cyuwecTryer
TAKOW 93JEeMeHT T € ﬂp, yro T° = -1. MM cosepumm YHUTApPHOE
npeobpasosanue ¥ TmepeiiieM k HoBomy npexcrtaBiaenunw (6yaem
Ha3WBATh €ro 3 NPeACTABJEHMEM), B KOTODPOM JIeiCTBUe omepa-
TOpa 3BOJOLUUM 3aJaeTci BeckbMa mnpocto. Hcmonap3sys 9rto mnpen-
CTAB/JIEHUE, MH MOJYyUMM SBHHE BHDaXeHUS I CcOOCTBEHHHX QYHK-
uuit omeparopa sBosgouuu. [na édynkumi f e Lz(ﬂp) BBEIEM UHTEe-
rpansHuit omeparop I c¢ sapom rtuna laycca mo dopmyne

3[f]1(z) = J‘x wa® - 52° + 222|f(2)dz. (4.1)

P

Npeanokenve 1. Onepamop 3 (4.1) yHumapHwi B LZ(G;),
nepepodum D(Qp) Ha cebs U cnpaBednupa ¢opMyna obpameHUs

f(z) = J X %zz -tz -2zz|3[f](z)dz. (4.2)

4

L ] HPEIUIO)I(GHMG BHTEKAaEeT M3 NpeacTaBJICHUA

3[f1(2) = 2(za®)F|f(2)x|- 57°||(22), (4.3)

KOTOPOE €CTh KOMIO3MUHUS YeTHPEeX YHUTAPHHX ONepATOPOB. =
Mu 6ymem rosoputrs, uro ¢opmyna (4.1) 3amaer mnepexox K
3-npencrasienvo. B 3-nmpexcraBieHMM AMHAMMKA ONMUCHBAETCA
caenyomei TeOpeMoil: '
9‘
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Teopema 1. Nlycmb p = 1 (mod 4). Tozda dns aAvbol $yHK-
uvu f us LZ(OP) cnpapednuBa ¢$opNyna

U(t)3[f1(z) = 3[f(e2)](2), It], = 1/p. (4.4)

s Ilycts cravana f e D(Qp), TOrZa 0O TNpexIokeHunn 1
3[f] e 2(0), u mycrs f(z) =0 npu [z|p>1f v 3[f1(y) =0
npu |y|p z p". B cuny dopmyn (3.8), (3.9) us § 11 mocne us-
MEHEHUd MOPANKA MHTErpHPOBAHHI HMeEeM

Ap(t) 72
U(t)s[fl(=z) = T;TT7EX[‘ _— J f(z)x[-;zz] x

tgi
N
|¢] =P

1 2z
x J x[[t - ———]yz - [ — 2z]y]dydz. (4.5)
tgt sint

N
|21 5p

Jns BHUMCEHHWS BHyTpeHHero uHrTerpasa B (4.5) ucmoas-
3yem dopmyny (2.1) § 5.

Monoxum
e =1 -2 , b= 2L, 9. (4.6)
tgt sint
Torna
Tsint-cost 1
[¢] = |l—————| = — > 1 (4.7)
P sint | ||
P 14

npu |t|p = 1/p. 3aMetruMm, uYTO Tak kak Jesas dYacte (4.5) He
3aBmcur ot M nmpu M » », TO MM MOxeM BHOpaTE uuciao H Ccxoiab
yroguo GonpumM. [03TOMy NpM BHYHCIEHMM MHTErpaja BOCHOJb-
3yeMcs BepxHell cTpoxkoit B dopmyne (2.1) § 5. HmeeMm nanee

b

__—pH
2a

z+zsint

—_— = pM|z + zsint| . (4.8)
tsint-cost P

llepemennas 2 NpUHARNEXUT KpYry |z| = p”, clexoBaTeNb-
HO, p*]zsinth s 1 npu gocrarouno Gombmom H u |t|p = 1/p.
Jlaiee, nepeMeHHas Z TOXe NPUHAXIEXKT KOHEYHOMY KpPYyry, mocC-
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KOJBKY OHa Bxoaur B aprymesr (4.8) oyrxuur Q

b—'p! ]’
2a
p

KOTOpas He HCcYe3aeT TOJbKO NpPK p'"'[a:+zsint|p = 1. NosTomy
NpH TAKMX 3HAYCHMAX HApPaMETPOB

n[b

't
w4
. 2
Teneps 3ameruM, 4T0 cost-tsint = b° ¢ HekoTopuM b €

] =1. (4.9)
2a ’

€ Qp. llosToMy, ucnons3ys cooruomenus (0.3) § 5, umeem

cost-tsint 1
Ap(a) = lp[— ]Ap[-— ] =

sint sint
- _1) L -
= AP[ T] = Ap( t). (4.10)

Taxum oGpasom, npumenas (4.7), (4.8), (4.9) u (4.10),
MoJiydyaeM NPY ONMHCAHHHMX 3HAYCHHUAX IApPaMeTpos

J dyx||r - 2|+ |22+ 22]y| =
tgt sint

M
Iyl =p

Ap(-t) [z + E%ET ]zsint

= x| - . (4.11)
ltl;l/z tsint - cost
Cnexosarensuo, supaxenue (4.5) npeuvbpasyercs K BuOy
2 1 1
U(t)3[fl(z) = x|a°|- — + x
tgt sint(cost-tsint)
2 -
< 2 z“sint+2z2zx
x | f(2)x]- 52" 4 ———— dz. (4.12)
cost-Tsint

P

Bo CNOJNBb3yEeMCA COOTHOWMECHUAMMU
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v

T [ cost +% sint]

1 1
- —_— = =T,
tgt sint(cost-tsint) cost - tsint
T sint -tcost + sint T
- -+ = = - T
2 cost-tsint 2(cost-tsint) 2
e™ = cost + tsint.

Bupaxenue (4.5) npuobperaer Bug

U()s[fl(z) = x(tmz)[ dz(e'“z)x[— 57 + 2z:v], (4.13)
a

P

yro coBnagaer ¢ (4.4) na dynxuuax f e D(Qp). o Hempepun-
moctu ¢Qopmyna (4.4) mpomomkaerci Ha BCe NPOCTPAHCTBO
LZ(QP) . =

Taxum ofpasom, aunamuxa B 3 mpescTasnesuum B cuiny (4.4)
zaetcsd mpocroi ¢opMmynoit

f(2) v f(e2), f e LZ(QP). (4.14)

MoxHo paccMaTpuBarh 3- IPEOCTaBJCHME KAaK CBOE0OpA3HMA p- amau-
YeCKUi aHauor TMPEeXCTAaBJMEHUA BTOPDUYHOI'O0 XKBAHTOBAHMA, XODOWO
MH3BECTHOTO B CTaHJIapTHOﬁ KBAHTOBOM MEXaHHUKE .

B 3 nmpeacraBiaeHUM MOCTPOMM sBHHE QOPMYJIH ZJs BCceX Co6-
CTBEHHNX QYHKUMIl omeparopa 3BOJOLMM.

Haknem, Hapumep, WHBApMAHTHNE BeKTODPH («BAKYYMH»),
T.e. aneMeHTH f(z) € LZ(QP), YXOBJIETBODPSOUME COOTHOWEHUIO

U = v, 1t = 1p. (4.15)

JInt 3Toro HaiigeM MHBADMAHNTHHE BEKTOPH B I mMpeacTaBJe-
HuU, T.e. OyHKuuU [ € LZ(QP), YXOBJIETBOPSIOMME COOTHOMEHMIO

F(€™2) = £(2),5 1tl, = 1/p. (4.16)

‘ *
JameTum, yto ;wboe HeHynemoe p- agMueckoe 4uucaAo z € Q@
a

Teke

I -

OOHO3HAYHO TINpEeACTABIETCA B KAHOHMYECKOM BHOE 2 = D
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rae |a|p s 1/p. Junamuka, 3agasaemas ¢opmysnon (4.14), cmo-
OMTCE K 3aMeHe

z = pPe*e® 1o etz = pYe e T, (4.17)

T.e. uucaa 7y u k B KAHOHMYECKOM BHIEe HE MEHAOTCA. ITO
o3nHayaeT, 4TO moGas ¢ymkuna f(z) us LZ(QP), KOTOpDasg 3aBUCHT
roasko OoT ¥ ¥ k, bymer obumv pewenumeM cooTHowmemus (4.16),
T.e. O6yXeT MHBADMAHTHNM BEKTODPOM. IJKBMBJIEHTHO, €CJIH Z € ®:
MMeeT KaHOHMYEeckoe TNpejCTaBieHMe 2 = p7(z°+z1p+...), TO
mobas  ¢yHKUyus f(z) = f(|z|p,z°) us Lz(Qp) 6ydem UHBaQ-
pUQHmMHNM BeKmopoy, u mobol UHBapuaHmuwii Bexmop 6ydem uMemb
maxkoli BUJ.

llpuBeneM ABHNN BUI MHHBADHMAHTHHX BEKTODPOS B MCXOTHOM

npexctasiaenuu. B cury dopmynn (4.1) mmeem

p(x) = {x[rxz _ % 22 4+ 2xz]f(|z|p,zo)dz =
Q

14

it

YooY fO0Nbu, (), (4.18)

—0<y <, 15k =p-1
raoe
2 T2
wvm(x) = J dzx[tx - 52+ sz].

—n?
[2] =P
zo=k

Buuucienns moxaswBawT, 4TO

w'(,k(x) = Z(‘I::L'Z + 2p—7kx)])7_19(l)7_1]$’p)’ ¥ = 0.
B uacTtHOCTM, mpu f(|z|p,zo) = Q(|z|p), 8(p7—|z|p), 7 =
=1,2,..., u3 (4.18) noayuuM BAKYyMHHE BEKTODH:

¥ (2) = a(lz| ), y(2) = x(z2a”)s(p” - |7]), v = 1,2,...

2
Taxum o6Gpasom, ME BMAMM, YTO pa3MEePHOCTHL BAKyYyMHOTI'O
NMOXNpOCTpPaHCTBa 0eckoHeYHa, 4YTO COraacyeTcsi C TeopemMo#t us
n. 3.
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Ings BO36YXZEHHHNX COCTOAHMN, T.e. OJAA BEXTOPOB wa K3

H&, YPaBHEHME

U(t)wa = x(at)wa, a e J;, a=# 0, |t[p s 1/p, (4.19)
nocne mepexona B 3-npexncrasnenue y =3[f ] 3ammwerca B Bume

Fo(e™2) = x(an)Fy(2), 1t], = 1/p.  (4.20)
yurTHBas ¢opmyry (4.17), naxomuMm, uTo obmee pemenue ypap-
nenus (4.20) ecrts

Fo() = w1212 )a(-a%a), (4.21)
roe ¢ - NPOM3BOJBHAA QYHKUMS U3 Lz“%)’ 3aBucAW@ad 0T napa-

merpa o. llomcrapnssa Bupaxenue (4.21) B (4.1), moayumm saBHoOe
npeacrasienMe A Bcex colcTBenmmx $ymxumit sagaun (4.19)

wa(z) = | x|ta® - %za +.222 - ata ¢(|z|p,zo)dz,

roe z = ple¥ed. ’

5. CucTeMul BeilIi M KOrepeHTHhle COCTOSHHA. B OCHOBE
dopManu3imMa p-aAUvYeCKON KBAHTOBON MEXAHMKH, DACCMOTDEHHOH B
mm. 2 - 4 § 11 ngexur upeacraBiaeHve Beitia xoMMyTauMOHHMX
coornomenuit. Ilpegcrasnser unrepec H3yYeHMe CBOHCTB 3TOroO
NPEICTABJ€HUs BHE CBA3M C KOHKDETHHMM MooeixaMuM. B wacrt-
HOCTH, OOUH M3 BONPOCOB - ONMCAHHE TAKHUX NPEICTABJEHMH C
TOYHOCTHNO OO YHMTapHON 3KBUBAaJEeHTHocTH. HaumeM paccMoTpenue
3TOr0 BONPOCA C HU3JOKEHUS HEKOTODHX 3SJEeMEeHTapHHX (akKkToOB U3
reoMeTpUH CHMIUIEKTHYECKUX IPOCTPAHCTB.

lycts V = Q?ﬂ n =1, B - HeBHDOKIEHHAS CUMIUIEKTH~
uyeckas ¢opMa Ha V, rtorma mnapa (V,B) HasHBaeTcs CMMIIEK-
TUYECKUM npocTpaHcTBoM. HogmpocTpancTBo npocrpakcTtBa V 1o
ONMpeXe/SICHNI0 HEBHPOXIEHO, €CAH cyxenue dopMu B Ha 3TO mnoa-
npocTpancTso uHeBpoxzeno. Ecau (V,B) - cumMmiekTudeckoe Ipo-
CTPAHCTBO, 10 V mpeacrasjgeTcd B BMAE NPAMON OPTOr OHAJIBHOM
OTHOCHTENBHO GOPMH B CyMMH CBOMX [BYMEDHHX HEBHDOXKIEHHMX
NMOLIPOCTPAHCTB hl, £ =1,2,...,n (rak HasHBaeMux runepbosu-
YeCKUX IJIOCKOCTEl)

264



B xaxmoit M3 Takux IIOCKOCTEN h,‘ Bubepem 6Gasuc (ei,fi), 7
=1,2,...,n , YROBJETBODPAOWHI YyCIOBUIL

B(ei’fi) = 1.

Noctpoennunit Taxum obpasoM 6asuc {(el,fl),i = 1,2,...,n}

npocTpaHcTBa V YHOBIETBODPAET YCIOBMAM
(Cl,ej) = (flsfj) = 0,

(e ,f) =~ (foe) =38, i, =1,2,...,n.

J)
M Ha3WBaeTrca cuMmiaextudeckuM. Marpuua ¢opmm B B 3tom Gasuce
MMEeT KaHOHUYEeCKMH BUX

0O E
B = _E o}-
Bcoay npanee cuuraem, wro B npocrpancrse V duxcuposaH cum-—
maekTuyeckuit 6a3uc u ¢opMa B umeer xamoumveckuit sup. Cmpa-

BE€IJIMBO HEPDABEHCTBO:

|B(z,2°) |, = Jzll2' > (5-1)

2,2’ € V, a uopma ||+| ompenenena B mn. 7 § 1. Illog npamoin
cymmoit aByx (M, amanoruyHo o6oro KOHEYHOro YMCIA) KOHEUHO-
MEDHHX CHUMIUIEKTHYECKUX TNPOCPAHCTB (V1’B1)®(V2’Bz) moHMMAeT -
Ci KOHEUYHOMEpPHOE CHMIUIEKTHYecKoe mnpoctpaucteo (V,F), rxe
V=Veol u

i 2

B((z,,2,),(2,"»2,)) = B (2,2 )+B,(2,,2,'),

2 .
1%

'
€ V1’ z,,%, € Vz.

Hycty Temeps (V,B) - 2n-MepHOe CHUMIUIEKTHYECKOEe NpOCT-
PAHCTBO HanI Dp. Cucmemol Belns wnanx (V,B) na3oseMm mnapy
(A,¥), rae H - runsb6eproBo mpocrpaHcTBo, ¥ - oTobpaxeHue u3
V B ceMe#CTBO YHHTApDHHX oONepaTropoB Ha H, yXoBiaeTBOpaOmEe

ycnosuw (coorHowenwo Beina):

¥ ()W (y) = x(B(z,y))¥(z+y), (5.2)
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rae z,y € V, xp(e) - aJAMTHBHNN XapaxTep MHOJII Qp, VIAOBJET~

BODAOWMI YCJIOBUI:
x(&) =1, |£|p =1unx(g) =1, |§|p s p (cM. n. 1 § 3),

npuueM orobpaxenne K HempepHBHO B CWIBHOW TONMOJOLMM Ha
MHOXECTBE YHHTAPHMX Onepatopor Ha K.

Ipexge ueM NEpeXoauTh K M3YYEHMO CBOMCTB CHCTEMH
Beitna, otrMeruM, 4YTO A% NOCTPOEHMs HOBHX cucteM Beina us
yXe HMEOUMXCH MOXHO HCIOJL30BATH ONEPALUMM NPAMOH CYMMH U
TEH30pPHOT G HPOH3BEACHHI .

Npumep 1. Cucrtema Beitas (LZ(OP),V) HaX M[POCTPAHCTBOM
(V D xD ,B), rpe omneparopu W¥(z), 2z € V, onpemenswrcs mno
¢opmyne (2 3) § 11.

npvmep 2. Tensopuoe mnpousBegeHHe ® (L, (Q Y,¥) n
cuctem Beitns us mpuMepa 1 ecTh cucTeMa Bennx (L (@“) winy

HAJ NMPOCTPAHCTBOM (0 ,B), roe

K™ (z) = o W(z), 2= (2,...,%) « Qin.

i=1
(3pece MM  BOCHOJAB30BAJIMCH  E€CTECTBEHHHNM  M3IOMODPPU3MOM
n
®L (D) =~ L (Q").
©L,(8) = L(6).) )
0603uayum uepes VB CAeXyOWyl0 XOMNAKTHY0 NOLIDYINY
aIIUTHBHON TDYNNH NPOCTPAHCTBA V:

[v]

v = {x <V ":1:[]51}. (5.3)

Npumep 3. liycts (V,B) - NpOM3BONBHOE KOHEYHOMEDHOE
CMMUNIEKTHYECKOE NPOCTPAHCTBO HAH Q Tuas6eproso mpocrpan-
CTBO Lx OnpeNesMM Kak 3aMKHYTOe nonnpOCTpaHCTBo B L (V)
cnenynmero BMOA:

< {s < LI): o(aea) = 2(B(z,e))9() 00 <V}, (5.9)

a cemeitcTBo omepatopor F(z2), z € ¥, mo dopmyne
F(z)e(z) = x(B(2,2))¢(z-2), 2 eV, ¢ ¢ Lz. (5.5)

Torna napa (Lf,?) ects cucrema Beitnis max (V,B).
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m YHMTApHOCTE ONEPATOPOB P(z), z € V, ouesupna. Jlocra-
TOYHO APOBEpUTH COOTHOmenue Beins (5.2).

P(R(2)6(2) = F(2) [ 2Bz ,2)0(z-27)] =
= 2(B(2.2)x(B(x ,2-2)) (22" -2) =
x(B(z,2' Y)x(B(z+2' ,z)) ¢ (z-(2+2")) =
= 2(B(z,2))W (2+2) 0 (2)

AmajoruuHo mpoBepseTca, uTo oneparopH W(z), z € ¥, nepeso-
nar LX B IX. =

2 2

Hccnegosanue cBoitcTB cucrtem Beitnig Hag p-aguyeckuMm
CUMIIEKTUYECKUM TNPOCTPAHCTBOM CYWECTBEHHO ONUPAETCH Ha
HOHATHE BAKYYMHOTO BeKTopa. [okakeM ciaemyouyw TeopeMmy.

Teopema 1. Jas awoboli cucmemw Beitina (H,¥) Has npocm-
paucmsou (V,B) cymecmByem Bexmop ¢, € H maxol, umo cnpa-

BEA/IUBO paBeHCmBO
V(z)e, = ¢, (5.6)

o151 BCex & e V . Bexmop ¢  HA30BEeM BAKYYMHWM BEKMOPOM CUC-
menw (H,V).

» llpexge Bcero orMeruM, uro ¥V (xax u V) sBasercs KoMm-
MYTATHBHOM T'PYRNON OTHOCHTENBHO CJIOKEHMUA .

lycry z,y e Vo. Torga cnpaBexnuBM HePABEHCTBA (CM.

(5.1))

|B(z,9) |, = l=ilyl = 1.
YuyuruBas CBOMCTBO XapaxTepa
x(€) =1, |g] =1, (5.7)

MOJEy4aeM, UTO CYyXeHue (H;VQ) cucremn Beins (#,K) =ma
V;(Vo = Vlv ) ecTs yHWTapHOEe NPEACTABJGHME I PYyIIH Vo B
o

npocrpanctee H. [JeiicTBurensuo, cooruowmenue Beitns (5.2) mpu
cyxenun na (H,V ) mpumumaer BUX

Vo(x)lr’o(y) = Vo(z‘+y), z,y € VO'



Taxum o6pa3soM, M3yuyeHHe CyKeHHMs cucTeMH Beins (JI,VO) Ha V0
3KBMBAJIEHTHO MH3YYEHMO YHUTAPHOIO MNPEACTABICHMS KOMIAKTHOIM
KOMMYTATHBHOM T DY Vo.

llo u3BecTHON TeopeMe U3 TEOPDHM MNPEICTABJEHUM, HEIPU-
BOOIMMHE YHUTAPDHHE TMNpPEIACTABJEHMS KOMNAKTHOH KOMMYTaTHMBHOM
rpynns OZHOMeDHH (T.e. SABJAAOTCA XapaKTEPaAMU ITOW TPYMNH).
I'pynna f)o XapaxkrTepoB I PYIIH VO (meoitcTBennas fio NoHTpATuHY)
usomoppua daxroprpynne VNV , 170 = VN {cM. m. 1 § 3) u B
CMAy HEBHDPOXIeHHOCTHM ¢opMu B BCAXMil Xapaxtep TIpynms V0

mmeer BUI
A(@) = x(B(a.2)), <V,

rae o - NMPOM3BOJILHNI NPEICTABMTENb KJIACCA SKBUBAJEHTHOCTH
a e YN, B ey (5.7) }M(:l:) He 3aBMCHUT ot BuHOOpa mnpex-
crasurens o e a. Taxum 06pa30M, NPOCTPAHCTRBO NPENCTABIEHHA
# pomyckaer passioxeHME B OPTOrOHAJNBHYO NPAMYK CYMMY

= o X (5.8)
aEV/VO o’

rage IIa— MakKCHUMaJbHOE TOANPOCTPAHCTBO, NpPeICTABJEHUE B
KOTOPOM KPaTHO A&(z). B cuny (5.8) maitmercs rakxoe ae V/Vo,
uro H He TPUBMANBLHO. 06o3navas wepes ||||H HOPMY B HpO-
crpanctBe [, BubGepeM 3jeMeHT Y € H&, YAOBJIETBOPSIOWMA YCI0-
BUK |W/||H = 1. Torga B XxavyecTBe HCKOMOT'0 BexTOpa ¢, MOXHO

BHOpATHE BEKTOP
= V(%—a)w, e ae Vo, (5.9)

JleiicTBuTeNbHO, NOAL3yACH cooTHoweHueM Beina (5.2) u yerao-

BUEM ¥ € Ha, pU T € Vo nmoaydaemM
¥(2)9, = ¥(2)W (3e)y = x(B(z,a) )W ()W (2)y =
= x(-B(a,2) W ()% (B(a, )y = ¥ (300 = ¢, »

Crenywomee BaxHOe MOHATHE - 3TO MOHATHE CHUCTEMH KOTe-
PEHTHHX COCTOSHMI.

Iycrs ¢ e H - Baxyymumit BekTop CcuCTemu Beijtra (&,%).
H3 XaxI0ro KJAACCa OSKBUBATEHTHOCTH & € VN, sBubepem mo
ONHOMY NMDEICTABMTENO o € X, CEMEHCTBO TAKMX INPEXCTABHTENIE
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o6osnauuM uepes J,. Noctpoum crenymmee ceMe#CTBO BeXTOPOB
d c H:

-]
1}

{¢a = H(a)e,, o « Jo}. (5.10)

Iycrs a u o, TMPMHANTEXAT ONHOMY M TOMY e KIACCY OSKBH-
BAJICHTHOCTH a € V/Vo. Torga, mnoae3ysacs ¢opmynamu (5.2),

(5.6) u (5.7), noxyuaem

¢

o = W), = ¥ia+(a-a,))e =

x(~Bla o) W (oW (o), = (B(a,,a) )W ()4, =
= x(B(al,az))dbaz.

CremoBaTtensHo, |¢a| He 3aBUCHMT oT BHOOpa mnpegcTaBuTesd B
~
knacce a € V¥ .

Cemeitcteo BexTopoB (5.10) Ha30BeM CHCTEMON KOz2epEeHMHNWX
cocmostyudi  (KC) cucrems Beitns (H,F). OcuosHoe cmoitcTBO CMC-
Temn KC orpaxaer cienywowas rteopeMa.

Teopema 2. IIlycmp B npocmpadHcmpe H cymecmeyem eduH-
cmeenuwti (c mo4YHOCmMbO 80 MHOXUmMess) BAKYYMHHU Bexmop ¢,
cucmenw Beiins (H,K). Toezda cucmeMa KC cucmesmw Beiing (H,V)
obpasyem opmoHopMUpoBaHHWU 6asuc B H.

= Joxaxem, uro nommpocrparctso H, (cm. (5.8)) maramy-
TO HA BEKTOpD ¢ = V(—a)¢o. JleiicTBUTENLHO, TPN T € V, nmeeM

W(z)o = W(z)W(-a)e, = x(2B(z,-a))W(a)¢, = x(B(2a,2))¢,

TaxuM ofbpasoM, ¢ e Eza' 06parno, nycrts ¢ e Hza’ foll = 1.
Torma, B cway ¢opmya (5.9) M emQMHCTBEHHOCTH BaKyyMHOrO
BEKTODa, IOJy4aeM:

¢0 = ,'I(a)¢’

CIe0BATENBHO, ¢ = V(—ot)¢o. JanepHeimwee R0Xa3aTeNLCTBO HENo-
CPeICTBEHHO BHTEKaeT M3 pasnoxenus (5.8) =

3aMevaHne. Mw BUOUNM, 4YmO HAO no/eN p-aduyeckux ducesn
BBedeHHAs cucmeMa KO2€E€PEHMHNX cocmostHuli o6pasyem OpmOHODPMU-
poBanunil 6asuc, B omIUYUe OM BemMECMBEHHO20 cAyYaAst, ede
KozepeHmMHNe cocmosiHUS o6pasyom nepenofHeHHyo cucmeMy .
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r

Jna panpHEiWero pacCMOTpEHMS HaM norpebynrca caexywoume
onpeneneHus .

Cucrema Beiina (#,F¥) Ha3uBaeTcs HenpuBOAMMON, €CJIM He
CymecTByeT NOXNPOCTPAHCTBA NPOCTPAHCTBA 4, OTIMYHOrO OT Hy-
JieBoro ¥ camoro H, MHBADMAHTHOT O OTHOCHTEJbHO NEHCTBMA oOIe-
patopos ¥(z), © « V. Bymem rosopurs, uro .(#,F) npeacrasms-
€TCi B BHOE NPAMON CyMMH cucteMm Beitna (ﬁn,V)

(a,¥) = Q(HI’V)’

€CJiM BHIIOJHEHO YycioBue H = @ H; ¥ NOANpPOCTPAHCTBA H; MHBa-
i
PHAHTHN OTHOCHTEJLHO aeiicTBua omepartopos W(z), z e V.

CeMeliCcTBO BaKyyMHNX BeKTOpoB cucteMd Beins (H,¥)
of6pasyer HOANMPOCTPAHCTBO H; npocrpanctea H, xoropoe Oymem
HASHBATH BAKYYMHWM nodnpocmpancmpoM cuctems (H,¥). B mox-
npocrpanctee H ¢ukcupyem HeKOTOpHE OPTOHOPMMDOBAHHHI 6asuc

{¢;, 7 € I}. CrnpaBennuBa ciaenyomas

Teopewa 3. Cucmesa Beiins (H,¥) wnenpuBoduMa mozda u
mosibxo mozda, Koz2oa BAKYYMHOe nodnpocmpaHcmBO 1[0 amol cuc-
meMn OJOHOMepHo. B npomuBHoM cnyvae (H,W) npedcmabasemcst B
BUJe npsiMol CcyMMN crnedyomezo BUSA: »

W) = o (W) ,
vel

2de noonpocmpaHcmBoO Lﬁ HaQmMSAHymo HQ BeXmopk

{¢;‘ =W(a)g,, a e JO}.

m llycrs # oaunomepno u ¢ e H - BaxyyMHNH BEKTOp CMC-
temu (H,K). Bonycrum, wro (H,¥) npusoguma. Torma cywecrtsyer
nognpocTpanctso H' mnpocrpascTtBa M, orauynoe OT HYJEBOro u
camoro H, yvnpapuanTHoe OTHOCHMTEJNBHO JeiCTBUS ONEPATOPOB
¥(z), z e V. Paccmorpum cucremy Beitna (# ,F). Cornacuo
TeopeMe 1 cCywecTByeT BaKYYMHHH BEKTOD ¢8 9TO# cuctemu. B

CUTy eAMHCTBEHHOCTH BAKYYMHOTO BEKTOpa uMeeM ¢ = ¢ .

Cornacuo teopeme 2 CeMeiiCTBO BEKTODOB

{ by = V(a)¢o, a e J }
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o6pa3dyetr opromopMKHpOBaHHMt Ga3uc B H, HO ¢a e ', cnemosa-
rensHo H' = H. llonyyeHHOE NPOTHBOpPEUME JOKA3NBAET HENPHBO-
auMocTe cucrems (A K).

Ilyctes Teneps Eg He oxuomepuo. J[okaxem, 4YTO npu 7 = J
MOANPOCTPAHCTBA H; M H} oproroHaasHu. [Jua s3toro, B cCuly
onmpefeseHHs STUX NOANPOCTPAHCTB, KOCTATOYHO AOKA3aTE CHpa-
BENJIMBOCTHL GOPMYJIN

(V(x)¢;,V(y)¢;] =0, z,yeV, i,7eI, i =j3. (5.11)

llycts z e V. B cuny ymuraprocTu omepartopa W(z) u dopmyn
(5.2) u (5.6) umeem:

[v(z)¢;,r/(y)¢;] - [V(z)V(a:)¢;,V(z)V(y)¢;] -

= (¢8G2, 2)W(0) 0} 2 (2820 W (w)9)) =
= 2(28(z,2-9)) (V () 0 (1)9)) . (5.12)

JIna nobux z,y e V, z-y ¢ VO, BCerjga MOXHO HalTH Takoe 2 =
eV, uro x(2B(z,z-y)) # 1, u B 3Tom cayyae us (5.12)
crenyer (5.11). B cayuae z-y e V, mpu i = j umeem:

F@e#w)e) = (Fow@)ay,0)) = x(B(-v,2)) [¢).9}) = 0.

dopmyna (5.11) mokasama.

PaccMoTpuM Temeps NpPOCTPAaHCTBO X = @IHi M ROKaXeM,
e
yro H = K. JonycTum obpaTHoe M DPACCMOTDMM ODTOLOHAIBHOE

nononnenne F* x ¥ B H. B cuny yaurapmoctu oneparopos ¥(z),
z € V B vHBADMANTHO OTHOCHTE,ILHO NEHCTBMS ITHX ONCGPATOPOB.
Paccmorpum cucremy Beina (H*,¥). Mo teopeme 1 cymecTByer
BAKyYyMHHI BEKTOp 30 9TOM CHMCTEMH, KOTOPHH YHOOBJIETBOPIAET

COOTHOWEHVID
¥(z)é, = ¢, , z eV,
.S

CAEenoBaTEeJIBHO , 30 € H, 4r0o HEBO3MOXHO B CHIy YCNOBMA H
¢ . Nonyyenuoe mpoTHBOpeuMe DOKA3ZHBAET CHPABEMIMBOCTL (Op-

MYJIH

F=F= o .
el
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HEBapHAHTHOCTE NOZNPOCTPAHCTE ”1’ i e I, orHocuTenvHO peii-
cTBua omneparopos K(z), = € ¥V, HemocpeACTBEHHO BHTEKAeT M3
onpeneNieHus 3THX NMOANPOCTPAHCTB. &

B xauecTBe npuIOXEHMA TeoOpeMH 3 NOKAXEM HENPMBOIUMOCTH
cucreM Beitas us npumepos 1 - 3. Jnd 3TOro, coraacHo Teope-
M€, AOCTATOYHO TWOKA3aTh OJHOMEPHOCTH BAKYYMHHMX WMOANPOCT-
paHCTB.

w llycte ¢« Lz(ﬂp) - BaKyyYMHHIl BEKTOp cuCTeMH Beiura
(LZ(QP) ,¥) u3 npuvepa 1. Torfia OH YXOBJETBOpPSET COOTHOWEHUO
(em. (2.3) § 11)

x(2pz+pg) ¢, (2+q) = ¢,(2), (5.13)

rae z = (g,p) eV, = BxB, z « Q. llonaras » (5.13) ¢ = 0,
noayyaem dopMmyny

’

x(2p2)¢,(2) = ¢,(2),

M3 KOTODOH cieayeT, 4YTO
supp¢°c{xe®p: x(2px) = 1, peBo}=B.
Nonaras B (5.13) p = 0, momyuum

¢°(x) = ¢0(:z:+q), r,q € B.

Cregosarensno, ¢ (z) = CQ(]z]p), rae n(]zlp) - xapak-
Tepuctuieckas ¢ynkums B (cM. n. 2 § 6), C - npoussonsHas
nocrosunas. TaxuM ofpasoM, BaxyymHoe mnozmpocTpaHcTBo X
CHCTEeMH (Lz(QP) ,¥) omnomepxo.

HenpusogumocTs cucreMmu Beins (Lz(ﬂJ:),V“‘)) Hemocpen-
CTBEHHO CJeXyeT K3 HEeNnpPUBOLMMOCTH CHCTeMH Beiuia (Lz(ﬂ)p) W)
W OMpele/ieHAd TEeH3OPHOr0 NpOM3BemeHMa cucrem Beiutsi. Baky-
YMHHII BEKTOD 3TOl CMCTEMH MMEEeT BUA:

n
o (z) = a(lzf) = ma(lz| ,z = (z,-..,2) « Q.
1=1

HenmpusomumocTs cucremu Beins (Lz,ﬁ) u3 npumepa 3 moxa-
3WBAETCHA AHAJOIMYHO HEMPUBOJUMOCTH (La(ﬂp) ,¥). BakyymHmit
BEKTOD B 3TOM CilydYae MMEeT BUA ¢°(:c) =Q(lz]). =

U3 teopeMu 3 HeHOCPEACTBEHHO BMTEKAET
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CnepcTBMe 1. Bcsikxast cucmeMa Belins npedcmapasemcss B
BUde npsNOU CYNMW HenpUBOSGUNLWX cucmeN Belns.

Mo onpexenenmw, Ha30BeM naBe cucTeMu Beins (H,¥) u
(B,¥) mnan npocrpamctsoM (V,B) OKBMBAJEHTHMMH,  €CIH
cymecteyeT ymurapuwit omepatop U: H > N, ynosnersopsoumit
YCJIOBMIO

Wi(z) = F(z)U, z V. (5.14)

Jlokaxem eme OXHO CJEXCTBUE TEOpeMH 3.

CnencrBHe 2. HenpuBoduMwe cucmeMw Belins Had npocm-
paucmeor (V,B) sxpBuBaseHmHN.

s llycts (#,¥) u (H,F) - nenpusopmumue cucremu Beitns Han
npoctpancreoM (V,B). B cuny teopeM 1 - 3 QS KaKKOM M3 3THUX
CHCTEM CYWEeCTBYEeT €IMHCTBEHHHH C TOYHOCTBO 10 MHOXMTEJT Ba-
KyYMHHIL BEKTOD ¢ e H n ao e ¥ u npoctpancrsa H u ¥ nara-

HyTH Ha 6a3MCH U3 KOrepEeHTHRX COCTOAHUN

o={o, ¥ (@)9,.ae7}. (5.157)

5={3,F(0)3,,0e7,}. (5.157)
NloctpouM ymurapuwit omepatop U: H - ¥, no ¢opmyne
Us, = aa, aed. (5.16)

JNerxo y6eaurscs B TOoM, uTo oneparop (5.13) ynosmerBopser
ycrosuw (5.14). [eitctBurensno, cootrHomwenue (5.14) mocra-
TOYHO YCTAHOBMTHL [ GA3MCHHX BEKTOPOB ¢, ™ aa' Hcnone3sys
dopmymn (5.12), (5.15), (5.16) u 3ameyaHue 0 NPOU3IBOJIBLHOCTH
BH6Opa mpexcTaBuTenei J,, momyuaem:

W (2)o, = V(@)W (@)e, = x(B(z,a))UW (z+a)4, =
= x(B(z,0))0s,,, = x(B(z,0))3_, = 2(B(z,0))F (z+0)3, =
= F(@F ()3, = F(2)Us,. =

6. CummnexTnueckasa rpymma. llo onpeneseHun, CHMILICKTH-
Yyeckoil rpynmnoi Sp(2n,0p) HA30BEM TIpPYNNy JHHEAHHX aBTO-
Mopdu3MOB mnpocTpaHcrea V = 0?3 COXPAHANUMX CHUMIUIEKTHYECKYD
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bopmy. Kaxmomy sneMmenty g e Sp(2n,ﬂp) MOXHO NOCTaBMTH B CO-
OTBETCTBHE MATDHUY (gu), 1 = 2,7 s 2n, B HekoTOpOoM Oasuce.
llon HopMmoit Marpuuu g OydeM MOHMMATE BENHYMHY

lal = max |g (6.1)

1| .
1=1, y<en U'P

Ormerum, uto ans g € Sp(2n ﬂ) det g = 1. Hac mpexne Bcero
fymeT uUHTEpecoBaTh nonrpyrma TDYIIIH Sp(2n,®p), onpegengeMas
caenyoumein JeMMoii:

Nlemma. Cewmelicmso Mampuy G = {g € Sp(2n,®p): ol = 1}

obpasyem nodzpynny zpynns Sp(2n,0p) .
m Jloxaxem, uto Haa awboro 3NeMeHTa ¢ € Sp(2n,®p)
CIIpaBeIJIMBO HEPABEHCTBO

ol = 1. (6-2)

lleitcTBuTENBHO, NONB3ysAch onpegenemneM det ¢ u cBoMCcTBAMM
HOpMH (6.1), momyuaem

2n
|det glp = max |gu ceeg, lp = JgI*"-

121 , ..., =2n 1 Zn

Iycrs Teneps g,h.e G. Hoxaxem, uro gh e G. Hoasasyscsr op-
mymamu (6.1) u (6.2), monyuaem

foht = = fglir] =

Z gik kj

J"Z

Anasoruynsm o6pasom ybexzaemcs, uTo eciu g € G, T0 g ' € G:

UM gl =1,

P

T

J $2n

raoe MU - NOMOJHUTEJBbHHI MUHOD 3JEeMEHTA g,, ® MaTpuue g. =

3ameuanne 1. llocTpoennad rpynmna § €CTh CMMIUIEKTHYECKASA
rpynna Sp(2n,lp) HAX KOJILUOM Zp HeJNX p-aqAMYECKUX YUCeJ.
Ona sdBAfeTca MAKCHMMANLHOK KOMNAKTHON NOATPYANOR rpymmu
Sp(2n,0p).

_3Bamevamme 2. B caywae n =1 rpynnma MaTpun {Tt,
t e Gp}, nocrtpoeHHad B § 11 x 3amawmasd 3BOJOUUY KIacCMyYec-
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KOro rapMOHHYECKOr0 OCIWUIATOPA, ABASETCA NOATPYNNod rpym-
mu G.

Hycte g « Sp(2n,Qp), z € V. Yepe3 gz obosmauum cregyn-
Mt 3JeMEeHT NpOCTPaHCTBa FV:

2n
(92), = } 9,2, (6.3)
1=1

dopmyna (6.3) onpenesnser meWCTBHE TDYNIH Sp(2n,®p) HA MNpO-
crparcTtBe V.

PaccMOTpMM TIPOM3BOJLHY® HENDUBOAMMYW® cuctemy Beius
(#,¥) na npocrpancrse (V,B). B cuny Ttoro, wuro Sp(2n,ﬂ)p)
ge#icTByeT Ha V TPAH3UTHBHO M COXPAHAET CHUMIUIEKTHYECKYD
dopMy, momyyaem, uTO (H,Vq), Vq(:z:) = ¥(gx), sBnserca Henmpu-
BoauMoit cuctemoit Beina na (V,B). CnemoBarensHo, N0 cjaen-
cTBuw 2 TeopeMH 3 m. 5 cymecTByeT yHurapumit omeparop U(g):
H » H, yaosi1eTBOpAOUMA yCIOBHIO

U(a)k(z) = W(92)U(g), g < Sp(2n,0), z e V. (6.4)

lNoctpoennoe TtaxuM ob6paszom cemeitcTBo omneparopos {U(g),
g e Sp(2n,@p)} o6pa3yer NPOEKTUBHOE INpEICTaBJeHUE I PYIIH
Sp(2n,QP) B mpocTpaHCTBe H, KOTOpOE CTAHOBUTCH YHMUTAPHHM Ha
OABYJIMCTHOM HAKPHTMM T DYyINH Sp(2n,®p) (rax naswmBaeMoil
MeramtexTuyeckoii rpymme). Hac Oyzer uHTepecoBarb CyXeHue
3TOT0 NpPEICTABJEHMS Ha NOArpynmy (. 3JaMeruM Takke, 4YTO B
CMJIy HENDUBOAMMOCTH cuctemn Beitia (H,F), dopmyna (6.4)
onpenenser U(g) ORHO3HAYHO C TOYHOCTHEM 0 ($a30BOre MHO-
xureas. Hpu n = 1 oneparop ssomouun U(t), t e Gp, KBaHTO-
BOT'O pP-agMYECKOr0 IapMOHMYECKOr0 OCUMWLIATOPA, MOCTPOCHHHH B
n. 4 § 11, ecTs He 4YTO MHOE, KAaK NpPEICTABJIEHHE MOATPYIIH

{Tt, t e Gp} rpynnu &, onpegensemoe mno ¢opmyne (6.4) ¢ mo-

MOuB0 cucteMu Beitns (Lz(ﬂp),!/! u3 nmpumepa 1 m. 5.

Ipuy n > 1 aHANOrWYHHA ONEPATOD MOXHO TNOCTPOMTE C
MOMOWBIC TEH30PHOr0 HNpou3BeAeHMA n omeparopos U(t) ozmo-
MEPHOTI'0 OCUMJIIATOPA, MHCHONB3YS CUCTeMy Beitns (LZ(D:) NANED'
u3 mpuMepa 2 n. 5. B oboux cayvasx onpesensemoe GopMymoi
(6.4) NnpeaCcTaBACHHE 0Xa3HBAETCS YHUTADHHM (a He
npoexTuBHuM) . To Xe caMpe cnpaBexiIMBO M s BCeit rpynmu G.
A ¥MMenHO, cHpaBeRNMBAa CIEIYOWAS . '
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Teopema 1. Cewneiicmpo onepamopos {U(g9), g € G}, . ydos-
nempopsomux coomHomenur (6.4) o1 wmexomopoli Henpupodumol
cucmenw Beiins (#,¥) Had npocmpancmeon (V,B), o6bpaayem
YHUmMAapHoe npeacmashenue epynnw G B npocmpancmee H.

s B cwiy 3KBHBAJIGHTHOCTM HENDMBOAMMHX cucTeM Beitna yrt-
BEDXIEHME TEeOPEeMH QOCTATOYHO H0Ka3aTh A1 NPOM3BOJLHOM QUK-
CHDOBAHHON HenpuBoaAMMOi cucTeMH Beins. B kavecrse Takon
cucteMn BuOepeM cucremy Beitns (LZ,V)_ns npumepa 3 m. 5.

B npoctpancTse Lf onpenenuMm CceMmeliCTBO (ONepaTopos

{U(g9), g € 6} no popuyne:
U(9)f(z) = j;(z) = f(g'2), f e Lf. (6.5)

Jerko yBeguThca B TOM, 4TO ﬁ(g), 9 € G, nmepesoaur Lz B
LZ. Ieitcreurensuo, npu f e Lf’ 2 eV, ge G chnpaBennaueu

pPABEHCTBA
F(zr2) = (G gt =
= x(B(g72,972))f(¢72) = 2(B(2,2))f ().

Henmonnsys onpenmenenus onepatopos F(z) u U(g), me coc-
TaBJLeT TPyZa NPOBEDMTHL BHNOJIHEHMe cooTHOweHus (6.4) s
cucremn Beitna (Li,?) n oneparopos U(g), g € 6.

JleitcrBurensHo, npu f € Lf nMeeMm:

D(9)F(2)f(z) = U(9) [x(B(z,2))f(a-2)] = \
= x(B(9z,2)) f(97 (z-92)) = F(92)f(g7'z) = F(92)U(g)f(x).

Ouesupno, uto cemeitictBo omepartopoB {U(g), g ¢ 6} obpa-
3yeT YHMTAPHOE NPEeACTABJIEHME I'DyNnnH § B NMPOCTPAHCTBE LZ. H3
HENPUBOAMMOCTH CHCTeMH Beitns (Lf,p) ciregyetr, 4YTO ONEPaTop
U(g), g- € G, ymoBnerpopsouMit cooTHowenuo (6.4), ompeaenen
OTHO3HAYHO C TOYHOCTHO A0 ($A30BOTr0 MHOXUTEJIS ,CHEH0BATEJLHO,
npou3sponrnoe npexacrasienue {U(g), g € G}, ymosaereopsnuwee
ycaoBuw TeopeMn 1, Taxke sSBATeTCHd YHUTApHHM (HE NPOEKTUB-
HHM). ®»

H3ayuenue cBoicTs cucremn Beitnis gaer BO3MOXHOCTH NONTY-

YMTR HEKOTODY®» MHOODMAUMD O T[PENCTABICHUM {U(g), g € G}
rpynnu G, onpemensemoMm dopmyrnon (6.4).
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Bymem roBopuTh, 4TO BEKTOD $, € H asnaercs co6CTBEHHHM
BEKTODPOM NpPEICTABICHUT {U(g), g e G} B mpoctpaHcTBe H, ecau

o obnamaer CBOMCTBOM:
U(g)e, = 2(9)¢,,

rge A{g) - KOMIUIEKCHOE YMCJIO, 10 MOXYJO paBHOe 1.
Cnpasennusa ciaexyomas
Teopema 2. [Mycms (#,F) - HenpupoduMas cucmema Betins
nad (V,B); {U(g), 9 € G} ~ ynumapHoe npedcmaBneHue zpynns G
B H, onpedensiexoe ycnosuew (6.4). Tozda paxyywHwl Bexmop ¢,
cucmenn Beiins (H,¥) saBasemcs cob6CmBeHHNM BeKMODOM nped-
cmaenenust {U(g), g € G}.
» Ilo ycnosuw Bextop ¢ e H obragaer cBoWCTBOM V(z)¢0 =
Z € Vo. Tax xax Vo MHBAPHAHTHO OTHOCHMTENBHO JIEHCTBUSA

g € G, TO CHpaBelJIMBO PABEHCTRBO:
V;(z)¢° = ¢, (6.6)

H, CJIeA0BATEJIBHO, ¢° - BaAKyyMHNJ BEKTOD HENPDHBOIHMOM CUCTE-
Mn Beiuta (H,Vg). C apyroi croponu, us (6.4) ciexyer, 4TO
U(g)¢,, 9 « 6, - rawxe Bakyymuuit BeKTOp (II,Vg)'. C yuerom
(6.6) n Teopemu 3 m. 5 O0TCoORA CAEfYeT YyTBeDXIEHHE TEODEMH.m
7. HccnepopaHue coOGCTBEHHBIX QyHkumit mpu p = 3 (mod 4).
Kax orTmeuanoce, uccirexoBanue CHEKTDAJLHEX CBOMCTB TIapMOHM-
YeCcKoro OCUMMIATOPa, HOCTPOEHHOro B m. 4 § 11 3KBUBAJIEGHTHO
MCCNEeTOBAHM® NpeacTasjesus rpynnmi I Matpuu Buxa

cost sint
T, = , teG (cm. (1.6) § 11),
-sint cost :
sapaBaeMoro dopmynamu (4.3) - (4.4) § 11. 3ra 3azaya noa-

HOCTBIO pemena ans ciaydas p = 1 (mod 4) (eMm. n. 4), oxmaxo
and cayvaa p = 3 (mod 4) BHUMCAEHH JjMuwbs pasMepHOCTH cobcT-
BEHHHX NOANPOCTPaHCTE (cM. m. 3).

Hccnenosanue mnpeacrasnenus rpynnu T TecHe CBL3aHO C
uccrenosanuem Oojiee uMpOKO# rpynns S MaTpPHU BUIA:

ab
, 6,b e @, a%+b% = 1.
-b a P
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B paccuarpusaemoM ciaysae p = 3 (mod 4) rpymma S xomnaxkrtHa
(cM. n. 5 § 1) u saBageTCs NMOATPYNNON rpymms Sp(2,lp).

Ina uccnemopauns cobcTBennnx QyHxuMit ¢azopoe npocTpaH-
creo V = ﬂpxﬂp KJIACCHYECKoil cHMCTeMH Yno6HO paccMATpUBATH
KaX KB ATUYHOE acuupenue mnoxa 9 : V = @ - CM.

anp pacump A RS TR
n. 4 § 1). Beoas o6o3mauenne ¢ = /-1 ', 37eMeHT 2 €
€ Qp(/-I ) MOXHO OZHO3HAYHO TPEXCTABHTE B BUAE 2z = T+1y,
yepe3d 2z 0003HauUMM CONDAXKEHHHH 3JIEMEHT U3 Qp( /1) z =
= -1y, z,y ¢« Q@ . Tpynmna S u30MOpPHA NOATpyNNE MYJIbLTUNIU-

. P % .
KATMBHON I'DYUIN Qp( /~1") nons Dp(/-i ) ciremyowero Buma:

Sz{zeﬂ): (‘/_—T):zzzl}.

it *
Beegem Taxxke HKuuo ¢ : 6 — Q - no ¢opmyne:
A Pymcu . , (/-17) mo dopmy
7t ..
e’ = cost + ¢sint, t e Gp.
dta ¢YHKUMA YXOBJAETBOPIET COOTHOWEHMO:
eltelt! o pltet’)

£ 3
T'pynna T usomopdua moarpynne Qp (/~1") cnenyowero Buna:

Tu{eit, tEG}-
P

. DueBupno, uro rpymna 7 ects moarpynma rpynms S. Bosee
TOr'0, COpPABEANMBA CjeXyouas

JNlemma 1. I'pynna S usoMop¢ua (npu p = 3 (mod 4)) npsmo-
My npousBedeHUlo UuK/IUYeckod zpynnw nopsdka p+l Z}u u

epynnuw T:
S=7Z xT. (7.1)

= Jamum mabpocox nokxasarenscTsa. U3 pasencrra a®+b° =
=1, a,b € @ npu p = 3 (mod 4) craexyer, uro aubo |a|p =1,
lblp = 1, aubo |a|P =1, |b|p =1 {(cM. n. 4 § 1).

Orcoona u u3 rtoro daxta, utro Qymkums Sin ¢t orobpaxaer
B3aMMHO OLHO3HAYHO G; HA G; (cMm. m. 4 § 2), nerko ao0xa3saTh,
yro moGoe a+ib € S mpeHCTABALETCA B BUIE:

a+ib = (a +ib ) (cost+isint) = (a°+'1,'bo)<'3it
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npM HexoTQpoM t € Gp wa ub, ynonnernopxnnmx COO THOWEHHIO
2 2
a, +b =1 (mod p). (7.2)

MuoxecTso nap (ao,bo), ynoBaersopsawoumx (7.2), usomopduo me-
KOTOPOit MOArpynne MynabTHIUIMKATMBHON IPYIIH F:(/T) KBaI-
PATUYHOTO PACHMPEHMSI MO IFP. dra MmOArpynna SBAAETCS UMK-
auvecko (xax smobas NOZTDYNNa MyJbTHIVIMKATUBHON TDYNNH Xo-
He¥HOro moss). Hopagok 9TOR TIpYNNH pPaBEeH YMCAY DPA3JHYHHX
pemenuit cpaskenus (7.2), xotopoe Mo¥eT OHTH BHUMCJIEHO Me-
TOROM rayCCOBHX CYMM, H DaBHO p+l1. u

Ilpexne ueM mepexomUTs K MCCAENOBAHUO COOCTBEHHHX QYyHK-
uMit, HaM noTpebywTrcs Clegyomue CBONCTBA KBaAPATUYHOLO pac-
UMpEHns (] (‘/TI_') Yepea ¢ 0603HaUYNM QUKCUPOBAHHHI SJEMEHT
u3 @ (\/—T) Taxoi, yro gg = -1.

Nemma 2. Mpu p = 3 (mod 4) moboil anemenm z « QF (‘/—T)
MOXHO npedcmaBuUmb B BuUde:

z = re¥cheT, (7.3)
z20e r = r(z) € p [;)3] 1; = k(z) = 0,1; ¢ - obpasyomas
zpynniw Zp"1 = §/T; n = n(z) =0,1,...,p; t=1(2) e GP.

s Ilycrs z_e Qp (/=17). lipu p = 3(mod 4) BO3MOXHH OBA
cnyuasa: aubo 2z = a°, mbo zzZ = - a°, aeﬂ {(eM. m. 4 § 1).

B nepsoM cJiay'rae BuﬁepeM B KauecTtne T KBa.JIpa.THHPl KOpeHb u3

2z, NpHHAAJIEKAMMI 0:2: r=v zz , Torpa %z eSS, k=0 «u
dopmyna (7.3) sBurekaer wu3 (7.1). Bo BropoM cayuae

-— * -
T =vV-22 € lez u :,—ez € S, k=1. JlanpHelume paccyxIeHus

OYEeBUAHN. =
llpexcrasaenue (7 3) OyaeM Ha3HBATE nNOASPHHM pA3sA0-

AEHUEM 3JIeMEeNHTa Z € Q (Vf_T") Kax cnenyer us nemMm 2, mo-

JAPHOE DAa3JIokKeHMe Onpeleder Ha ﬂp (Vf:T“) yeTHpe QyHKUMM:

r(2): 0,(/7T) - {z < o], [?) - 1};
(17 — {0,1};

(FTT — {0,1.,...,p};
(/Tf') — Gp.

k(z): @

n(z): @

T %k T ¥ T *

(z): Q
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lo nocTpoernon, 5TH PyrKiIMKH O0NAZAVT CASKYOUMMH CBOMCT-
BaMH:

r(eitz) = r(2), k(eitz) = k(z),
n(e’t2) = n(z), t(e®z) = t(z) + ¢, (7.4)

*
ZEQP(/—i ), teG’p.

Menee oueBugnHe CBOMCTBA 3TUX $YHKUMIE OTpAXAET CIAERYOWAS
»*
Jieuma 3. Nlycmp 2,2’ € Qp( /~17), npuqeM fzlzp, 2z} =
=1 (2’ e V). Tozda cnpasednusn COOMHOWEHUS :

1) |r(z2) - r(2)], = 1,

2) k(z+z")

i}

k(z),

3) n(z+z') = n(z).

a llycts 2z = z+dy u 2z’ = x'+1iy’ YROBAETBOPIAOT YCIOBMAM
JIEMMH .
1) NyreM snemeHTapHNX npeobpasoBamuit mosydaeMm GopMysy:

v2 (27 )+2(zz’ +yy’)

r(z+z') - r{z) = TG )

lNockonsxy 7 € 0:2, ro (r(z+2")) +(r(2)), =0 (mod p) u, ra-

xum obpa3som,

|r(z+27) + r(z)|p = max {|r(z+z’),p, |r(z)|p} =

= max {Jze2 1, Iz} = I7(2)],- (7.5)

U3 pamencrtr |z| = |r(z)|p = max{[xlp,|y|p} CRENYOT HepaBeH-
CTBa:
12l < e ], 1yl = (7)1, (7.6)

U3 (7.5) u (7.6) moayuaem:

|7 (2+2¢) - r(z)[p = ———l-——max{lr(z’)ls,lxx'|p,|yy’|p} = 1.

v (2)1,
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2) U3 mocrtpoerus dynxumum k(z) cremyer, UTO OHA 3ABUCHUT
TOJILKO OT TEpPBOT0 WIEHa KAHOHHYECKOT'0 DA3JIOKEHMS P- daMyec-
xoro umcna zz: k(z) = E((22),).

Coornowenne we ((z+2)(z+z7)) = (2z), BuTexaeT u3

OLUEHKH :

| (z+2°) (Z27) - zZ]p = |z'2'+2(z2'+z’2)|p < |zZ|P.

3) B cuny paseuncre jz| = |r(z)]p = max{]w]p,]y]p} BH-—
MOJIHEHO OXHO M3 [ABYX YCHOBMil: suGo ]wlp = |r(z)|p, |y|p =
= |r(z)|p, aubo |y|p = |r(z)|p, |:z;|p = |r(z)|p. Mlycrs, ans
ONMpEefeJIeHHOCTH, MMeeT MecTO mnepBuil caydait. K3 onpemenenns

bynxuuu n(z) u nemmm 1 cregyer, 4TO ecCiau |y|p<|r(z)|p, TO

-{f)

ecau xe |y|p = Ir(z)lb’ TO

)

llycts uMeer MecTo BTOpo#t ciyuait (mepBuit paccMaTpuBa-
€rcs aHaJOrMuHO, npome). B cuwiy yrsepxmenus 1) NeMMu, pa-
BEHCTB |x|p = |y|p = |r(z)[p z p M OHEHKHM

2}, = 1r(z)], = 1

nMeeM:

o <) ) ) -

*
O6oanavas uepes . 8, o CuMBOX Kponekepa, Ha Qp( /1)

onpegenum $yHKuUMM:

6:(1) =3 =0, 1;

m,k(z)’

8:(z) =8 @ "=0,1, ..., p

U3 onpenenemus 5THX OQYyHKUMIA M CBONHCTB $yukumit n(z) ¥
k(z) umeem:
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supp af”(z) (| sSupp ai”(z) = o OpH B = m; (7.7)
6f”(z+z') = af”(z), lz} z p, Jz ) = 15 (7.8)

Se’c(eitz) = 8:'°(z), teG. (7.9)

n p

Kax otMevasoce B m. 7 § 11, ¢ KaXZoi HENPUBOOMMOM# CHC-
reMoit Bensns Ham npocrtpamcreom (V = ILpr,B) CBA3aHO Npex-
CTaBJeHME [T TapMOHHYECKOro ocuuwmaatopa. Hanpumep, B m. 3
§ 11 ocuwIATOP pPACCMATPUBAETCA B NPEACTABIEHUUM, KOTODOMY
COOTBETCTBYeT cuctTeMa Beitna u3 upumepa 1 m. 5. B cayuae
» = 3(mod 4) uccnemosanue cobcTBeHHNX QYHKUMI yRoOHee Tpo-
BOOMTHE B NPENCTABJIEHUM, KOTOPOMY COOTBETCTBYeT cuctema Beii-
b ¢ (Lf,?) u3 npumepa 3 n. 5. HamoMuuM, 4To B 3TOM <oaydae
NPOCTPAHCTBO NPENCTABJICHUS MMEET BUL:

7= {f e L®x): florar) = x(Be,e)f (@), Je | = 1 },
a mpexcrasyenne U(t) rpynmu T onpemesnserca no dopmysne:
Ut)f(z) = f(e%2), t « 6, f e I%,
npexcrasienye V(z) rpymnu § onpeseniercsa mo dopmyse:
V(z)f(z) = f(zz), 2z € S, [ e Lf.
B TakoM mpemcTaBieHMM 3alauya OTHCKAHMA CoOGCTBEHHHX ¢yHKUMi
OCUMIATODA SKBMBATCHTHA HAXOXICHWO Tpn KaxmoM o e I (cm.

n. 3) mONHON CHCTEMM JMHEHHO HEe3aBMCHMMHX DeWeHMA cJelyluei
CHUCTEMH YpaBHEHMH B LZ(V):

Fle¥2) = x(at)f(2),
flz+z") = 2(B(2,2'))f(2), nz’n=t.

llpuauMass BO. BHMMaHHE TEODPEMy 0 pPA3MEPHOCTSX MHBAPHAHTHHX

(7.10)

noampoctpancte (m. 3) mias cayvas p = 3 (mod 4), cpasy MoXHO
ckasate, wro mpx o € I, |a| = ™', k=0,1,..., cutrema
(7.10) ue umeeT peweHuit; npu « = 0 OHA uMEET eIMHCTBEHHOE C
TOYHOCTHLO A0 MHOXMTENS pemesue, a npu o e J ona umeer p+1

JIMHENHO HE3aBMCHMHX DeWleHuUi .
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fruue dopMysM aNMA COGCTBEHEMX QYHKUMH HAOTCR Caexymomei
TEeopeMoit.

Teopema. fycmp p = 3 (mod 4). Mpu a = 0 moboe pemeHue
cucment (7.10) nponopuuoHanLHO

85(2) = a(lzl).

Iy o« ¢ J, a = 0, p+l nuneliHo He3aBUCUMHX pemeHUl cucmeMw
(7.10) oaomcst ¢popuynamu:

9,(2) = 82 (2)8 ()a(|7(2)-a| Jx(-az(2)), (7.11)

o
z28e m = 1[1+ ig ,a=vV(-1)"""«, n=0,1,...,p.

m Tor dakT, urto ¢°(z) sBaftercs pewenumem (7.10), npo-
Bepsercd npaMoi nogcraHoskoit. IHycte Tenepr o € Jp, o = 0.
byuxuuy (7.11) npu pasaMuHEX 7 JMHellHo HesasucuMH (Gosee
toro, u3 (7.7) cnegyeT, u4ro OHM OpTOroHandsHu). Kpome Toro,
us (7.9) caeayer, wro ymxumu (7.11) ymAOBAETBOPSNT NEPBOMY
ypaBHenuw cuctems (7.10).

IIpu o e J; (¢ # 0) |a|p =z p°, cremomarennmo, |a|p z p.
YuuTuBas 9T0 HEpPaBEHCTBO, mnoacTraeasd o¢ynxkuuu (7.11) Bo
BTOpoe ypasHenume cuctems (7.10) M nons3ysce CBOACTBOM 1)
dyuxkuuu r(z) usz nemmu 3 u dopmynoit (7.8), momyuaem

Bi(z)a:(z)ﬂ()r(z)—a]P)x(-at(z+z’)) =

= x(B(z,z'))ai(z)a:(z)n(|r(z)—a|p)x(-at(z)).

Coranacuo (7.7) mocnenusis $opmy’na 3KBMBAJCHTHA Clexywel:

x(adt + B(2,2')) = 1, (7.12)
rage )
At = t(z+2')-t(2), z = T(Z)cmcne“:(z’,
z' = r(z')e"c“ezrul’, 2+2' = T(Z+z')s“c“eit‘”z'ﬂ

C yueroM mnocneanux paseHCTB Qopmy B(z,2’) MOkHO mpe-
06pa3oBaTH K BHAY:

B(z,2') = B(z,2+2"') = r(z)r(z+z')(eE)"B(eit(”,eit“’f)) =

r(2)r(z+z°)(-1)"sinAt. (7.13)
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Ins  nansEeiumx paccyxienuit HaM mOTpebyercs ciexyomee
pasenctso: (npy p s 3 (mod 4))

\

Je®-e®| = |a-b| , a,b € G, (7.14)
HeiicTBUTENBLHO:

“eit:eibn = “ei‘°'b’-1n = max{lcos(a-b)—l]P,]sin(a-b)|p} =

= ]Sin(a—b)]p = |a-b] .
Hcnonesys (7.14) MOXHO ZOKa3aTh OLEHKY:
|aAt|p s 1. ' 7.15)
JeiCTBUTENALHO ;
ladz| = Ja|, Je’T 7Tt < < (r(aeer) +
+ (a=r(2+2))) e T - (r(2)+(a-r(2)))e" TP =
= “r(z+z,)eit(nzﬂ _ r(z)eit“)u - "z’" < 1.

Henonsays ¢opmyam (7.13) u (7.15) u nepaBencrBa |r(z)—a|p =
<1, ]r(z+z’)-a[p = 1, supaxenue (7.12) mepenumeM B 3KBUBA-

JNEeHTHo# ¢opMe:
x(aAt + (-1)"a®sinAt) = 1. (7.16)
H3 cBosicTB yHkuuu sinz, orMeueHHNX B m. 4 § 2, JIerko ciae-
ayer ouenxka (npu p = 3 (mod 4))
|sinAt - At| = p|At|:. (7.17)
C ywerom (7.15) u (7.17) swpakenue (7.16) npeobpasyem x
BMIY:

x((« + (-1)"a®)aT) = 1. | (7.18)

Taxum o6pasom, o¢ymxkuum (7.11) ynonnersop#nr BTOpOMY ‘ypaB-
HeHuw cucrems (7.10), ecnau a, o M m yAOBAETBOPANT COOTHO-
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wenuw (7.18) npu aobux At e G;. Jerko BUZETb, 4YTO yKa3aHHNE
B YCJOBMH TEODEMH @& M M YAOBJETBODSOT DPABEHCTBY

a+ (-1)%% =0,

orkyna caegyer (7.18). =m

Teopema RaeT BO3MOXHOCTB NOCTPOMTH COOGCTBEHHHE QYHKUMU
ocuwinatopa npu p = 3 (mod 4) B moboM npexcraBaenum. A
MMEHHO, CHNpPaBEeNJHBO Cjlegyouee CIeXCTBME.

Cnencreue. INycms (H,¥) - Henpusodumas cucmema Belina
HAd npocmpaHCmBOM (0;&%,B) C BAaKyyMHAWM BeKmOpOM wo. Tozda
cobcmpennne @$YHKUUU ocyuaasmopa B npedcmapnerduu  (H,K)
daiomcsa GopMynaMu :

n m _n .t
vy = [ x(-at)¥ (ag™ce® Jv at, (7.19)
G
P
20e a e J;, n=20,1,...,p, a umme xe, umo u p Teopewne.

s Paccmorpum cucremy Beitas (Lf,ﬁ) C BaKyyMHHM BE€KTODOM
¢, = 9(Jz]) u coorBercTBymOmee NpeXCTABIEHME IS TapPMOHM-
YECKOro O0CHMIIATODA.

Jerxo y6enuThci B TOM, uYTO omeparop S: LZ —
— H,onpenensemuit dopmynoi

S¢ = H¢,Y7(z)] W(z)pdz, ¢ < L’;’, (7.20)
4 Lz(V)

eCTh yHMTapHHWit oneparop (cm. mn. 7 § 11). Ilomcrasasis B
dopmyany (7.20) cobcTBenHse QyHKUMM OCUMIALTODPA B NPEICTAB-
neHun (Lf,ﬁ) ¢, (z), momyuaem

o2 = jdzr/(z)wojaw;(wx(a(—z,y))n(uy—zn) - szV(z)wo «

4 4
X desf(y)sﬁ(y)ﬂ(Ir(y)-alp)x(-at(y)) 2(B(-z,9))a(ly-=1) -
v

Hocxonexy uMHTErpupoBamue B mocnenHeir dopmyne ocymecrsisercs
daxrTnuecku mno orparuuennonr obnactu |y|| = |z = |a|P, TO
BO3MOXHA NEepPEeMeHa NOpAfKa HETerpupoBaHut. C ydetoM Qopmysn
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szz(ﬂ(-z,y>)n<ny-zu)V(z>w0 N
vV

nosyyaeMm

yn = deai(y)s:<y>n<|r(y)-a|p>x<-ar<y))V<y>wo.
14
lMlons3ysce ceoitcTBaMu QyHKUMI ai(y),a:(y) M TOJSA[PHHM pa3Jjo-

XeHMeM, U3 HocJegHelr GopMy/SH uUMeeM

Uy = I |T|pQ(|r~a|p)dr x(—at)V(ae“c“eit)wodt:

[+4
2 <

Or6pacuBas HeECYWECTBEHHHH HEHYJEBO# MHOXKUTEJb, NOJIYYaeM
Tpebyemoe BHpakeHue Asag €OOCTBEHHNX QYHKUMIE OCUMAIATODPA. m

3aMevanne 1. AnanoruuHo unpexpctasgenuo U(t), ¢ e Gp,
rpynnd 7 MoXHO NOCTPOUTH, yHMTapHOe mnpencrasienue V(g), g e
€ S, rpymmu S. B stom cayvae, ucmoaesys reopemy u dopmymy
(7.1), onerxo pgoxasarb, 4uTo coOGCTBEHHNE MOANPOCTPAHCTBA
npexcrasiaenus V(g) oaHoMepHM, a cobcTBeHHHe OQYHKLUMHM COB-
nagawT c¢ cobGcTBennumu ¢ymkuuamu npexcrasaenus U(t) (¢ Toit
aMWs pasHuueit, uro (yHKUuU ¢; NpY PA3JIUYHHX 7 COOTBETCTBYOT
PA3MUYHMM COGCTREHHMM NOANPOCTPAHCTBAM) .

3ameuaune 2. MHcciaemosamue co6CTBeHHNX QYHKUMA  mpu
p =3 (mod 4) (r.e. pewenue cucremu (7.10) MOXHO HPOBECTH
6e3 MCHOJb30BaHMA TEOPEMH O Pa3MEPHOCTAX WHBAPHAHTHHX

HOANMPOCTPAHCTB .
§ 13. CucTeMn Befinsi. BeCKOHEeYHOMEPHHIl ciaydai

Yepes (V,B) o6o3nHaunm 6eCKOHEYHOMEDPHOE CHMILIEKTUYECKOE
NPOCTPAHCTBO Haj QP. NMognpocrpancreo U ¢ V HasuBaeTca HEBH-
POXAEHHMM, ecyiu orpanuuenue ¢opuu B Ha U - HeBHpPOXIEHHAS
cummiextuieckas ¢opma mHa U. Yepes F 00603HAUMM MHOXECTBO
BCeX KOHEYHOMEDHHX HEeBHPOXIEHHHX NOANPOCTPAHCTB NPOCTPAHCT~
Ba V.

Cucremoit Beinzs mam (V,B) (cM. m. 5 § 12) HasuBaercs
napa (H#,¥), rme H - xouniekcuoe runs6eproso NpoCTPaHCTBO, a
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¥ - orob6paxenne u3 ¥V B MHOXECTBO YHMTAPHHX Omeparopor Ha H,
YIZOBIETBOPAOUEE YCIOBUAM

V(@)W (y) = x,(B(z,y))¥ (z+y)
nna Bcex z,y € V, mpuuem orpanuyenve ¥ na ywboe mogmpoct-
pancteo U e F HenpepHBHO B CMJIBHOW TOMOJIONMH.

Hanomaum, uro B cayyae dim ¥V < » (cM. m. 4 § 12) Bce
HENPUBOOMMHE CHCTEMH Beitts yHHTADHO SKBUBAJEHTHH (TeopeMa
exuncteennoctu Croyna - don Heitmana) u mobas cucrtema Beiuts
NpeICTABAS€TCE B BHIE OPTOTOHAJBHON TNPAMON CYMMH HENpU-
BoauMux cucrteM. (guako B cayyae dim V = « 3T0 HEe Tak.

1. Anre6pn Beiins. Ilycte (H,F) - Hekoropas cucTema
Beitna uag (V,B), U e F u mu(II,V) - ¥*-anrebpa, nopoxmenHas
cemeitcreom omeparopos {¥(z), z € U}. Tak kak dim U < «, uc-
nons3ya Tteopemy Croyna - ¢om Heitmana, HeTPYZHO O0Ka3aTh
Cnexyouyn Jjemmy .

Nemma 1. Ans mobux OByx cucmes Betins (H ,K ) u (H,,¥,)
Hae (V,B) u smobozo U e F cymecmByem edUHCMBEHHWU
*-ugoMoppuaM o aazebp mu(H1’V1) u mu(IIZ,VZ), ydoBsiemBops—
omuld ycaoBUSM

a(¥,(z)) = ¥ ()
npu Bcex r € U.

Mo onpexenenunw anzebpoti Beting cucmeww Beilina (H,KV) Han
(V,B) nasusaerca C*-anre6pa U(#,¥), monydyaemas 3aMuKanueM B
paBHOMepHOK Tomoxoruu obsenunenus anrebp M (#,¥) no Bcem
UeF:

u(a,¥y = U:qu(H,V).

Kax yxe ormeuayoch, B ciayyae dim ¥V = « teopema CroyHa
~ ¢on Heitmanma nHe uMeer Mecra. OgHaxo B 3TOM ciayyae cupaBen-—
auBa ciemyomas C -anrebpauueckas BepCHS YKa3aHHON TEOPEMH.

Teopema 1. Jas saobwx OByx cucmeM Belins (Hl,Vl) u
(H2 ,Vz) Had (V,B) cymecmByem e3UHCMBeHHHU *-U30OMODPU3M «
anze6p’u(}ll,lp’i) u u(ﬂz,h’z), yoosaempopsiomuli yCnOBUL

a(W (z)) =W ().

919 BCcex o € IT.
a Anre6pu mu(H,V), U e F, o6pasywT 4YaCTHYHO YHIOPA-
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ROYEHHOE MHOKECTBO OTHOCHTEILHO Bnox(emm. B cuny nevmu 1 u
nemmu HopHa cymecrsyeTt enuncnennun *-M30MOpPU3M a *-ajarebp

U mu( 1"":)’ i = 1,2. H30MOpPH3M & HempepuBEH B pABHOMEp-
UEF
HO#t Tomosoruu (Kax BCAKME *-MOpdu3M x-anrebp) u, TakuM

o6pasoM, OOHO3HAYHO NMPOXOKAeTCH O0 TpebyeMoro *-mzoMopdus-
Ma o. = .

2, NMonowxurenvHue ¢yHkuuoHays, KommiekcHO3HauyHMit ¢yHK-
uuoHan p: ¥V > € Ha CUMIUIEKTUYECKOM p-adM4YeCKOM TmpOoCTpaH-
ctee (V,B) Oynem HA3NBATL [OJOKUMEABHWM, €CJIM BHIIOJIHEHH

YCNOBUA
(1) u(0)
ii) ans obux uHabopos A ,...,A e C u z,...,x eV
1 n 1 n

CIpaBpeIJiIMBO0 HEDABEHCTBO

z Alzju(zj—xl)xp(B(zl,xj)) z 0,

15i, jSn

(iii) u HenpepmBeH npu orpasuveHuu Ha swoboe noanpoct-
pancteo U e I.

lMonoxutensuue $YHKUMOHANN SABIANTCA €CTECTBEHHHM MHC-
TPYMEHTOM INPH H3Y4YEHHMM UMKAMYecKuX cucTeM Beins. To ompe-
zenenww, yukaudeckod cucmewmoidl Betings nan (V,B) nasmBaercs
tpoiika (#,¥,p), cocrosmas u3 cucreMu Beiina (H,¥) nax (V,B)
M BekTopa ¢ € H, "(p"ﬂ = 1, Takxoro, 4YTo 3aMHKaHUE JIMHEHHOM
o6onouxu muoxectsa {V(z)p, = e V} cosnamaer ¢ H. [lse uukau-
yeckue cuctemu Beiuta (Hl,h'l,gol) u (Hz,Vz,qaz) SKBMBAJICHTHH ,
ecnu CywecTByeT YHUTApHHU onepatop U: IIl > 1{2, YAOBAETBOPA-
ouit ycnosusm Up = ¢, u Ulr’l(a:)U’1 = Vz(x) npy Bcex T € V.
H3y4yenne npousBOJBHEX CHCTEM Belat CBOAUTCAS K M3Yy4YEHMO UUK-
JNYEeCKMX, NoCcKoapkKy nobas cucrema Beina Moxer Ours npen-
CTABJIEHA B BMAE OPTOTOHAJIBHOM NPIAMON CYMMH UUKIMYECKHX CHC-
TEeM.

lMonoxurenrnue ¢yuxkuuonasn Ha (V,B) ¥ uuxanieckue
cucremu Besina nax (V,B) rtecHo cmasaunm. B uacTHocTH, Jserko
3ameTuth, 4ro ecau (H,¥,p) - unmkamueckas cuctema Beitna Han
(V,B), To orobpaxenne u, ompeneniemoe mo ¢$opmyne

u(@) = (p,¥(z)p), (2.1)
onpegender NoaoxMTenLHMA ynxumonan na (V,B). Cnpasennuso u
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obpaTHoe yTBEpXIEHME.

TeopeMa 2. JAns mobozo nosmoxumenbHOz20 ¢yHKUUOHA/AA [ HA
(V,B) cymecmByem uukaudecKkas cucmeMa Betins (H,¥,p) Had
(V,B) maxas, umo coomHomenue (2.1) cnpasednuso ans Bcex
z € V. Taxas cucmena Belins e3UHCMBEHHA C MOYHOCMBI 30 SKBU-

BQ/I€HMHOCMU .

m CymecmpoBAHUE CMCTEMH Befia C yKa3aHHHMHM CBOMCTBAaMHU
JOKAXEM C TOMONBI0 SBHOMH KOHCTDYKLUMH.

Npocmpancmeo H. Yepe3d K 0603HauMM BEKTOpHOE NPOCTPAH-
CTBO KOMIUIEKCHO3HAYHNX QYHKUMH Ha V, OTAMYHNX OT HYyaAs B KO-
HewHOM uucie rtovek ua V. Ha mpocrpancrse K onpemenum HeoT-
PHHATENLHYI0 3DMUTOBY GODMY M NOJYHOPMY 1O $opMmyJsaM:

<f,9> = ¥ f(w)g(Iu(v-v)x (B(x,v)),t,g K,
u, vev

If1? = <f.f>.

Iycte N - 3amkHyTO€e noampocTpancTBo B K, cocroswmee u3
3JIeMEeHTOB ¢ HyjJesoil mnoaynopmoir. Torma ua npocrpaucrese K/N
dopMa <+ ,+> ecCTECTBEHHNM 06pa3oM HMHAYLUMDYET IOJIOKUTETbHYIO
apMuTOBY ¢opMy M, Takum obpasom, K/N crabkaercs CTPYKTYpO#H
npenruns6eprosa npocrpanctBa. MHckomoe mpoctpaHcTBO H mony-
YaeTca NoNnoJjHeHueM mpocTpancTtBa K/N OTHOCHTENHHO BBEXEHHOIO
BHIIE CKAJSAPHOr0 NPOU3IBENEHUS .

Omo6paxenue K. Ha npocrpanctse K onpemenum ciexyvuwee
ceMellcTBO yHMTApHMX omepatopor W(z), 7 e V:

P(@)f() = x,((Be,0)) f(u-2), f < K.

3T omneparopH YIOBJIETBOPSOT COOTHoweHuaM Beina (s3Tor daxkr
yXe mnposepsiyica, cM. n. 4 § 12, npumep 3)). Jerxo Bumets,
uTo omepartopu ¥(z), z < V, uzomerpuunu. CirenosaresbHO, KOp-
PEeKTHO onpeleneHN caexyoume onepatopd ¥(z), z ¢ V, ma K/N:

¥(z) [f+N] =.V(a:)f *N, ze¥, fek,

XKOTOpHE OXHO3HAYHO NPORODKAOTCA HO TpebyeMHX YHUTAPHHX ONe-—
patopos Ha H.
HQuxnuveckuii sexmop Bubepem B BUAE

10 B.C.Baagumupos n np.
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1, u=0,

@‘:6*”3;(“):
0, u=#0.

Hposepka BumosHenud cmoiicTBa (2.1) AM% NOCTPOEHHOM CMCTEMH
Beiis (H,K,p) sABRdeTCA JNIErKUM yNpDaKHEHHEM.

Eduncmsensocmy . lycre (AW ,¢ ) n (d,.W, ,p) - nBe
nuxaMvIecKMe cucTeMs Beitia, oTBevaouMe OTHOMY M TOMY Xe TO-
JGKNTEIbHOMY ¢yHKuuMoHany u. Yepes ﬁ; (cooTBeTCTBEHHO E;)
06o3HauMM JuHENHY©O OOONCYKY CeMelCTBa BEKTOpOB ¥, (z)e, .
z ¢ V} B H (coorsercreenno {V,(z)¢,, £ « V} B H ). ®opmyna

W (z)e, =W (z)p,, z eV,

onpenenser omeparop U: 771 —)ﬁz. Jerxo 3ameturs, uro U -

W30METPUYECKMIE OepATOD:
(¥, (2) 9, . W, (W)9,) = W (2)0,.¥,(v)0,) =
= x (B(2,y)) (9, ¥ (y-2)9,) = x (B(z,y))u(y-z) =
= (W (x)o W (¥)e,)-

Tax xax npocrpamcTBa ﬁ; u ﬁé nnotad B H, o U moxer OuTh
OIHO3HAYHO NPOJOJDKEH OO YHUTAPHOTO omeparopa ma H ¢ mHyxuumu
CBOMCTBAMH. =

3aMeuaHue, YTBepxkaeHus nn. 1 - 2 ¥ MX A0Ka3aTeILCTBA
NOMHOCTHO AHAJOrMYHH COOTBETCTBYOUMM YTBEDKIEHKAM B BeUWECT-
BCHHOH TEOPHM.

3. Npexcrannenve doka. (xa3uBaercd, YTO B P-aAUYECKOM
clyyae INPEACTABIEHHS KOMMYTAUMOHHHX CcooTHowenuit (cucrems
Beitns) TeCHO CBABAHH C NOHATMEM DEWETKH B P-agMueCKOM BEK-
TOPHOM NPOCTPAHCTBE.

Hycts V - p-aguveckoe BeXTODHOe NPOCTPAHCTBO (KOHEYHO-
unu 6ecxoneunomepnoe). Ilo onpemenenuw pememxoti L B V Hasw-
Baercs Zp-nonuonynb npocrtpaHcTBa V, He comepxammit HEHYJIERHX
MOANMPOCTPAHCTB M NOTJOWawuKit npocTparctso V (r.e. ana mobo-
ro r e V cymecrsyer A € Q: TaKoe, 4TO Ax_E'L). B xoneuno-
MeproM caydae (dim ¥V < ») pganHoe omnpeneseHxe CcoOBHagaeT C
TPAIUUMOHHMM ONpENeICHUEM DeleTKH KaK KOHEYHO MOpPOXIEHHOro
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Zp-nonMonyna V, comepxawero basuc V. Jlerko y6eaurbcs B ToM,
4TO B HOPMUDOBAHHOM BEKTODHOM NPOCTPAHCTEE W, wnan Qp
noaMuoxectso V = {z e ¥V: |z}s1} (emumuunwit wap) saBaseTCs
pemeTtkoit. [amrunit NpUMED INOKA3HWBAET BAXHOCTE HSTON0 NOHATHS
OJiI1 NMPEeXCTaBJCHH! KOMMYTALUMOHHHX COOTHOWEHMM B Pp-aIMd4€CKOM
cayyae (cMm. n. 4 § 12, onpemenenne BakyyMHOrO0 BeKTOpa, Ko~
repeHTHHX COCTOSHMIt ¥ T.X.). B HekoTopom cMmmche VD ectes 00~
umit npuMmep peumerok. Yrobu NOACHUTE 3TO YyTBEDKIEHME, IaMe-
TUM, 4T0 pemwerka L < V aBngercd abCOXOTHO BHITYKJIHM MOTJIOMA~
UMM TOIMHOKECTBOM npoctpanctBa V (Hemycroe MNOOIMHOKECTBO
A ¢ V afcomorno BHIYKIO, €CAM TpPU BCexX Z,Yy € A U A,u € Zp
umeeMm Az+uy e A). lna pewerku L ¢ ¥V onpepemum R -smaummi

dynxumonas ua V no dopmyne

p (z) = inf |s|™
seﬂ*,stL P
P
(pL - amamor ¢ymuuonHama Muuxosckoro). Jlerke BMieTB, YTO Pl
ABJASETCS HeAPXMMEXO0BO# HOPMOHE Ha V, HHAYUMPDOBAHHYO 9TOHR
HOPMO# Tomosioruo Ha V gas xpatkocTy Has3oBeM L-rTomonoruei.
3ameTuM, uto pemeTka L remepr Moxer OHTE NpexcTaBjIeHA &

BMge

I = {x e V: pL(x) = 1}.

llycres temeps (V,B) - cuMmmiexruyeckoe NPOCTPAHCTBO HAX
¥*
Qp u L - nexoropas pewerxa B V. loauuoxecrso L~ upocTpanHcT-

Ba V, onpepemsemoe mo dopmyse
L = {z eV: B(z,y) e L vy e L},

ABJAGETCI pemweTkoil B V M Ha3wBaeTcs JpolicmpeHHOU peueTkoit.
Ecom L = L¥, 1o L - camomsoiicTeenmas peuweTka. CBoiCTBA
ONpeneseHnoi BHWE ONEDAlMK = BO MHOTOM AHAJIONMYHH cBoORCTBAM
o6HuHON omepduuu: OPTOrOHAILHOTO NOMOJHEHMS OTHOCMTEJIbBHO
dopMu B u mostomy npuBozsaTca 6e3 moxasaTenLCTBa.

Newma 2. nycme L,L ,L, - pememxu B (V,B). Tozda
cnpaBeo/luUBN ymBepXOeHUd : ’
(1) NH* =1L,

. * * *
. (ii) (L1+L2) =L nLl",

2

10+
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P * * *
(iii) (LnL)" = L7+L .
. 12 1 2
CBA3p CaMOABOMCTBEHHHX pemweTox u cucreM Beina Hemnmo-
CPeACTBEeHHO BHMAHA M3 CJHEAyOuel JeMMH.
Ntemma 3, Mycms L - camodsoiicmsennas pememxa v (V,B).
Toeda ¢yHKUUOHAMT B V > €, onpedensieMnii no ¢popMyne

1, zel,
u(z) =
0, ze¢l,
ABASIEMCS NOMOKUMENLHHM $YHKUUOHAMOM Ha V.
m HeobxomauMo moxasars, uro ans awbux Habopos Alseas
n
KOMILIEKCHHX YHCeX M Z ,...,T 37neMentos V crpaseanuso mepa-
n
BEHCTBO

Z Alxjul(z‘J—z‘i)xp(B(zl,z))) = 0.
1=, j=n
Nockonsky L%(x) = 0 ngna Bcex z ¢ L, yxa3aHHOe HEPABEHCTBO
MOCTATOYHO NMPOBEPUTH AJIA CIyYad, KOrAa BCe T, & = 1,...,n,
HMEWT BUL

To= AU, u € L,

i i

Ans HeKoToporo « € V. [na storo ciayyad uMeem:
Y AR (o) x (Baru ,avn ) =
154, jSn

=Y AXx (B(u,0)x (B(u,)) =

151, j=n

) Xx (B(e,0))| = 0. =

151 =n

Ilycrs L - camomsoiucrteennas pewerka B (V,B). Ho onpe-
IeeHU0 POKOBCKUM NnpedcmaBiaeHUEeN (unu L-¢oxopckuM npedcmap-
NeHueN) KOMMYTALUMOHHHX COOTHOWEHHN Ha30BeM NPEXCTABJIEHME,
ONMMCHBAEMOE UMKIUYECKON cuctemon Beitna (H,W,p), coorser-
cTByome# QyHKUMOHANY M (B cMucae TeopemMH 2 HACTOAWErO na-
parpaga) .

BexTop ¢ Ha30BeM BAKYyMHWN BexmopoM. DrmeruM, uro B
CcMILy pésynLTaTon»n. 4 § 12 nwboe HenmpepuBHOE HENPUBOIUMOE
NpeACTABJIeHHEe KOMMYTAUMOHHHNX COOTHOMEHMIt IJIsi KOHEYHOMEDHOr o
npoctpanctBa V aBiasercs QOKOBCKMM NPEICTABIEHHEM.

Kakx M B XOHEYHOMEDHOM ciy4Yae, ONpelesauM CHCTEMY XoOre-
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PEeHTHHX coctosHuit. [ns 3TOro u3 Kaxmoro xnacca o € V/L Bu-
6epeM mo oxHOMY npeacTaBieHuo M depes J o603HayuM ceMeNCTBO
Takux npencrtasienuii. llo onpexenenuw cemeitcTBO BeKTOpOB B

¢a = {V(‘!)% o € 7}
ofpasyeT cHCTEMy KOrepeHTHHX COCTOSHMII. YKa3aHHy® CHCTeMy
Beins (H,W,p) nna xpareoctu OyaeM HasusarTh L-cucreMmon Bei-
ag. Jdta cucteMma obragaeT CHEXyOUMMM CBOHCTBAMYU:

Teopema 3. Iycmb [ - canodpolicmBennas pememka B npocm-
paucmpe (V,B) v (H,V,p) -~ coomsemcmsyomas eli L-cucmema Beii-
a8 . Cnpaped/suBw chaedyomue ymBepXdeHUS :

(i) ¥(z)p = ¢ ona Bcex z € L;
(ii) cucmenw xozepermuwx cocmosuuli o6pasyom opmo-
HOpMUpOBAaHHNI 6aszuc npocmpanHcms H;

(iii) cucmema Betina (H,WV,p) Henpupoduma;

(iv) omob6paxenue ¥ HenpepwsHo B L-monomozuu Ha V u
cuapHOU monosnozuu HA MHOXeCmBe YHUMAapHWx onepamopoB H.
s (i) B cuny cooTHomeHus )

1, zel, .
u(z) = (e, ¥(z)e) = (3.1)
0, ze¢l,
KOCTATOYHO MOKA3aTh, 4YTO 3aMukanue K snunmeitnoit oGomouxu MHO-
wectBa Bexropos {F(z)p,z ¢ L} B H oanomepno. Torpa majimercs
HeHyneBoit BexTop ¥ e K Buga

¥ =3y CH(a)¢,
aEL
oproronanbHiit kX ¢. TakuM o6pazoM, cnpaBemXyMBO DPABEHCTBO

(p:W) = an = 0,
[+ 219

HO B TakKOM ciay4dae

I =} CLeW(@)¢.W(8)9) = ] C,0p = 0.
o, pEL o,BeL
llonyyennoe mpoTHBOpEHME NOKA3NBAET yTBepkmeHnue (i).
(ii) M3 opmynam (3.1) BUAHO, YTO MHOXETCRBO by =
= {F(a)p,a e I} xOrepeHTHNX COCTOSAHUI 06pa3yeT OpPTOHOPMMDO-
BAHHYK CHCTEMH BeKTOPOB‘B H. Hycrb v - npbu3noﬂsuuﬁ BEKTOD

u3 H
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b= ) CH(R)e
Bev
(cymma B npasoit wactu koHeuna). llockonbxy ansa Bcaxoro B € V
Halknyrca takue o € I m v € L, utro B = o+u, NPUHMUMATL BO BHU-
Manuwe yrsepxnesue (i) noxaswBaeMoil TeopeMH, nocaexHoo $op-

MYJAy MOXHOC nepenucark B BHIE

p =5 T W(a)p,
oed
rge ffu = C’muxp(-B(a,u),). fOcranoce 3aMeTMTh, 4YTO MHOXKECTBO
BOKTOPOBR I yka3aHHoro Buaa o6pasyer IUIOTHOE MHOKECTBO B
apocrpanctee H  (mockonsky (H,W,p) - uuxnuueckasd cucrema
Beitna) u, tvakuMm o6pa3soM, korepeHrHHe cOCTOfHud o6pasywr Ga-
3¢ npeerpancrea H. '

(iii) Uz yreepxmenus (ii) XOKA3HBAEMOt TeOpEMs BHIHO,
ute m0607t HeHyIeBoM BEKTOp U3 H gBRAIETCS UMKIMYECKMM, 4YTO
9KBUBAJNICHTHO Henpusoaumoctu (H.W,p).

(iv) Mycrs § - TPOM3BONBLHHI HEHYJIEBOM 3J1E€MEHT TPOCT-

pauctea H. Toraa, B cuny yrsepkacHus (ii):
) 2
=Y CR@e, Y IC,1% < e,
oed’ oed
M XA ApousBoabHOTO T € L (T.e. pl(z)sl) uMeeM

W(z)p-vl = | ¥ (1-x (2B(a,2))CH(2)e] =

aed

= ¥ 1C 17 11x (2B(a,z)) 2. (3.2)
aed

B cnny cxoxuMocTu psia Z |C¢x|2’ ana apboro € > 0 nHammercs

aed
Takoe A > 0, 4T0o CApaBeAJIMEO HEPABEHCTBO

Y 1C, 1% < 5 (3.3)
aeﬂ,pl(a»A

Kpome Toro, aia scex pl(z) < % ¥ pl(oz)SA uMeeM

1B(z,0) ], = p,(2)p, (@) = 1
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H, CAeI0BATENBHO, x;(2B(a,z)) = 1. Taxum o06pa3oM, Ansa BCex
' , o 1
T e Uy = {y e V: pL(y) < mln{l,z} = 6}

u3 dopmyn (3.2) u (3.3) mmeem:

W (z)w-v| = ) 1Cy 1P 11-x (2B(,2)) |*
aeﬂ,pl(a)SA
2 2
Y 16,17 11-x, (2B(a,3)) |
aeﬂ,plta)>A
2
=2 Y 1c 1% < e.
asi,pl(a\>A
CnemoBarensHo, orobpaxenus ¥ HeNPOPHEHO B YXAIDHACGM CMECIE

B OKpecCcTHOCTH Touky % = (0, HeIPepuBHOCTE B LPYIrEX TOYKAX
caegyeT ¥3 COOTHOMEHMH Belus ¥ HenpepHBHOCTY B HYJIE. =

Jlokasannas TeopeMa NOKa3WBAET, uUto CBoilcTBa L-cucrem
Beitna auaxoTwuHs cBoitcTBam cucreMm Beitng HAJ KOMEYHOMEPHRMU
CUMIIEKTUYECKMMM TipocTpancTBamu {(cM. m. 4 § 12). 3to onpas-
IHBaeT Ha3BaHMEe «POKOBCKOGE» NI/ COOTBETCTBYOWEI O RpEenCcTaB-—
JIeHUS KOMMYTAUMOHAMX COOTHOWEHMH . '

4. B3KBHBAJIEHTHOCTb L-$OKOBCKHX mnpegcTaBiIeHHil. Hamom-
HUM, 4Tt0 B caydae dim V < « Bce HempuBogumse cucrems Beins
YHUTAPHO DKBHUBAJIEHTHH, OAHAKO 3TO He Tak B cayyae dim V =
= w. Bo3uukaer ecTeCcTBeHHHI BOnPOC 00 9KBUBAJEHTHOCTH OBYX
L-$0oK0BCKMX NpexCcTABACHMIT NS DA3JUYEHX DeweTox L.

iycrs L1 " L2 - CaMOZBOWCTBEHHHE pemeTKM B NpPoCTpaH-
cree (V,B). Byaem roBOpUTB, HTO L =u L, cosmagawr modrnu
BCOOY, €CIM CymecTByeT moampoctpaHctso U mnpoctpanctBa V
KOHEYHO#l KOpa3MepHOCTH, IJid KOTOPOT0 CIPaBeIJMBO PAaBEHCTBO
L1 nlU = L2 n U.. Crenywmas TecopeMa HAaeT 0TBET Ha NMOCTAaBICH-
HHii BHWE BOnpoc 06 vkeuBaseETeHocTH L-)OKOBCKMX WperCTaBie-
HUH .

TecpeMa 4. Ilycms L1 u L2 ~ caModpolicmBeHHbe pellemKyu B
npocmpancmee (V,B). L - u L, -¢oxoBcKUe npedcmaBaeHUS KOM-
MYymMaQuUOHHWX COOMHOWEeHUU YHUMAPHO 3KBUAMAEHMHbH MOz2dA U MOABKO
moezaa, xozda L1 u Lz coBnadaiom no4Ymu BCody . ‘

u Heobxodumocms. llycrts (H;, P, ) un (H P’,w - cooT-
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sercteenso L - u I -cucrema Beins nan (V,B). Ilockoasky
(Hi,Vi) " (HZ,VZ) VHMTAPDHO SKBUBAJIGHTHH, CYMECTBYET YHHU-
TapHNit omeparop U: H;—>ﬁg,vynonneTnopsmmnﬁ npu BCEX T e V

COOTHOMEHMAM
W (2)U 7 = K (2).
Yepes v: ¥V » R o6o3nauuM cieaywmee otobpaxeHue:
v(z) = |(Up W (2)p)|- (4.1)

I[oxameu COOTHONCHHKE

v(0), xeLl+L2,

v(z) = (4.2)

o, z¢L1+L2 .

HleftctBurensuo, B cwry coorHowenuit Befna u teopemu 3(i) m. 3
nns Bcex . e L wn z, e L umeeM

v(x1+z2) = '(U¢1’V2($1+$2)¢2) = IVZ(—zl)U¢1,V2(.’E2)(p2)

= |, (2 ye, ¥, (2)0) = v (0).

= l (Up,0,)

Jna "z ¢ L+L, B CHTy COOTHOWEHHMS (L1+L2)* =L n L, (cm.
n. 3) Halimercs TakKo# 3JEMEHT Y € L n L,,uro B(z,y) e Zp M,
TakuM obpasom, xp(2B(x,y)) #* 1 (HamoMHMM, 4TO pacCCMaTpHBa-
ercsa ciayyam p # 2): Taxum o6pasoM, cnpasemiuBu GODPMYJIH :

(Up W (z)e,) = (W,(x)Up ¥ ()W, (z)p,) =

= x,(2B(z,v)) (Up, ¥ (2)0,) ,

¥, ciaeposarenpHo, v(z) = 0.
Mycrs d(L ,L,) o6osnauaer nopsmox rpymmu (L +L)/L . B
cuny teopems 3(ii) m. 3, dopmynu (4.2) u pameucrsa Mapcesa-

as - CrexnoBa uMeeM
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2
L= ol = 1Wo,2 = T |We, ¥, (x)e)
i 2

oAev/L
2

2 2
Y v(0) = vA(0)d(L,, L),
oL L)L, :
u, rTakum obpasowm, d(Ll,Lz) < ». Jlerko 3aMeTuTH, UTOC
d<L1’L2) < @ TOPZa M TONLKO TOTXA, KOTHa L1 w L, cosmamawt
NOYTH BCOAY .

Adocmamoynocms . llycts L1 " Lz COBHAZAWT MOYTH BCOAY U,
CIIeI0BATE/IbHO, d(Ll,Lz) < o. llocTpoumM BexTOp wz € 112 1o
caeayoueit popmyne: .

y, = d*(L,L) ¥y W («)e,- (4.3)

o€l /(L NL))
1 1 2

2

3ameTuM, uYTO BHDAXEHME TMOX 3HAKOM CYMMH B ¢opMmyne
(4.3) me 3asucur or Bubopa npescTaBieHMS B CMEXHOM KJacce
a e Ll/(Ll n Lz). llonr3ysce coorHoweHuamy Beitna gna npous-
BOJBHOI'O T € Ll, nMeeM: '

Ve, = d7%(LL) ) x,(Blz,@), (sra)e, =
dELll(Llan)

= d"*(L,L) Y F,(B)e, = v,

- (4.4)

BELI/(LII'\LZ)
Kpome Ttoro, B cuny teopemu 3(ii) u paseucrtea Uapcesans -
CrexnoBsa cnpasegausBa ¢opMmyra

II'/'zllflz = d7(L,L,) Y ll"'z(m)wzllﬁ2 =1, (4.5)

odeL /(L NL:)
1 1 2

nockonexy rpymm L /(L n L) u (£,+L,)/L, wn3omoppuu u ux
NOPAAKK COBIALANT.

Uz ¢opuyn (4.4) u (4.5) cremyer, uwro (H,,V_ ,y,) ecTs
Ll—cucrema Beitna. CnemoBaTennHO, UUKIMHYECKME cucTeMu Beiuna
(H1’V1"°1) H (IIZ,VZ,wz) 9KBUBAJIEHTHH B CWIy TeopemMn 2 m. 2,
u cucremu Beiins (]11’”1) u (H,,K,) yBurapso SKBUBAJCHTHN. m
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14, p-agMyecKye CTPYyHH

B stom naparpade 6yRyT H3INOXEHP 3JEMEHTH TEODHM p-anM-
yecxkux cTpyH. B Havane OyayT npuzenemu Bupamenna‘nnx Tax
HA3HBAGMHX IYATbHNX AaMIUIMTYX. osaTeM OyIyT pPACCMOTPEHH p-

'annqecxue AHAJIOr} 3THX BHPDAXEHMH M HCCJICOOBAHN MX CBOMCTBA.

1. AyaneHue amrumTyfLpl, HCTOKM COBPEMEHHOM TEOPDHM CTDYH
fepyT HavYann, KaXk M3BECTHO, B IYAJbHOH TEODMM CMIBHHX B3a-—
‘uMogeicTeull saemedTapHux 4Yactuu. Cuibuue B3auMmomeiicTBMA amg-
DOHOB JQOJXHK OMUCHBATHCH QyHKUMAMM (AMIIMTYZaMH pPacCedHud ),
KOTOPHE YHOBJACTBOPAWT HEKOTODHM o0uiM TpeboBaHMAM, TaKMM
Kax JOPEHU~WHBAapPUAHTHOCTEL, YHMTAPHOCTH W Ap. Ilocrpourtrs dyu-
KLMM, YEZOBAETEOpAONME 3TMM TpeGOBAHUSAM, - BeChMA HETPUBM-
anbHaid 3afada. B 1968 r. T. BeHeumaHo nNPeRNOXKMI CIEIYOLYIO
OYHKUMO, ONMUCHBAWIYY® B3aUMOOEHCTBME YETHPEX 4aCTHU:

. 1

A(s,t) = {dz 7% (1-z) ¥, (1.1)

o]

ltycts k1’ ka’ k., k4 ~ PpEeAATHBMCTCKME N-MEDHHE HMIYJIhCH
CTAJIKUBAKIUXCH 4ACTHN. HX KBAXpATH- DABHH MACCAM HYaCTHLl, KO-

TOpPHE JOMKHM OHTHL OTpUUATENbHH (TaK HA3HBAEMHE TAXNOHH):

2 o0z _ N2 _ n-1y2 _ \
KD = (k) (k) cen (k77)° = -2. (1.2)
llepemeunne s M ¢ MMEHT BUL
s = (k+k)%, ¢t = (k+k)%, (1.3)
BBOAMTCSH TaKkXe NEepeMeHHAi U = (k1+k3)2, npuYeM uMeeM S+i+
+4 = -8. Bunonuserca 3aKOH COXPAHEHMS OSHEPrUU-UMIYJbCA:
k. +k, +k +k =0. A (1.4)
Hakomen, ¢ynxums a(s) B (1.1) numeiina:
a(s) =1 + %s. (1.5)
Bera-dynxums (1.1) mMoxer GHTH BHpaxeHa 4Yepes3 raMMa-dyHKUMIO
Jnepa: )
T (-a(s))T(-a(t))
As,t) = —, (1.6)
r(-a(s)-a(t))
rae
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r(a) = Ji’qe'xdx. (1.7)

o
Amnnuryna Bemeumano (1.1) obaanaer CBOMCTBOM CMMMETPHM

A(s,t) = A(t,s) ) (1.8)
(rax HasmBaemMas xpoccuuHr-cummerpus). Ona Moxer OWTh npen-

CTaBJI€eHa B BMIe

(a(2)+1) (a(2)+2) ... (a(t)+n)

A(s,t) = '
n!

n

(1.9)

o~ 8
R
—
@
S
|
3

n

0
Pasencrso ¢opuyn (1.8) u (1.9) BupakaeT CBOHCTBO OyanbHOC-
mU: oOXFa M Ta Xe aMIUIMTyga MoxeT OuTh 3anucaHa Jsubo kak
cyMMa no noxwcam B t-xanane (fopmyna (1.8)), nubo mo mese-
cam B s-xanane (popmyna (1.9)).

Acumnroruxka A(s,t) npu Gonpumx S U QUKCMPOBAHHMX @
uMeeT Bug
A(s,t) ~ &%, (1.10)

TAK HaA3HBAEMOE pelxeBCKoe moBexeHue. Bujio moxasamo, uro as
BHNOJHEHMS YCJOBMS YHMUTAPHOCTH, DPaA3MEPHOCTE NPOCTPAHCTBA-
BpeMeHu nokHa ONTE 1 = 26.

06o6menne ammaurysn Beneumanmo Ha cayvalt paccesuns N

yacTHl HOCHT HasBarue ¢opmyan Koba - Hunpcerma, oma umeer
BUI :

N-2 N-2 -—kl'kJ --kz'kJ
AN = I dzl m |£j| ]1-1:’{ X

=2 j=2

0<x2<x3(. . '<XN-2<1
h l~km
X n lz-z, , (1.11)
251 <msSN-2

unu B Gosee CHMMEeTPHUYHOM BUIOE

N -k 'k
- -1 1 =
A, = J m dz (dV) n lz-z, , (1.12)
1=1 . 151 <m=K
rae
-1 -1 -1
av, = dz dz dz (z -2, )" (2,3 ) (z-2)
" :z:a‘, & , T - NPOM3BOTHHHM 06pasom BHOpanHNEe u3 Tosene sy

pasnuuHNe NepemMeHHHe. [lesienme Ha v » (1.12) coorsercrByeT

Bugenenuw obsema rpymma SL(2,R) u3 BupaxeHus
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N -« 'k
4= I ndz, n |z-z| v (1.13)
1=

=1 1=<1<n=N
MHBAPMAHTHOTO OTHOCMTEAbHO rpymns SL(2,R) npobGuo-nuHeitHux
npeofpa30BaHuil MePEeMEeHHHX T .
Hveercs takxxe apyroi mabop ayansuux ammantysn (Bupacopo
- llanmupo), OTBEYAWMX MHTErPHPOBAHMIO MO KOMIUIEKCHOM TILIOC-

KOCTH
N 2 1/2k1'l(J
B = | ndz @ |z1—zj| . (1.14)
1=4 4=i, j=N
dopmyna (1.14) mnonyvaeTcda M3 CHMMETPUYHOI'O OTHOCHTEIBHO

SL(2,C)-npeo6pasoBanuil BHpPaKEHUS

N 5 1/2kl‘km
B = I néz, n lz-z]| (1.15)
i=1 151<m=N
Bugenenuem ob6sema rpymmu  SL(2,C). 3xecs k? = -8, 7=
=1,...N.
Jng yeTHpex 4YaACTHL UMEeM
5 12k, 172k, "k,
B, = Jd z]z| |1~z| . (1.16)

c .
B reopuu crpyn ammauryas (1.1) oTBedanT OTKDHTHM CTpyHaM, a

(1.16) - samxuytuM crpyHam. 0OTMeTMM, 4TO NpMBEIEHHHE BHpa-
MEeHMSA- AN AMIUIMTYR DPACCEAHUS SBISOTCH TOABKO NEPBHMM Wie-
HaM¥ B TAK HA3HBAEMOM DPA3NOKEHMH IO 4YMCAY NeTeNb ONd CTPYH-
HHX AMIJIHTYX . ’

Aramoryuno (1.16) Moxmo BMecto (1.1) paccMOTpeTh BHDA-
KeHue

4

kl-kdy kz.kl
4 = |dz|z) J1-z| s (1.17)
R
TAe MHTErpupoBaHHe HUIET 00 BCed BewectBeHHo# ocu. Torma
noNy4YaeM CMMMETDHYHOE COOTHOMEHHUE

A, = A(s,t) + A(t,s) + A(u,s). (1.18)

2. p-anmueckue aMmamMTyaM. Kak noxasano passuTMe MaTe-
Maruueckoit ¢usuxku 3a mnocnegHue 20 ner, mnpocrtHe opMYyIH
(1.1) npuBesn mocae COOTBETCTBYWOWEI0 DA3BUTHS K BeCbMa CO-
IEepXATeJbHOR COBPEMEHHOM feopnu crpyu. llosromy ‘mpexpcrasnser
3HQYUTEJLHHA MHTEpeC MaTeMaTHueckoe obo6umenre sTUX BHpaxe-
Huii. B coorsercTBMM ¢ XBymMa mnpexctasienmamu (1.1) u (1.6)
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OMIM NpexsokKEeHH NXBA BO3MOXHMX NyTu oGobwerus, nubo uepes
MHTErpajsHoe npencrasieHve, aubo dvepes I'-dyuxumo. 3mecs My
PaccMOTPUM HMHTErpajbHOoe InpefcraBieHue. Moxuo unrepnperupo-
BaTe uHTerpa’n B (1.1) wm B (1.17) Kax CBEePTKY ABYX MYyJbTH-
IIMKATHBHHX XapakTepPoB HA BEWECTBEHHONW OCH, NOCKOABKY |z|”
- 9ro xapaxtep. llosromy mnpeanaraerca ciaeaywoumee o6obwmenue.
lycts K - noxe, 1a(x) " 7B(z) - MYJbTHIUIMKATUBHHE XAPaKTEpPH
Ha K, rge a u B - HEKOTOpDHE NAPAMETDH,. OT KOTOPHX 3aBMCAT
3T Xapakrepu. llomoxuM

A(va,wB) = Jwa(z)wﬁ(l—x)dx, (2.1)
K
rae dxr - mepa Ha K. llpu passuunux BHOopax mond K ¥ xapax-

TepoB 7, 5Ta QOPMYy/na NaeT KaK W3BECTHHE, TAaK M HOBNE aMIIM-

Tyou. B wacrtHocTu, npu 1a(w) = |z|%-ana .k = R nonyuum Bupa-
wenue (1.17), a ana K = € nmonyyum Bupaxemue (1.16).
PaccMorpum cayvait K = QP, 7a(z) = |z|:d, 1B(z) =
= |z|fq, rpe o M B - KxOMIIeKCHMe napamerpu. Popmyna (2.1)
Torga onpexenfer B-QyHKUMO, PACCMOTDEHHY® B m. 3 § 8:
B («,8) = J |z|‘:'1|1-x|f"dz. (2.2)
Q

P
Huterpan (2.2) abconwrno cxomurcs. B obnacrtn, rae Re a > 0,
"Re 8 > 0, Re (a+B) < 1. B § 8 (popMyna (3.9)) npueemeno Bu-
paxenue B-dpyuxumu (2.2) uepes Fp—¢yﬂxuun,

r (@), (6)
8 (a,8) = ————, 2.3)
P’ Fp(a+B) (
rae : o
I (a) = P (2.4)
uiH, B 6Gosee CUMMETPHYHOM BHZe,
B (a,6) = T, ()T (B)T,(3), (2.5)
roe
a+B+1=1. (}2.6)
Monoxus B (2.3) « = -a(s), B = -a(t), rae a(s) onpenme-

naerca dopmysoir (1.5), a s u ¢ —:¢opuynauu.(1.3), noxy4aem
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npocreiuyn p-aguyeckKyn AYansHyo AMIUIMTYRY ﬂp(-a(s),-a(t)).
B cuny COOTHOMEHMS \
a(s) + a(t) + a(u) = -1,
ucnoab3ys (2.5) u (2.6), ee MOKHO 3amMCaTh B CHMMETPHUHOM

BHOEC
l_p"a (x)-1

B(a(s), (1) = M — (2-8)
Popmuyna (1.13) ogonykaer HemocpeacTBeHHoe o6obmenne Ha
p-agvMdeckuit ciayvai:

N -kl'km
4 = J ndz, 1 ]xl—xmlp . (2.9)

t=1 1<1<m=N

Mocne Bupenenus o6sema rpyunu SL(Z,OP) u3 (2.9) mnonydaem,
amamoruyuo (1.11):

N-2 —kl'kj —kz'kj
A = dz,...dz_ 1_11li|p |1—1:j|p o X
"3 -
]

3

* k.
1 m

x 251Q;sn-z'$’ z. 1, . (2.10)
Huarerpan (2.10) uoxer 6HTH BHYMCIEH B ABHOM BUIE, AHAJIOTUY-
o (2.8).

HHTepecHO OTMETHTHL, UTO NPUBEXCHHNE P-3AUYECKHE RYyashb-—
HHE AMIUIMTYIM MOryT OHTBH MOJydeHH IO NpPABWIaM KBaHTOBOH Te-
OPMM TOJISL K3 JIAPPAH¥MAHD., COOTBETCTBYOWErO CJAeIyoueMy Heah-

HEeNHOMY YPaBHECHHIO

-0/2 \
p P = ¢°. , (2.11)
3necs ¢ = ¢(z) - BemecTBeHHOe NOJE B N-MEPHOM BemECTBEHHOM
MPOCTPAHCTBE-BPEMEHH C KOOPAMHATAMU T = (5.5 Js O -
-
oneparop Hanambepa,
a® a° a°
—_— - ... - . (2.12)
ax? az? ax?
1] 1 n-1

Ypasuenne (2.11) uMeeT CTATHYECKOE COJMTOHHOE peleHHE OYEHD
npeoCcTOro BHAA
n-1 1 -1

¢ = p2 (P D) exp[—g

7|, (2.13)
plnp :

302



rae T = (Z,...,% ).

Bymem ucnone3osats olo3HaveHUs

B(a,B) = [dx|x|“*|1-z|ﬁ*, (2.14)
R
a+ B8+ ¥y =1. (2.15)
Nlemma 2.1, UmMeem Mecmo caedyomast ¢opmynaa onsa ¢yHKUUU
2.14
(2-14) t(1-a) C(1-8) £(1-7) o
B(a,B) = 5 (2.10)
() 2B  Cl7)
2de [ - 9dsema-¢yHKUUS PuMaHa, apzyMeHms o U B nexam B 00-

macmu o« > 0, B8 > 0, a+f < 1, a ¥y zadaemcst ¢popmyaoii (2.15).
a Pas6usas o6racTe uHTErpupopaHus B uHTerpaje (2,14)
Ha TpM 4YacTu, npeobpasyeM ero x BUIY

r(r() rE)r(r) r)rl«)
B(oa,B8) = + + . (2.17)
T (a+8) T (8+7) T(7+a)

Hcnonr3sys coortHomenue njs ramMa-QyHKUUM

r(2)r(1-z) =

. sinnx
M BHIIOJIHAS TPUTOHOMETDHYECKMue NpeodHPas30Bauusd , IPUBOAUM Hop—

myny (2.17) x Buny
B(a,B) = —cosz—cosgécosv~r(a)F(B)F(w) (2.18)
Bocnons30BaBuMCh QYHKUMOHAJBHEM COOTHOWEHHEM JUIZ HA3eTa-
bynxnuu
(2m)*¢(1-z) = 2cosgfr(x)((m).
u coorzomenuem (2.15), npeobpasyem (2.18) x BuXy

C(1-a) ¢(1-8) ¢(1-7)
B(a,B) = .=
Cle)  C(B  C(w)

3ameuanymne, Urmernm NMOJYUYE€HHOEe COCTHOUWEHUEC MeXTy A3eTa-

U ramMma- QyHEKUMIMU 3
Ir'{a)r(s) . r(g)r(x) . r)ri«)
T (a+B) r(g+7) I'(7+a)
¢(1-a) ¢(1-8) ¢(1-7) o
= , (2.19)
@) c®) <)

rne
o+ g+ =1
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3. AgenwHsle npousBeflenna. HMeeT MecCcTo caeaywouwas
Teopema 3,1. IIycmb 3HAYEHUS BeMeCmMBEHHWX napaMempoB o

u B nmexam B obaacmu
a< -1, g < -1. | (3.1)
Tozda chpaBednuBw ciaedyomue coomHomeHus das ¢ynxuul (2.3),
(2.16):
' c(-«)  ¢(-g) ¢(1-a-g)

s (32)
¢(1-a) C(1-8) C(a+B)

M(-1)8 (a,6) =

C(-a) C(-B) C(o+B)
c(a) ¢(8) ¢(-a-8)

npuyes npoussedenus B (3.2), (3.3) no Bcex npocmwM p cxo-

B(a,8)m1| B, (a,8) | = (3.3)

asmcst abcosaomHo .
‘w llepenuuwenm supaxenue (2.3) B Buxe

1_pa-1 l_pB—x i 1_p1-1
B («,8) = (-1)p* ——7F —5""
e 1-p 1-p

1—p'7

wan, ¢ ydetrom (2.15), B Buae

1_pa-1 1_p3-1 1_p1-1

B (a,p) = . (3.4)
P ’ l_pa l_pB 1_p'1
B o6nacTtH 3navyenuit mapaMeTpoB (3.1)_umeeu ¥ >2Hu
l%(a,ﬂ) < 0. : (3.5)

Hcrmonesya ¢opmyny Jdmepa (0.1) u3 mn. 7 § 7, HaXoOMM K3
(3.4) L

C(-a) C(-B) &(-7) _
¢(1-a) ¢(1-8) C(1-7)

ﬂ(-l)lg(a,ﬁ) =

L) ) t1-ap)
C(1-0) ¢(1-8) ¢(a+B)

v

(3.6)
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r.e. cooruowmenue (3.2). HNponspenenue B (3.6) cxoamrcs abco-
motHO. [eMCTBUTE/NLHO, XKaK M3BECTHO, A abcomorHolt cxoam-

MOCTM TPOU3BEHCHUS
n(i+z )
P P
HeobxoaumMa ¥ HOCTATOYHA abCOoMOTHAA CXOZUMOCTL pAfa Zzp.
P
HMmeem

1_p(1—1

o

=1+ (1-p7)—3
1-p p -1
u npu o < -1 (1.13)

1

z - < ®.
Ppa_l

AHATOTMYHO QOO0Ka3WBAETCS CXOQMMOCTH NPOU3BEAEHMN TO p IJa
OCTANBHHX ABYX coMmHOXuTeneir B (3.4). dopmyna (3.3) cnemyer
us (3.2) ¢ yuerom nemmu 2.1. m

3ameuanne. B pabore Ppoiinpa u Burrema npusogurca cie-
Iyomas 3aMedaTrenbHas dopMysa '

B(a,B) nﬁl(a,B) =1, (3.7)

Onnako, x coxanenu®, npousBenenve B (3.7) DACXOAMTCA M pe-
3yJABTAT 3aBUCHT OT BHOOpDA pPErynapu3alu.

HMoxaxem, uro umeercs cBa3p popmya (3.2), (3.3) n (3.7)
c dopmynoit Tajtra. Ha dopMynn (2.2) uz § 7 ana () = 1 cae-
OYyeT COOTHOMEHHE

g _ ~ 1-B
nj«»,,(acp)lxpnpdxp o CAITURC IR

P P

30€Ch B NPOMU3BENEHMI BKJOYEH caydadf p = o, B - BemMECTBEHHHIL
napaMeTp. 9Pyukuun wp(xp) 30ech JO/DKHH NPHHALICXATH NPOCT-
panctBy Bpwa - llpapua. Oxnaxo nosoxum dopmansHo

o (z) = |1-2|%, ? (3.9)

rae o - BeWweCTBEHHHH napaMerp, }{ noxKaxeM, 4YTo TOorga COOTHO-
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wenne (3.8) npumoant k ¢opmyne (3.7). NeficTBuTenbHo, uMeeM
~ _ -1-0
o (y) = C ()x(W)ly |5 p=* =,

9,(¥) = C () [y, p=a,

rape
1-pa
C@) = ——m5, p * @5 O () = -2(2m) s intGr (1va) .
-p

Hosromy, cormacuo (3.8),

’_mB= —a=b-1) =
g |1 mp|p|xlpdxp gﬁ;(a)cp( a-b-1) 1,
TaK Kax

l—p“
“leq . 7T
gcp(a) = ~2(2m)”" "‘sm-—%r(na)];, PP =

= -2(2n)q"asinggr(1+a)ccliz =1.

Taxum o6pasom, monydaem coorHomenue (3.7). Ecam mmecto
(3.9) noyxoxuts

0,(2) = -[1-2|%,

TO MpUAEM X COOTHoOmWeHMI (3.3).

4. Crpyumoe pelicteve, Mu obcynunu amnnurysy Beneuxauo
¥ ee oGoOumenus. B geMCTBUTEABHOCTM, 3TH AMIIMTYAM - TOJLKO
mepBHEe WIEHH B Tak HaswiBaeMOM netriesoM pasnoxenuu. llosmmii

OTBET MUME€eT BULJ
o0
Ak, k) = Y A (k.. k),
h=0

Ak ,...k) =
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N
= Idu(t) ,[exp[-%g};,k"k-‘a(e"e’;t) jUﬂde. (4.1)

¥ x
h h

3necs I - KOMHAKTHAS ODMEHTMPOBAHHAS MOBEPXHOCTH DOAA h,
EJ, J=1,...,N, - xoopaunatu N Touex HA 3TOH NOBEPXHOCTH,

s, = Vg(£)d%, g(&)=det g o(£), rne g g

a,B =1, 2, ,!lh - npocTpaHcTBo Moayinei Pumarosux mnosepxHOC-

- MeTpMKa Ha Zh,

Telt poga h, T - NoxanbHNE KOODAMHATH Ha Mh, G(£,L;1) - dym-
xuus I'puHa cxangapHOro JjamiacMaHa HA z, du(t) - mepa Ha M,
kx,...k" - MMIOYJABCH YAaCTHU {TaXHOHOB), k) eR', j=1,...N.
HMeem Taxke k? = 2, Ic1+...+lcN = 0.

Bonee meTanbHo MH DPACCMOTPHM 3TO BHDAXKEHHE B ClEAYOWEM
pasaesie. 3neCE Xe MH OTMETHM, 4TO aTa dopMyna mosyvaercs u3

caexywomero dopMmannuoro ¢yHKuMOHAJIBLHOTO MHTErDajia

s(k)A (k,...k) = HugaB”[m“] JE;lV(kj)e*I’ (4.2)

N
rae §(k) = 6(2 k‘], 8§ - ¢ymxuua [Jupaka. Knaccuueckoe nmein-
i=1

creue I B Qpopmyne (4.2) uMeer Bua:

I= % [dzg\/grg“ﬁaa,’(“a‘gx“, (4.3)

b3
h
X = X“(g), u=1,...,d, - orobpaxenne us I B R, 8 X =

= iT"X"‘(.E), sepuMHENE omeparop V (k) umeer BHX
a

V) = [l exp(ika()

b
h

CumB o [DgaB] " [DX“] 03HAYAT, YTO MHTETPUPOBATH CHEXYET
M0 BCeM METpUKaM Ha I M BCeM OTOGpaxeHuaM x4,

5. MpocTpaHCTBO MOAQynei u rTarTa~-pyuxumu, [HeiictBue I 06-
JagaeT KByMa GeCcKoHEYHHMM rpymnamMd cummerpuit. Ogaa w3 Hux -
Ipynna BeWIEBCKMX PACTIXKEHMM, KOTOpad HeNCTByeT IO MNPaBMHIY
ymg - eogaB. Ona HasbiBaeTCS XoH¢opmHoii epynnol Betins. [py-
rasg rpynna cuMMeTpuil - 3to rpynna auddeomopdusmonr Diff, mam
rpynna nepenapaMeTrpu3auui Eh. IuddeomopdusmMn u3 CBI3HON OK-
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PECTHOCTH EAMHMUM HA3HBANTCHA JJOKANLHNNU OJUPPeOMOpPPUSNAMU .
Tpynna Ttakux xuddeomopdusmos oBosHAuUAETCA uUepes Diffo. Cy-
mecTBYyOT Takxe ryobanbume nuddeoMopdu3MH, KOTOpDHE HE Jexar
B CBA3HOH OKpPEeCTHOCTH eRXMHMuM. Ill[pocTparcTBO

M = {MeTpuxu Ha Zh} / Diff-Weyl

Ha3WBaAETCA npocmpaHcmpoM modyaeti. Ilpocrpancrso A& ~ KOMII-
nexcHoe MHOrobpasue xoMmIuekcHo#l pasmepHoctd O ana h = 0, 1
gng A = 1 w 3h-3 gna h = 2. Bosee 66uMpHOE NMpPOCTPAHCTBO

T = {MeTpMKH Ha Zh} / Diff -Weyl

Ha3MBaeTCa npocmpaHcmeoM TelixMonnepa. Ipynna Bcex puddeo-
MOpPOM3MOB N0 MOAYJIO JOKANBHHX 1nuddeoMopOU3MOB HAIHBAETCH
rpynnoit xaaccoe otobpaxenuit (win ModyaspHod zpynnod). Pac-
CMOTpPMM CJIOH S MPOCTPAHCTBA METPHK, TPAHCBEPCAJBHWI K mei-
CTBMIO TIDYyHn Diffo u Weyl. INomobracrtes B 'S, B XxoTopok He
CywecTBYeT IMapH TOodYek, CBA3AHHNX riaobanbuum audpeomopdus-
MOM, HA3HBAETCA ¢pyHIaMeHmanbrol obsacmpio MORYIAIPHOW TPYIIH .
KondopMunit xnacc METPHUKM onpegenseT KOMIUIEKCHY CTDYKTYDPY
HA Zh.

lleppass rpynna romoaoruy bﬁ(zh,l) uMeeT 2h obpasyoummx.
BuGepem cumnaexruueckuit 6Gasuc {al,...,ah,bl,...bh} 1-uukn0B
Ha I , YHOBAETBODANWMI CTENyOuMM yCNOBHAM Ha 4MC]a Tnepece-
YEHU :

£ 1) LTI
Jowbue gBa cumMniexTvyeckux G6asuca cBa3amd npeobpasosa-
HHEM M3 CHMMIUIEKTMYECKON MOxyaapHoi rpynnm Sp(2h,Z). INpocr-
pancTBO roxomoppuux 1-dopM ma I umeer 6asuc {wl,...wh},
OOHO3HAYHO ONpENeAEeMHN YCJIOBUSIMHU

w =3

s 0y 2,7 = 1,...h.

Marpuua t = (ru),
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HasbiBaeTCa Nampuuell nepuodos Ka I M SBITETCH KOMIUICKCHOH
CMMMETDMYHOM AxhA-MaTpHUER C NONOKATENHBHO ONpPEeNeNeHHOWM MHMU-

h
CBSIXEM KOMIUIEKCHNIl h-xoMmoHeHTHME BexTep f(f) ¢ noMowswn

Mo# yacTso. BubpaB TOuUKy Q% €, c KaxaoM Touxoit § Ha X

orobpaxenus fxobu:
g
00— 1,0 - J‘*’v =1, .h
g

o}

ITOT BEXTOp EOUHCTBEHHHH C TOYHOCTHLW KO0 nepuomos t. Cremo-

BATEeJBHO, f €CTh 3JEMeHT KOMIJIEKCHOT'G TODa
h y7h )
J(Zh) = C'/1" + <Z°,

Ha3HBAEMOT 0 MHOzoob6pasueM Sxobu NPOCTPAHCTRBA z.
Tama-¢yHKUUS Onpegensercs Ond 2 € J(Zh) caenywmen cyMm-—
MOl :
e(z,t) = z exp(inn‘tn + 2min‘z).
h
nel
Tora-dyuxuus ¢ xapaxTepuCTHKaMM do,B € 1/21h onpegjensercs IO
dopmyne

6[ g](z,t) = exp(inn‘tB + 2mia‘(2+8))6(z+Ta+B,T).

t
YeTnocte wucnaa 40’ HA3ZHBAETCA YEMHOCMbIO Xapaxkmepucmuku

{a,8}.
Npun-¢opua E(w,&) onpemensercs kxak rosnomopduas xud-
depenunannnas ¢opma ma I xI Beca (-1/2, 0)x(-1/2, 0):
w

JE J g

(h(w)'*(h(g)'"*

E(w,g) = (5-1)

rpe
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h
S
h(w) =1-1a_z-1_ e[ g] (O,t)-wi‘(w).

E(w,£) me 3apucur oT subopa ueTHOW xapakrepucTuku {a,8} u
obpamaeTrca B HyAb TOJNLKO Ipu w = £. '

Ha npocrpancree M cymecrsyer wmepa, CBS3aHHAS C TOJO-
MODHON CTPYKTYpOil NPOCTPAHCTEA Moaynaeii. B CeOTBeTCTBHUM C
Teopemoit Mampopaa numeiiHoe paccioenue

Kea® (5.2)

HAX JNPOCTPAHCTBOM MoayJei rojoMopduo TpusmanbHo. B nocaen-
Heit dopmyne K - kaHOHMUECKOE PACCHOEHHE NPOCTPAHCTBA MOLY-
neit, T.e. HauGoMbUIAs BHEWHAS CTENEHb KOKACATEILHOT'O0 PaCCHo-
€HMA, A - HAMOOJMBLWAS BHEWHSS CTeNneHb PAaCCJ0EHUs T OJIOMODPHHX
1-bopm Ha nosepxuocTu. CymwecTsyeT eZMHCTBEHHOE T oJOMopdLOE
uurnge He ofpamamomeecs B Hyms cedyemne F paccroenus Kea ™.
llycrs CRRRL -  aHANMTHYECKHE KOOpAMHATH Ha M

3n-3 n
(b = 2}, rorza

du = |F(v)|%(det Imt) “dvAdy (5.3)

eCTh Mepa Ha Mh, ruge

dv = dv AN ... ANdv .
1 3h-3

6. MHoromneTneBmsle aMIUMTyzs. Jna onpemenenus ¢yHKuUMO-
HAJBHOr 0 uHTerpana (4.2) ucmoib3yeTCs NpouenyPa KBAHTOBAHUS
xadubpopounsx Teopuii. Moxno yTBepxmaTh, uro aMmmmtyna (4.2)

HMeeT BMI

h

A (k,...k) = Idu(v)T(kl,...kN;v), (6.1)

.}
h

rge 'T(k1" . .kN;v) onpenensercs [aycCoBHM HHTETrDaIOM

s(B)T(k,,...k;v) = ‘J’[DXu]e_IJE'[iV(kJ) =

- s(k)[exp(—% ) k‘-k,o(si,ej)]ﬁ Vo (€)%,
1<) =1

llocnegree Bupakxeuve MoxeT OHTH 3amMcano npu noMomHM GODMH

(5.1):
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T(k,.. k) = J f(s,s)l ndzs, (6.2)
i<}

F(g5€) = B(g, € )exp{-nInz}, (Int) “Inz, }.

£
= [o.
g

B vacruocTu, ana topa (h = 1) uMeeM

) =

FERERL

4 (k

rTj b ) 69)

==}

dopmyne (6.2)

n(v) = 812 n (1_82n1n':')

~ oto Qymxuus [Jemexuupa,

- _ 2Ttiv
x_ = x(v-v_.e),

lnalxl)'(l—z) o (1-0"z) (1~"/7)

ate0) = oxa ;
21nfw|’ 2" % asa (1-w")?
HHTerpupoBanne NPOBOAMTCA MO OyHXaMeHTansHoM obnacTu
= {v e € Imv > 0, |Re v]s1/2} u ‘

ezmv eZT[Vr

=

Huarerpan B dopMyne (6.3) MHBADHAHTEH OTHOCHTENLHO MOXYIAD-
HuX npeobpa3opamuit u3 SL(2.Z). 3rtor MHTErpan pacxozuTrci, M
HeobxoquMO MCHOAB3CBATE TNPOUEAYPY perynapusaunu. Ilpobaema
PACXOIMMOCTH MCYE3AeT B TEOPMH CYNepCTpYH. Avmautyna pac-
CEeSHMS YeTHpeX 6esMAcCOBMX YaCTeil B TEODUM CYMEePCTPYH CXO-
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OUTCA M, OZHOIETHEBAS AaMIJIMTYAA HMEEeT CHeyOUUil HpoCToi

BUI:

2 3 K k /2
J...fl__t_'{ndzvrn(xrs)rs .

(Imt)® Jr=1 r<s

H

1
TpeGoBanne MOLYAAPHON MHBAPUAHTHOCTM CTPYHHOU Meps du
HO3BOALAT B CAyYa€ MAJCHLKOr'0 pPoJIa BHPA3UTH MEPY B TepMMHAX
moagynspuux $opM. [nas pouma A = 2 MOXHO MCHOJL30BATH BEPXHKD
MOIYTIOCKOCTE JMI eI ﬁg AJI4  ONMCAHMS TNPOCTPAHCTBA MOLYJeil
M. ;

2

Bonee Touno, Ag H30MCPPHO MPOCTPAHCTBY H;/Sp(4,l) no
MOOYJ KJIACCA HKBUBAJIEHTHOCTYH NPOCTPAHCTBA AMATOHAJBHHX Ie-

puoanueckux Marpuu. Mepa du Ha H; JOJDKHA VMETH BUL

du = |f(z)|?(detImt) ™ qdz_ . (6.4)

1
1=;

Tonomopduas ¢ynxums f: H; > € nasuBaerca wmoaynspHoit dopmoin
poxa h u Beca k, ecan f yXOBAETBOPAET COOTHOUWEHMIO:

f[(Ar+B) (&w)"] = det(Ct+D)*f(z)
4B |
ans Beex |~ pl e Sp(2h,Z).

Opu Momynspumx npeobpa3oBaHMAX uMeeM

n dtx; — det(Ct+D)“3ndtj

is) 1%]

det Imt
det Imt —> -,
|det (Ct+D) |2

crenoparensuo dyukuus f ' B popmyne (5.5) monkua GuTh MOmy-
aapHoit ¢opmoit Beca 10. Konpuo Momynspuwx ¢opM pona ABa U3-
BECTHO. CymecTByeT €IUHCTBEHHAS MOxyaspuas ¢opma ¥, Beca
10, ofpamawmascs B HyjJ: HE OMArOHAJIBHHX HEePUOIUUYCCKMX MAT-

pHuax,
Y= 92[ ot] (0,1:)
10 aT,TB B ’

IIPOU3BEXEHHE 6epeTcx 0 YEeTHHM XapaXKTepUCTUKaM.
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Taxum obpasom umeem:

dy = ]wwl'z(det Imt) ™y de

1<} 3

7. XecTKasi aHAMTHYECKasi FeOMeTpUs M p-afUdecKHe CTpY-
un, Kax cremyeT M3 BUWEMS3TOXEHHOr0, B TEODMH CTDYH MCTIONE -
3yerca Teopus PUMAHOBHX NMOBEPXHOCTEW, B YACTHOCTM HPOCTPAH-
cTBO Monyiueit u Tata-dynxumu. [Ing pasBuTHS Pp-amuyeckoil Teo-
pPUH CTPpyH HeoOXO0ZMMO HMETH p-aludecKudl aHAJOr KOMIIEKCHOIO
aHAMN3a, BKIOYAd OCHOBHOI NDUHUMI AHAJUTHYECKOTO npbnonme—
mus. Tone P-aAMYECKUX YUCeT @p BIIOJIHE HECBA3HO, NMO3TOMY IJS
3THX ueJded He NHOAXOAUT «HAMBHOE» IOHATHE AHAMUTUYHOCTH,
paccmorpennoe B § 2. (mHako cooTBercTBywmas Teopus Osna
noctpoena Taitrom u apyrumu. (ua Ha3MBaeTCsd xecmkol aHamumu-
yeckol zeoMempued .

Ocnosnas MOes 3axjI0YaeTCd B TOM, YTOOH OCYyWECTBJSTH
AHAJMTUYECKOE TPOXO/KEHHE TOJLKO 10 OTHOWEHMW K ONpefeseH-
HHM [JONMYCTHMHM OTKDHTHM IIOKDHTHAM JKECTKOr0 NDOCTPAHCTBA.
Ananuruueckue ¢yHkuuyu GOJBWMZ HE PACCMATPUBAWTCA HA BCEX OT-
KPHTHX INOAMHOXECTBAX TAKOI0 NPOCTpPaHCTBa; Heobxomumo orpa-
HYYUTHCA XOMYCTHMHMHM OTKDHTHMM MHOXECTBaMM¥, KOTODHe 06pasy-
0T TAaX Ha3uBaeMyo tomonoruow I'poreHauxka. Cymwecrsyer HeTpuBu-
aJbrHOE TMOHATHE CBA3HOCTH [JIS TAakKoro mnpocrtpaHcrsa. Takoi
KECTKO AaHAJUTUYECKHI NOAXOJ MCHOJB30BAJCH AJNA yHHPOpDMM3AUUYN
anrebpanyeckux KPMBHX M €ro e €eCTECTBEHHO MCIOJb30BATHL AJd
p-agMyeckux CTpyH. Hmxe xpaTko paccMaTpuBawTCSd HEKOTODHE
ACNEKTH XECTKOH aHAJUTUYECKOH TIeOMEeTpPUM.

Ilycts 7; = K{zﬁ...zn> - KOJBUO CTENeHHHX pPHH0B, CXO-
DAUMXCA B Wape

Bn={($1,....’1:n) € Knt |.’L" 51’ i:l’,,_’n}’

K - monnoe HeapxuUMeZOBO INOJIe, HANDPHUMED, Qp.

A¢ppunoudnot anzebpoi 4 vagx K (unm anrebpoit Toitta) na-
3uBaerca K-aarebpa, SBIAOMAACA KOHEUHHM pacCumMpeHueM ];. Ito
03HAYAET, YTO CymecTByeT romoMmopdusm K-anrebp 7; - A, XoTO-
pHii npespamaer 4 B Koneqﬂonopoinennuﬁ Ik—MonynL. llpoctTpan-
cteo Sp(4) MaxcuMadbHNX MAeaysoB airefpu A HasHBaeTcs agPu-
HOUAHHM npocmpaHcmpoM. Kaxpas addunHoumnas anrebpa A4 umeer
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BMI .’I‘n/I ana Hexoroporo wugeana I ¢ T u amigercd 6aHAXOBHM
npocrpancTeoM. Moxuo oroxpecTeuts Sp(4) c roukamu z € B mo
npasuny f(z) = O ana Bcex f e I.

Mycrs X = Sp(4) n fosf,»---f € A me nmeer obumx wnymeit
na X. Torna moanpocrpancteo U c¢ X,

U= {x e X: [f (@) |=|f,(2)], i = 1,...7;}»,

Ha3HBaeTCA pauyuoHasbHoOU obaacmbo. MH onpegenuM TONOIOTHK

T'porenauxa Ha X, B34B B KayeCTBE OTKPHTHX MHOXECTB BCe pa-
uuoHansuue obnactu. Tomosorus Iporenmauxka na TOMONOrUYECKOM
npoctpancrse X ompegenserca chegyoumm obpasom. llycte F -
ceMeicTBO OTKpHTHX mogMHOKecTB X u Cov(U) - nabop mokpuTUH
muokectsa U < X. Napa (F,Cov) Ha3WBaeTca monosozuel I'pomeH-
OUKG, €CAN BHNOJHANTCA CJEAYOUME YCJIOBHA :

1) ¢,X ¢ F v ana U,V e F Bunonueno U n V e F,

2) - {U} € Cov(U) nna scex U ¢ F,

3) ecnu U e Covl) u VU, UV e&F, To0UnV e Cov(V)

4) ecau U e Cov(U,) u (U) < Cov(U), ro v, e Cov(l).

. , X

IneMeHTH MHOXeCTBa F HA3HBANTCE GONYCMUMWMU OMKDHMBIMU
MHOMecmeaMu , saemedTH Cov(U) -- donycmumwMu noxpwmusmu U.

C pauvonansuonn obmactew U accouuupyercs adpdunouanas
anrebpa

4, = &z ,... ,zn>/(f1—z1fo, cesf oz fo)-

Taxum o6pasoM, MOXHO oONpefeaMTh NpPEeANYYOK Ux Ha 4X,
cTpos AU OJIT KQKIOTO AOIMYyCTHMOro orkpuroro mmokectsa U. Oc-
HOBHOM pe3yJ bTAT COCTOMT B TOM, YTO B XEACTBUTENBHOCTHU 0x
ABJAAETCH NMyykoM g Ttomomoruum Iporenauxa. lpocrpancrso X =
= Sp(4) c Tomomoruedi I'poTemAMKA M CTDYKTYyPHNM IYYKOM 0,
HA3HBACTCA APPUHOUIHWM NPOCMPAHCMBOM. AHAAUMUYECKOE€ MNPOCT-
paucteo X ompepensercs cieaywoumMm obpasom: X MMeeT TOIOJIOTHO
Cporenanxa u myvok 0 Takoit, 4TO CymecTBYOT (Xl) e Cov(X),
I KOTOPHX (Xi’UxIXx) - adpdunoMAHNE NMPOCTPAHCTBA.

Tipumep. Ecim X - nonaHad HeBHPOXIEHHAS HENPUBOIUMAS
xpuBas mag K ¢ monemM ¢ymxumi K(X), to ans ywboi f e K(X),
f = 0, uaoxecrso X = {z ¢ X: [f(z)]| = 1} asmserca xomycTu-

MM  adduHOMTHMUM mopMHOXecTBOM X. Addunougnas anrebpa OX
£

€CTh NOMOJHEHHE MHOXeCTBa anrebpanyeckux roJOMOPOHHX ¢(yHK-
uMit Ha Xf.
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Yuupopmusauua X ecTh npegcrasaenue X B suge Y/I', rae Y
- AHAJIMTHYECKOE NPOCTPAHCTBO M I' - Geckomeunad rpynna, gei-
CTBYDWas paspupHo Ha Y. Kak M3BecTHO, BepxHias nonynnocx00TL
VEHPOpMU3yeT KpHuBHEe pOxa g = 2 max C. '

lipo6nemMa yuupopMu3auuM KPUBHX HAK HEAPXHMELNBHM IOJIEM
¥ Gonee cnoxma. Ilpexge BCcero paccMOTpUM SITUNTHIECKYD
xpuByw X. Ecnu X ompegenena wag €, to X uMeer yuudpopmMumsaunuw
C/I', rze T - pemerxa. llogo6uore popa yHubopMU3AUMM HET AL
ueapxumenosa noxd K. Ecax mu momoxum I'' = Z+Z-t ¢ Im Tt > O,
TO MOXHO TNOCTPOMTH Apyryw yaupopmusauuw X, ucnonesys
3KCMOHeHUHAJbHOE oTo0Opaxenue. MoxHO IOJIYYdTH YHHOOPMU3AUUD
C*/<q> KpHBOM, rge <¢> -~ MyJABTHIUIMKATHBHAA Tpymna c
obpasywomeit ¢ = e2n2t. 3ra ymudopMM3aUUis MMEET AaHAJODl [JIA
neapxumenosa nosas K. Ing g « K, lg] < 1, amaymuMruueckuit Top
J; = K*/<q> €CTh SJUIMNTUYECKAd KpPUBAX, Ha3HBaeMas KpUBOM
Taitta. j-unsapuantr J(g) XpuBOH X; YRXOBJIETBOPAET YCIOBUID
|7(¢)] > 1. Pepyxuus xpusoi J; €CTh PaUMOHAJERHAA KpHBaAdg C

ocobernocravu max K, rge K 0603uavaeT mnojse KJIacCOB BHYETOB
nonsa XK. )

Ina yuudopMu3auUMH HOJTHOM HeCHHrynspHoit kpusoit X pona
g =z 2 ucnoansyerca ysudopmusauus Morrxu. I'pynnod Wommxu T
HA3HBAETCA DA3PHBHAA XKOHEYHO NOPOXIEHHAS NOArDPYNNa T DYINH
PGL(2,K), He Mmeowas 3/eMEHTOB KOHEYHOTO HOPAAKa. JTa rpym-
na HUMeeTr Xopouyw ¢yHmameHranesnyw obaacro: F = P-(2g oTkpH-
THX Auckos). Yepe3 I 00603HAUHM MHOKECTBO NpEIeIBHMX TOYEK
ageticrBus ' wa P. B arom caywae (P-L)/T ecrts amanuTHyeckoe
NMPOCTPAHCTBO, AHAJTUTHYECKH M3IOMODPHOE NOJHON HECHEI'YJISIDHOIM
HenpuBonuMoi kpuBoi poma g¢g. Taxad xpuBas Ha3HBAETCH KDUBOM
Mampopoa. CywecteyoT passuras Teopus aBTOMOpPOHUX $ODM, MHO-
roobpasue fxob6u, MarTpuUa NEPHOLOB, HEAPXUMENOBA BEPXHIA
MOJYNAOCKOCTE 3urens M TaTa~¢ynmkumu. B uwacTHocTH, MOXHO
onpexenuTs Rpum-dopmy

B = () g, e LT
. Y TEF z-v(z) y-v(y)

M NONMTATBCA HCHOJB30BATE €€ B pP-aJHUYECKON TEOPDUM CTDYH,
/

NPOCTO 3aMeHsis KOMIUIEKCHHE INepeMeHHHe Ha p-anudeckue. Ecam

K€ MH XOTHMM Da3BHBATH TEOpPMN CTPYH OGosee CHCTEeMATHYECKHM
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o6pa3oM, creayeT HAYMHATH C KJIACCHYECKOr0 p-alHvYecKoro mem-
CTBUA M 34TE€M €ro KBAHTOBATH. BCIHOMHHM, 4YTO 3aMKHYTHE€ CTYHH
COOTBETCTBYNT PMMAHOBHM NOBEDXHOCTAM (€3 rpauMusm, a OTKDH-
THE CTPYHH DHMAHOBHMHM NOBEPDXHOCTIMH C TFpaHMlUeii.

Moxzo paccMarpuBaTs kpuByw X, CHaOGKEHHY® Xe€CTKOM aHa-
JMTHYECKOH CTPYKTYypoMm xak Heapxuuenos' AHAJOT KOMIUIEKCHO#
pumaHoBOit nmosepxHoctu 6e3 rpamuun. Torga onpenenenue J} HAa~
BOOMT HA MHCJb, 4TO0 adduMHOMAHOE NPOCTPAHCTBO €CTH HEapXuMme-—
XOB AHAJMOr KOMIUIEKCHOM pPHMAHOBOM MOBEPXHOCTM C TIpaHMUEN.
MoxHO NONHTATBCA ONMpPEAENUTH «HAUBHYO» T DAHULY J} KaK MHO-
xectBo B = {z ¢ X.: |f(z)| = 1}. Onnake rtaxum o6pasomM ompe-
OeseHHAs TCpaHuua CUIBHO 3aBucuT oT BHOopa f. Hcmoaesys
KECTKYI I'€OMeTpHI, MH MOXEeM ONpenesuTh KAHOHUYECKYW TpaHHUy
aX; Taxum obGpasom, uto B ¢ aA}.

llonxox x p-aguueckoit Teopuu CTPYH, OCHOBAHHHII Ha
pP-agUYEeCKOM AaHajore KJIaCCUYECKOro CTPYHHOTO HeMCTBUiA, B
HACTOSHMI MOMEHT OTCYTCTBYeT. MOXHO NMONHTATHCA MCIHOJL30BATH
SL(Z,QP)—CMMMeT;nn omepatopa [ u paccMOTpETs HeiCTBHE

X (2)-())*

= zay,
|z-y|*

FF

rae F - ¢ynmamenransuas obGaacts rpynnu Horrku. B neitcrBu-
TEJNIBHOCTH, MOXHO NOJYYUTL p-aAMYEeCKHUe HPEBECHHE AaMIUIMTYHH
¥3 9TOro peucrsus gias F = Qp. 310 Taxke HABOXUT HA MHCJIB
MHTEDIPETHPOBATE MUPOBYI0 NOBEDPXHOCTH OTKDHTOH p-agudecKom
crpyun kax npocrpancrso T/T, rme T - mepeso Bpwa - Turca,
T = PGL(Q,QP)/PGL(z,Zp) u ' - rpymna MWorrxu. Jepeso T -
cBa3uuit GeckoHeunni rpad 6e3 metens. Kaxgas sepumua rpada T
coeguusercsa pebpamu ¢ p+1 cocegueit Bepumuoir. OrmMeTum, uToO
Ul KAXOOr0 KOMHAKTHOro noamMsHoxectsa X B P cywmecrByer ka-
HoHMYeckoe mepeso T(X).

OTKpHTHM 0CTaeTCA BOMPOC O CTPYHHOH Mepe Ha p-agudec-—
KoM mpocTpancTtse Moxynei. Moxer Oure maubonee nocnexoma-
TENbHHI TOAXOX K pP-aJUYECKO!l TEOpMM CTDYH CJEeAyeT HAYWHATH
C TeopuM HAA rJ0bANBHHM NOJEM DAUMOHAJLHMX uucex @ B coor-
BETCTBUM C 06CYXKIGHMEM BO EBENEHMH.

Moxuo oxumarh, YTO 3aMeYaTeJbHAs XECTKAfs AHAJIUTHUYECKAS

reoMeTpus HaiAeT NPUMEHEHME B P-aIUYECKOH TpaBUTAUUM.
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§ 15. g-aHayii3 (KBAHTOBWE I'PYIHNIN) M p-aAWYeCcKHH aHanus

B srom maparpade Mu xotuM obcyaurs HekoTropoe 3aMeda-
TEJBHOE COOTEETCTBME MEXIYy KBAHTOBHMH rpynnamu (g-aHajiu30M)
H p-aOMYEeCKUM AHAJIU30M.

1. p-apuueckuit MHTerpanx M ¢-uHTerpan. Ksamrosas rpynna
SUq(2) - arto aarebpa Xonda ¢ obpasyouumuy a4 M ¢, yIZOBJIETBO-
PAOUMMU KBAIPATUYHNM CcoOTHoweHuMsM. Kakx 6mumo moxasano Bopo-
HOBHYEM, CyuwecTtByeT Mepa Xaapa m Ha SUq(_Z) .

Npennoxenve 1. Mepa Xaapa Ha SUq(2) cosnadaem c Mepoi
Xaapa Ha nofge p-aduyeckux ducesn @p B ciay4yae ¢ = 1/p.

= MsBectno, uro rpymma xoromonorui H(SU (2)) ects C,
CIEZ0BATENBHO, CYWECTBYeT €IHHCTBEHHKN nunem{u} Gy HUMOHAT

J: r’ — c,

TaKoi, 4YTO Jdc =0 gna ¢ e r, rae yepe3 I o6oaunauyen MO~
oOyns - n-gubppepeHuunansHux ¢opM. [Jad  KOOPOAMHATHOr0 KOJBLA
rpynnx SUq(2) uMeeM

J‘fwowiw2 = m(f),

rxe m - Mmepa Xaapa, w - auddepeHuManbHHE (POPMH HA SUq(Z).
Ecau f - noausoM mo cc*, TO CHpaBexjuBa $OpPMyna

o

m(f) = (1-¢°) ¥ f(a™)g™, 0 < g < 1.

n=0
910 ecTsr M3BECTHHN HHTEerpaJa IxexcoHa B g-aHaau3e:

1

Jf(x)dqm - (1-9) § F(a) " (1.1)

n=0
0

Hamomuum, wro uHTerpan mno Qp no Mepe Xaapa MMeeT BMA:

Flzlyds = (1- P T F@™a™ (1.2)

n=0
o] =1
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Taxum o6pasoM, Buano, uro (1.1) cosmamaer ¢ (1.2), ecau

jﬂx)dvp“ f (=] )dz. =

0 |£lp51

CymecTByer cregyouee oSobmenne npennoxenna 1. Paccmor-
puM omepartop

WA (el = | s -

(1-p™") | =]

P
PIER

Jf(u/]xl?]l-(:j_l, z e,

rae f e LLC(G), G= LIS}, S = {lxlp = p’}. Torma cnpasen-
7€B :
JAMBO PABEHCTBO

Jf(x)dz - JM[f] (r)d,, 1,
G B

roe

j«»(r)dqr = (1-9) T a0 (a").
B YEB

2. AvddepeHlpaiyibHeie OlNEepaTOPH. B‘STOM pasagene paccMar-—
PUBAEeTCH CBI3b Mexay AuMpPepeHUMATLHHMU ONepaTopaMM B ¢-aHa-—
JM3e M p-agMyeckoM aHajause. B q—anaﬁuse MMEEeTCA ClleXyoumi
onepaTop AMbOEPEHUUDOBAHHUIA :

- f(2)-f(g=z) ,
3 f(2) = ey (2.1)
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Taxxe MCRHONL3yeTCA CHAEIYOWMH OmepaTrop:

3 f(z) = Yf(a'""%)/(zq'-2a"").

B p-anuueckoM aHanuM3e, €CAM MH DACCMATPUBAEM BeWECT-
BeHHO3Haunyo Oyukuwo f{x) p-aguveckoit mepemeHHO#t I, MH HE
MOXEM MCNONL30BAThH CTAHAApDTHOE omnpeaeneHue auddepeHuupoBa-
HMS, MOCKOJBKY Hejb3S YMHOXUTH p-alMvecKoe UMCJI0 Ha Bemecr-
BeHHOe. B § 9 paccmaTpuBajcs cAedyOUMH ONEpPaTop:

-1 [ f(2)-f(y)
1_p-1«O(J o+
Q

P

0*f(z) =

Y- (2.2)
fz-y|

OrpasuuuBagcs pauuoHaneHEMH 2z B Qopmynax (2.1) u (2.2},
JIeTK0 3aMeTHTh, 4TC BupaxeHus (2.1) u (2.2) BecsMa noxoxu,
B HACTHOCTH, 0063 ONEpaTopa HEJOKANLHH.

3. CnekTpH ¢-Je(OPMHPOBAHHOTC OCLIUUISATOPA M p-agudec-
Kot Momemn. PaccMorpuM cBa3s Mexay cmexTpamu ¢-aedopMupo-
BAHHOT O OCUMJUIATOPA M P~aAM4YECKOH MOJEsM.

CnekTp p-agWYecKoro ypaBHEHUS

Dy(z) + V(Is| Ju(z) = By

O cay4dada

? 1+p+p®
v(lal) = —; [lol, - ——]
1-p p|:c|p
umeer C.T[eIIyK)llme COﬁCTBeHHHe 3HAUYCHUA
-n n
p"-p
E =[n], =——pe¢Z (3.1)
p-p

lna ¢-medopMUPOBAHHOTO OCUMLIATODA
I
+ + -N + +
aa’ - ga'a = ¢, [N,a"]=-a, [N,a] = a,
cnextp 6un ualined bumenxapHoM:

H=a', Hn> = [n] 1n>. (3.2)
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Bugno, uro B ciayuae
q:

3=

-Bupaxenne (3.2) paer p-aguvecxkuit cmekrp (3.1).
B § 10 6uno mnoxazano, uro cnextp Gonee obmero ypasme-
HMS

y(x) + V(|z| Ju(z) = By, « > 0,

¥MeeT CJeNYOIles CeMeHCcTBO COGCTBEHHHX 3HAUEHMI:

n,1

E = (™, 1 =1,2,3,...; n=0,%1,...

llono6uuit cnexTp BO3HMKAET ANS ¢-IePOPMUDOBAHHOTO ypaBHEHMA

Hipegunrepa.
§ 16. CrayvaiiHpe npollecch Hajl TIOJIEM p-afH4YECKHX 4YHCen

B srom naparpade u3narawrca 9JE€MEHTH TEODMM CJydalHHX
¥ o0600weHHNX COYYaHHHX HOPOUECCOB Ham INOJEM p-agUdeCckKux
yucen. Illocne cBOAXKM OCHOBHHX OIpEAEJEHUN IO TEODUM CJiaydail-
HHNX TNpPOLECCOB MH paccMaTpuBaeM OpPOYHOBCKOE JBMXKEHME Ha
p-aguyYeckodt NpaMoil kKax MapKOBCKMM Hnpouecc. 3areM paccMar-
puBawrca obGolmeHHHE cayvaliHHe MNoJsS HAa NpoCcTpaHcTse 06006wen-
HRX QyHKIMIL.

1. CnyvaiiHbie oToGpaXeHMsT ¥ MapKOBCKHE ITDOLIECCH . H3me-~
PMMHM TPOCTPAHCTBOM Ha3NBaercs mapa {Q,X}, rme Q - MHO-
XecTBO, % - o-aarebpa moamuoxects Q. HaGop {Q,=,P}, rae
{0,£} - usmepumoe mpocrpanctso, a P -~ cueTHo AIOMTHBHAA HE-~
oTpHUATEe/ILHAS MEepa HAa £, yAOBJAETBODPAWWAA YCIOBMDL

P(Q) =1, (1.1)

Ha3UBAETCA BEPOSMHOCMHWM npocmpaHcmpoM. JnemMentd A e T
Ha3MBaRTCH cobmuruaMu, a P(4) Ha3WBAETCA BEPOATHOCTHI COOH-
T™Ha A.

Ciiy4alinod pesuqunoli £ = £(w) HA3NBAETCA I-U3MEPUMAA
BemecTBeHHAs Qynkuus Ha Q, T.e. £ (§) e £ ans swboro Gope-
JIEBCKOT'0 MHOXECTBa S Ha BEWECTBEHHOM NpaMOit R'.

Cryvakmas BemMyMHA £ MOPOXIAET BEPOATHOCTHYH Mepy PE
Ha R', ompenenseMyw COOTHOWEHMEM

Pe(8) = P(E(9)) | (1.2)
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1
ana mo6oro Gopenesckoro MHOkecTBa S Ha R . Mepa PE Ha3HBa-

eTcs pacnpedeseHUeN BeJIMYMHM £.
Ycnosnas seposmHocmb P(A|B) mo6oro cobutus A mpu rumo-

tese B, ecniu P(B) = 0, ompenendeTcs BHPaXKEHMEM
P(AnB)

P(A|B) = W

llycts F - npoussonbHasg o-ajirebpa, cogepxamasci B Z, £
- cayuailinas BeAMYMHA H2 BEPOSTHOCTHOM TpocTpanctee (Q,%,P),
MATEMATUYECKOE OXMZAHHE KOTODOH OTCYTCTBYET. YC/ITOBHHM MCme-
Mamu4YecKUM oxudaHueM cay4aliHol BenuwuHHN £ OmMHOCUMENbHO
o-anzebpw F nasupaeTca ciaydalinas senuuuda F{¢|F}, F - usme-
puMMas M YROBJIETBOPAOWAS NPU NPOU3BOJnHOM B ¢ F paBeHCTBY

JE’{§|F}dP = Jgdp.

Ycnosuas sepostHocts P{4|F} orHOCMTEnBHO O-anrebpm F
onpenenseTrcs KaK YacTHHE CJHydYail YCJIOBHOTO MATEMATHYECKOTO
OXMIAHUL, €CAX TNOJNOXUTH £ = xA(w) - XapaKTepMCTHYeCKasd
bynkuus MHoxkecTBa 4. HMeHHo, npu ¢uxcupoBaHHoM A yCJIOBHAS
BEDOATHOCTE P{A|F} ecrp F-usMepumas cCilyvyaifHad BeJMYMHA,
yAOBJeTBOpAwWAas npu moboM B € F ypaBHeuun

JP{A|F}dP = P(A n B).
B

Ycnoenas BepoaTHocts P{A|£} ormocuTensHo CayyaiHOM

BEJIMUMHH £ omnpenensiercCs BHPAXKEHMEM

PAIF} = P{A|Fg),

rge F_ = {B:B = £€7(S), S - usmepuMue GOpesieBN MHOKECTBA B

£

R} - o-airebpa, nopoxxeHHas orobpaxenuem §£.

Ilycts X - Hekoropoe MHOXecTBo, {Y,B} - uaMepumoe npo-
CTPAHCTBO. Cay4alHwM omobpaxeHueM MHOXecTBa X B u3Mepumoe
npocrparcreo {¥,8} masusaerca orobpaxenue £ = £(z,w): X x Q
> Y, aBigomweecd npu npou3BOoIbHOM QUKCHPOBAHHOM X U3MEpUMHM

11 B.C.BragnMupos u np.
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orobpaxennen {Q,Z} B3 {V,B}, T.e. rakoe, uro gax smoboro
B e 8B

{w e : g(z,0) ¢ B} € =.

Hyxe 6ynyTr paccMoTpeHM ABa NpHMepa ciaydaiiHux nrobpaxe-
uuit. llepeuit, xorpa X ects mMOAMHOXECTBO (MOJNYOCE) BReWECTBEH-
HONt mpaMOil, - B 3TOM CJay4Yae BMeCTO ¥ bymeM HCHONL30BaTh
obosmavenue ¢ ¥ HA3HBATE CJayuaiiHoe orobpaxeHue cayyalinuM
npoueccoM £(t). Apryment ¢ HHTEPNpDEeTHDPYyeTCs KaK BpeMi. B
apyroM mnpuMepe X ects npoctpaHCTBO 0006weHHHX QyHKUUMIL
D’ (Q:). 3necr cayvaitmoe orobpaxenue O6ygeT pPeIyUKDOBATHCA K
obobmeHHONY cay4aliHOMy nomo.

llycte n - m0b0e HATYpPATBHOE YHHCIO, z , k=1,2,...,n,
- mpou3Bogbuue TOuku B X. Mepwm Pz z r (B) na 8" Buga
KIPRE A
Poo ... B) = P{E(wl,w),E(zz,w),...,&j(xn,w) . B}, B e %,

HA3HBAWTCA YACMHWMU pacnpedefeHusIMU CIy4ailHoro oTo6pakeHnus
€(z). Mpy ROCTATOYHO UMPOKUX NPEANOJOKEHMAX CEMEHCTBO 4acT-
HHX pacnpefeseHuil ompeneiseT ciaydaitnoe otobpakenue.

PaccmarpuBanTca MapkoBCckue mpoueccu € = £(t) moxayocu
t = 0. Ilycrs Y - nonsoe Merpuyeckoe NPOCTPAHCTBO, B -
o-anrebpa GopeneBckux wmuoxects Y. Cnyuaituuit npoumecc £ =
= £€(t), t = 0, co 3mavenusMu B Y HasusBaercad (OOHOPOZHMM)
MAPKOBCKUM, €CJM BHIIQJHEHH CJIEAYylUHne YCIOBMUSA :

1) ana mobux 0 = ¢t <t < ... <t <twu BeB punon-

HAOTCA COOTHOWEHMA ONA YyC/JOBHHX BepOﬂTHOCTe]‘I’[
P{g(t) < BlE(t,), E(L), ---, g(tn)} -
- p{g(t) . B|§(tn)} (mod P)

2) cymecrsyer ¢ymkuus P(t,z,B), xoropas:
(i) B-u3mepuma no z npum dukcupoBaHHEX t,B;
(ii) npu $uKCHPOBAHHWX {,T ABAAETCS BEPOATHOCT-
HOM Mepo#t Ha mnpocrpaunctse (V,B,P);
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(iii) ynomnerBopser ypaBHenuw Yenmvena-Konamoropoma

P(svt,z,B) = jms,z,dy)z’(t,y,a), o)t = 05
Y

(iv) ¢ BeposaTHOCTH® 1 COBHAXAET C YCJIOBHHMM Be-

PO THOCTIAMHU
P(t,z,B) = P{E(s+t) e Ble(s) = x}, s,t > 0.

byukuusa P(t,r,B) HaszHBaeTCd nepexodHol ¢yHKUUell MAPKOBCKOTO
npouecca £(t). Ecnu ma {¥V,B} 3azana BepOATHOCTHAs Mepa U u
3agana ¢ynkuus P(t,z,B), yaosnersopsiwuas yciuosuam 2), (i) -
(iii), To cymecrByer MapkoBckuit mpouecc £(t) ¢ rTakoil mepe-
XomoHo#M $yHKuMe.

Yacto ymobuee paborats c nepexodmoii naomuocmbi. llycts
4 - HeorpuuarensHas Mepa B {¥,8}. ®ymxumua p(t,z,y), t > O,
Z,y € Y, nasuBaeTCa NepexXoAHOM IJIOTHOCTHW, €CJU BHIIOJHEHH
YCJIOBHS

1) p(t,z,y) 20, t >0, z,y € Y,

2) p(t,z,y) npu duxcupopanroM t > 0 aBagerca BxB-usme-
puMoOit $yHKUMEH OT I,¥,

3) Jp(t,x,y)u(dy) =1, t =20,z eV,
) 4
4) p(s+t,z,z) = Ip(s,w,y)p(t,y;z)u(dy),

Y
s,t = 0; z,zeV.

Ecau samana mepexoanas mroTuocts p(t,z,y), To dymxuus

jp(t,x,y)u(dy), t50, ze¥, BeS,
P(t,z,B) ={ B
xa(x), t=0.

onpenesieT NMepexoxHy® QYHKLUMIO, KOTOPAS COOTBETCTBYET HEKO-
TOpPOMY MApPKOBCKOMY mnpoueccy.
llepexoanaa ¢yuxuus no dopmyne

7 f(z) = JP(t,z,dy)f(y), ¢ =0,
Y

11*
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onpegenier CeMeiCTBO JNMHENHMX ONPaTopoB B (aHaxoBOM mpoct-
pancTBe E BceX OrFpaHMYEHHHMX MH3IMEPUMMX KOMIUIEKCHOSHAMHMX
dyuxuuit f(z), £ € ¥, c HopMoW

1fl = sup|f(z)].

CemelicTBO Tt,t z 0, AaBagerca cCxuMapmeil NOAyrpynmoi omepatro-
poB, T.e. ONnepaTopH Yk orpaHM4yeHHNe npu ¢t z O, M BHIONHA-
OTCA YCJIOBUSA:

T,=TT, s,t=0,

s+t

I7) <1, t=o0.

HudunuresumanpHuit oneparop 4 3TOH HOATPYNNK HA3IWBAETCA TaK-—
e MHOMHMTe3UMAJLHHWM omnepatopoM oyuxkuuu P(t,z,B). O6nacts
onpenenenust D, cocTour U3 BCeX ¢yHKumi f, DA KOTODHX
npefnen B COOTHOWEHUM

Af(z) = Lim 3[ [P(t,2,d0)f(0) - f(2) ]
t-0 Y .

CYyUWeCTBYeT DABHOMEDHO OTHOCHTENBHO Z € Y.
NycTs C(QP) - NPOCTPAHCTBO HEMPEPHBHHX. OTDAHMUYCHHHX
¢yHkuuMit Ha Qp. Mapkosckuit mpouecc HABAIETCI cmoxacmudeckKu

HenpepnwBHHNM , €CJIN

lim T,f = f vf € C(0),

t->0

M Ha3WBaeTCd ¢ennepoBCKUM, €CJH
th(ﬂp) < C’(QP) vt > 0.

Hmeercs cnenywoumit xputepuit. Ecou pgna nepexoanon ¢yHk-
unu P(t,z,B) nxns moGoro xomMnakta B BHIOJHAOTCS CleAyoiUMe
r

YCAOBUA :
vs =z 0
lim sup P(t,z,B) =0, . (4)
t-0
u ve>0
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lim sup P(2,2,U_(2)) =0, (b)

t-0

rae U_(z) - wap paaxyca € C UEHTPOM B TOuKe Z; a U (z) =
= Y\UE(z), TO COOTBETCTBYOUMIt MAaPKOBCKMA Npouecc ABAIETCA
O2paNUYeHHNM, HenpepuwBHHN CNPABA U He UMEOEUN DASPWBOB BMO—
pozo poda c BeposmHocmbp 1.

2. BpOyHOBCKOE HBHXEHHe Ha p-aaudeckoit npsmoit. Kax us-
BEeCTHO, OpoyHOBCKOE OBWKEHHE H3 BEWECTBEHHON NPIAMO# MOXeT

6HTH ONMMCAHO NpM TOMOUM YDaBHEeHMS Auddy3uu
— = a—. ‘ (2.1)

Pemenue ypaemenusa (2.1) 3axaer QYHKUMIO NEPEXOIHHX Be—
poaTHOCTEH OpPOYHOBCKOr0 ABHXEHMT, DACCMATDHBAEMOrO KaxX Map-
KOBCKU}t npouecc. 3Jnech M PaCCMOTDHM YDaBHEHUE

g_g = -aD®U (2.2)

M CONMOCTABMM eMy MAPKOBCKMi TpouecC, XOTOpuil GyjxeM Ha3MBaTh
GpPOYHOECKMM JBWKEHMEM Ha p-3AMYECKoit mpamoi. Bemecrsenmo-
3nwayHas ¢yskuma U = U(t,z) B (2.2) 3aBHCHT OT NEPEMEHHHX
teRuzce Qp, NOCTOAHHOK @ > O u o = 1.

PaccMoTpum ¢ynmaMeHTANLHOE pemeHue 3amauu Koum

U(z,0) = p(z) (2.3)

ans ypasHenus (2.2) npu a = 1.
PaccMoTpuM cnenyouyo QymHKmuo:

p(t,z,y) = p(t,2-y) = Jx(k(x—y))exp(-tlkl‘:)dk, (2-4)
Q
3
roe t > 0, z,y € Qp, a > 0.

Teopema 1. Fyuxuyus p(t,z,y) (2.4) ydomaempopsiem BceM
ycrnopuay 1) - 4) 9ns nepexodHoli naomHocmu npu Y = Qp,
u(dz) = dx - sepa Xaapa Ha QP U, crnedoBamesbHO, onpedesasem
MapxoBckuli npouecc £(t), xomopwil My 6ydeM HaswBamb 6pOyHOB-
CKUN OGBUXEeHUeM Ha p-adudeckol npamol .
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Samevanue. B oTimMume or BMHEpPOBCKOro mpouecca, Tpaek-
TOPHM KOTOPOrO HENPEPHBHH, HE CYWECTBYEeT HENDEPUBHMX QyHK-
UMt U3 BEWECTBEHHOr'0 OTpE3Ka B Qp.

llpupeneM n0Ka3aTEeALCTBO TEOPEMH IS o = 2.

PaccMorpum $ynxuMo

| €l
E;(x) = I e pxp(x&)ds, t >0, z e Qp. (2.5)

Q
P

Ona obnagaeT cBoCTBAMM:

(1) K (=) >0,

(ii) JKt(x)dx =1,
QP

(iii) K (z) — 8(z), ¢t » +0, B D,

(iv) K+K., = K

tat’ 7

t,t’ > 0.

2
= HNonesysce dopmynoit (3.3) m. 3 § 4 npu f(a) = ™%,
uMeeM:

tp—Z'l I x I ;2 _tpz I x I ;2

|z] e

K () = @-plal T ;

© 2, ;-2 2, ;-2 27-2

_ -tp |x| tp le (1-p )

= (1—%)|xlpl Yrle P [e P -1 >0
¥=0

- csomictBo (i);.

[£.00r = {1, - ([0 = (11 ) -

B
K

2

"'IE
’,ak] = Jsk(g)e Pde 5 1, k » «,

[e"|5|

- ceoiicrBo (ii);
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IS
K (2) = F[e l"] —1=25(z), t »+0, BD

- cpoitcro (iii);
Monesysce TeopeMoit nm. 4§ 7, mosydum

€2 g2 ~eee ) | €]
K +K,, = F[e P.e p] = F[e p] =K _,

t+t

- cBoiictso (iv). = .

B cuny ceokers (i) - (iv) dymxums K (z) asnaercs mepe-
X0nHOK $yHKUMEN MAPKOBCKOI'O NPOUECCA.

3. O6o6ueHHie cayvyaitHme mpoueccu. liycte L - HekorTopoe
JIOKAJIBHO BHIYKJ0€ NPOCTPAHCTEBO, L’ - ABOMCTBEHHOE NMpPOCTpaH-
creo ¥ {Q,Z,P} - BeposrTHOCTHOE mpocTpaHcTBO. Juneitwoe orobH-
pakenne ¢ u3 L B MHOKeCTBO CJIyYalHHX NepeMeHHHX Ha {Q,Z,P}
Ha3WBaETCA 0606meHHNM caydalinwM npoueccoM ua L. Muoxecrtso

C(¢1,---,¢n;4) = {¢ e L': (¢(¢1)"“’¢(¢n)) e 4c IR“}

HA3HBAETCA UMIMHIPDHYECKMM MHOXECTBOM, IIe ¢ & L, i1 =1,...
.:.,n, A - 6openesckoe mHOKecTBO B R". Hunumgpuueckoe Muo-
xectBo0 N - 3T0 Takoe nOANMPOCTPAHCTBO B L', I KOTOPOTrO
¢(p) = 0 xna BCcex ¢, NpHHALJIEKAUMX K HOANDPOCTPAHCTBY B L,

MODOXACHHOMY @, ,...¢ . CeMeHCTBO UMIMHADPUYECKMX MHOXETTB Z
ob6pasyer anrebpy. lwrmmnapudeckoit Mepoit u HA3SHBAETCA BEUWECT-
BeHHO3HayHas GyHkuus p(c) Ha T, YROBIETBOPAOUWMI YCIOBUAM:

(i) 0 = u(c) = 1 nna moboro ¢ e T,

(ii) “(zo) =1,
(iii) ecnu mHOXecCTBO Cc ecTh O6BeAMHEHME M€peCeKAMUUXCHT

UMJTHEAPUYECKUX MHOXECTB C,,-..C ,--. C OCHOBAHMEM N, To
> ]

u(e) = Yyu(e),

. n=1
(iv) w(e) = inf u(U) ana moboro C, rame U mpobGeraer
BCe UWIMHADHYECKHE MHOXECTBA,-cogepxkaume U.
Ecan L - sapepHOe NpOCTPAHCTBO, TO LUMIAMHADMYECKAR Mepa
‘i MOXeT ONTHP NMpONOJ/DKEHA OO0 CYEeTHO aAOMTMBHON MepH Ha ¥, rge
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= - OopeneBckas o—anrq6pa, TOPOXICHHAA Zo.vB COOTBETCTBUM C
Teopemoit Muunoca, ecmu J: L-C - HenpepHuBHast QYHKUMS NOJIO-
xuTespHOro THna u J(0) = 1, To CymecTBYET BEpOATHOCTHAS Me-
pa p ua {L’,Z} raxas, utoO

76) = | exp(in(o)au(o).
L '
J nasuBaerca xapaxmepucmudeckoli ¢yHxuueid p. Illyctes B(ep,y) -

HEeNpEepHBHOE CKaJiapHOe NPOM3BENEHHE HA SJXE€PHOM INPOCTPAHCTBE
L. Torna

J(p) = eXp[-§B(¢,¢)]

€CTh HENpPEepPHBHAS XapaKTEePMCTHYeCcKas GyHKuMs M, TakuMm obpa-
30M, CcymecTsyer BeposTHOCTHas Mepa u Ha {I’,I}, ymomaerso-
pavwas PaBEHCTBY

exv[-%ﬂ(w,w)] = J exp(i¢(¢))du(e) .
Ll

Mepa u masusaerca rayccosoit Mepon Ha L’ u ¢(p) Hasu-
BAETCH TAYCCOBCKHM NDOLUECCOM C HYJEBMM CDeIHHM M KOBapKa-
uueit B(p,p).

4. KpaHTOBas Teopusa nons. Yepes L = ﬂ(Q:) 0603HaYNM
NPOCTPAHCTBO BEWECTBEHHMX OCHOBHMX {YyHKUMII, KOTOpOE paccma-
TpUBAAOCE B § 6. 3TO JIOKANLHO BHIYKJIOE SAEepPHOE HPOCTPAHC-

Blp.w) = | BE(R g,

0

P

tBo. Ilycts

rae a(k) =z ¢ > 0 - mexoropas ¢yHxyma. ITo CkanspHoe TNPOMU3BE-
OeHME 3amaeT rayccoBckuil oGobwenuuit nmpouecc. Eciuu monmoxurts

2
+m, m>0,
) 4

a(k) = |i£;kf

TO N0 AHAJOTMM C EBKJIMAOBON (QOPMY/JHPOBKOH KBAHTOBOH Teopuxu

NnoJIs MOXHO HAa3BaTh COOTBETCTBYOUME TIayCcCOBCKuil mpouecc
CBOGOOHNM CKAJAPDHMM p-aAMYECKUM KBAHTOBHM IOJEM. JTo moje
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HHBADHAHTHO OTHOCUTENBHO HelCTBUX Trpymnu SO(n,QP). Ipyroit
ectectsenruit Bubop dyuxuun a(k) crexywountit:

a(k) = |k| + a", jk| = max |k | .

p-annueckuy Genmit mym noxyuaercsa mpu a(k) = 1. Mepa du dop-
MaJIBHO MOXeT OMTHL 3amMcaHa B BUIe

—so(¢)
du ~ e Do,

rae crofomuoe meucTBue Kaerca dopmynoit

S (¢) = [ ¢(z)a(D)¢(z)dz. (3.1)
un
P
B nocnenueir dopmyne a(D) - HekoTopHit nceBRoxuddepeHUNATLHBIE
omeparop. Bupakxemue (3.1) He onpemesneHo AN TMPOUSB OB HHX
o6o6mennnux ¢ynkuuin ¢(z), mostomy HeoO6XOAMMA TEPEHODMUPOBKA
WM OTpaHMYEHMe HA TOANPOCTDAHCTBO. B p-agmueckoir Teopuum
crpyr noxarawr a(D) = D B dopmyne (3.1).
Jigs omMcaHMA B3aMMOZeNCTBMS HeoOX0QMMO NOCTPOMTHL He
TayCCOBY Mepy, COOTBETCTBYOUY® XEiCTBHI

S(8) = 5,(4) + [V(«s(z))dx
Qn

Ana HexoTopoi ¢ymkuuu V(¢).



BHB/IHOTPA®HYECKHH OB30P

B nacToameM pasgesie Kparko o raasaM ob6cykumaercs aure-
parypa, Kacaomasici OCHOBHHX MAeNH W Pe3yJbTaTOB D-alMYECKOH
Maremaruniyeckoir ¢usuku. Ita obaactes MareMarudeckoit Gusuxu
CBS3aHa C pAa3NUYHHMM pa3mejiaMd MATEeMaTUKH. A MMEHHO, OHAa
TECHO CBS3aHAa XaK C TpPaIMUUOHHMMU 006JaCTAMM MaTEMaTHKH,
MMEOWUMHM HABHOW MCTOPUI, TaKMMU Kak TeOopMs uYMCeJd, Tak M C
coBpeMeHHONt abcTpakTHON anrefpaudyeckoit reomMeTpueit U reopuei
npexcrasiaenuit. Cnucox JMTepaTypH COLEDKUT TAaKkKe KHUTH II0
P-agMYEeCKOMY aHANM3Y. IJTOT CHUCOK HEe MOJHHI, BKJWOYEHHHE B
HEro0 KHMI'M DAcCcMATPHBALTCA Kax Oosiee mogxozsume AJsS COBpe-
MEHHHX NPHMEHEHUN B MarTeMaTuyeckoi ¢usuke. CIUCOK COOEPRUT
CCHJKM K3K Ha UMCTO p-aIHYECKMe TeMH, TaK M Ha IPUTOKCHUS .
B cnucox Taxkke BKAOYEHH O¢U3UYECKME CTAThU, CBI3aHHHE C
p-aguyeckoit mareMatTudeckoit ¢u3sukoi. Mm 3apamee mpuHOCUM U3-

BUHEHMs 3a Jobue oumbx¥ ¥ 3a BO3MOXHHE INPOMYCKM.
BBeneuue

Mu mHe cTpemuMmcs gaTh 0630p OFPOMHOI0 KOJUYECTBA JUTEpa-
TYpPH II0 MCCIEXOBAaHAM CTPYKTYPH NPOCTPAHCTBA-BPEMEHU, OTMe-
THMM JIMIIE HECKOJBKO CCHJIOK IO ZaHHOMY Bompocy. (6ume marema-
THYECKHE BONPOCH, Kacawumuecs ¢U3UIECKOT0 NPOCTPAHCTBA, 06-
CYKIANUCh MHOMMMM aBTOPaMu, B dacTHOCTH, [llaymkape [172] u
T'. Beitmem [227].. Pumanm [177] paccMaTpuMBaj Kak HeNpepHBHHE
(3naMeHuTas PumaHoBa TreoMeTpHs), TakK M IOMCKDETHHE MOJEJM
npocTpancTBa. Hawe MHTYMTUMEHOE NOHMMAaHME CBONCTB NPOCTPAH-
CTBa BHPaXaETCA B AaKCHOMAX 9HJIEMEHTaPHOH Péouerpuu. Noaumit
CNMCOK FeoOMeTPHYECKMX aKCHOM OHJI nmpMBEXEH B 3HAMEHMTOM TpYy-
ae Iuaebepra «Glundlagen der Geometry» [104]. Pons axcuomu
ApxuMena ¥ BO3MOXHOCTE TNOCTPOEHMS HEAPXMMEZOBOH TIeoMeTpuu
orMeyaysuces Beponese u T'unsGeprom.

AGconmwTHOE OrpaHHYeHME HA HM3MEDEHMi [UIMHHN B KBAHTOBOI
TPABMTAUMM M TeopuHu CTpyH obcyxmnanocs B [176, 171, 147,
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229, 200, 109, 220] u [7, 94]. Kax nucan Burren, <cywecr-
BYOT OCHOBAHMI BEDPMTH, 4YTO B TEODMM CTPYH HET paCCTOSHMI
MeHbme YeM (yHIAMeHTANbHAad IMuHA vVa... Ha paccrosHMSxX MeHb-
we V& uCYe3aeT, KaK MM 3HAEM, He TOJbKO ¢uU3MKa, HO M JIOKA-
npHas ¢usuka. Tam HeT paccToAHMN, HET BDEMEHM, HET IHEPrUH,
HET 4YacCTHU, HET JIOKAJLHNX CHMI'HAJ0B - TOJbKO IAuddepeHnumans-
Hasg TOMOJOrMi WJIH €€ TeOPeTHKO-CTPYHHHHl NpeeMHuKk» [232].

Tunoresa 0 BO3MOXHON HeapXUMEZOBON P-agUYECKOll CTPYKTY-,
pe NMpoCTPAHCTBa-BPEMEHM Ha IIAHKOBCKMX Macwmrabax Owina mpeg-
noxena Bomosuuwem [221]. IlogyepkuBasiack Takke pOJb pAUHO-
HAJTBHHX YMCEJI, BHIBUranach uies OQMOKTYUPYOMMX 4YHCIOBHX IO-
neir [219-221].

p-agudeckre uuciaa Ounu sBenens B 1899 roay K. Teunsenem.
Kauru Kobmuua [121], Manepa [138] u lluxxoda [186] Moryr
CJIYXUTH BBEAEHMEM B p-aJMYECKMe UHUCI3Z U B pP-aIUYECKMIl aHa-
am3. B xayecTBe HaYanbHOrO YTeHus No anrebpe u Teopuu uyucesn
MOXHO MCHOJBL30BaTh XHuru: Bopesuu, Wadpapesuu [37], Kocrpu-
xun [126], Jdeur [128], Cepp [189], Bumorpamos [204],
A. Beins [225].

Bo3MOXHAs DOJNb P-aAUYECKOTO AHANM3A B MATEMATHYECKOH
dusuke B KOHTEKCTE CyHepaHAIW3a M CyNepCUMMEeTDUM OTMEedalach
Bragumuposum u BomoBuuem [221].

lpumeHenue yjbTPaMEeTPUYHOCTH B Qu3uxe Teepaoro rtena 06-
cyxmanock Mesapmom, Illapusu, Pammanmem, Cypmacom, Tyaysom u
Bupacopo [157, 178]. Marpuua Iapuau [169], onucusaowas
HePAPXUIECKY CTPYKTYPY, €CTECTBEHHNM 06pasoM NPHBOOUT K
YJAETPAME TPUYHOCTH .

06cyxnenue BO3MOXHON DOJM TEOPUM YUCET B OQU3UKE MOXHO
Haiitu B paborax Mamumma [142, 145], Arsu [25], Borra [39].

KomMmenrapuu x jaumrepatype, xacaouweics p-aguyeckoro ana-
JM3a, p-aAudeCcKoi XKBAHTOBOW MEXaAHUKM M TEOpUM CTDYH, NPHUBO~

OATCS HMXE II0 IJIaBAM.
nabsa I

p-agMueckoMy aHaau3y mnocssumens paboru [8, 38, 61, 82,
85, 121, 122, 179, 186].

FomeoMopduam (cu. nm. 6 § 1) NPOCTPAHCTBA DP-AXUIECKUX
YMCeN Ha HEKOTOPOEe KAHTOPOBO NOIMHOXECTBO MOJA BEleCTBEeHHHX
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unucen R Bun nocrpoen 3enemonum [240]. lpx uznoxenuu teopuu
AgDMTHBHNX XAapaxXTepoB MH CJegyeM TOAXOXY, M3JIOXEHHOMYy B
xaure Hourparuma [172]. FayccoBsm MHTErpanu Ha NPOU3A0ALHOMN
NOKaJbHO XKOMINaxkTHO# abeneBod rpynne paccMcTpuMBaauck A.Ben-
nem {225]. flBHme BHuUMCAeHMR B ciay4dae nojua @ p-axuyeckmx
yucen OuwaM ocywecTeaeHsd aBTopamu [212, 215, 218] u Hesa-
BucuMo AnaxoxoMm, Pwsanem, Tupanom, Bepcrerenmod u Baltepcom
[3, 128] u Mepuxom [151]. Teoperuko-uucnoBas QyHKUMS A 65—
na BBEAEHAa M McciAeaoBana Bramumuposum M Bososuuem [212] wu
AnaxoxoM c coasropamu [3]. lloxasarensCcTBo agenpHOR ¢opMyIH
RS A nybnukyercsa BIEpBHE.

Teopus 0606weHHNX QyHKUMM HAA NPOMIBOJELHONK JIOKAJILHO
xOoMUaKTHON rpymnoit Ouna passura B pabore bpwa [43] u naz
JIOKAJbHO XOMHOAKTHHM HecCBA3HuM nojaeM [envdangom, I'paeBuM u
Nareuxum-Wanupo [82]. Mu wu3anaraeM OSJeMEHTH 5TOH TeopuM,
cnemys [206]. OrauuMTenpHOK 4epTOHi TEODHM P-aAMYECKUX 0606~
WeHHNX ¢yHKuMit mo cpaBHenwo ¢ o6obmwennnmu ¢yHkuuamu Cobo-
nesa - llBapua Han moseM BemecTseHHmx uucen [205] sapasercs
HenpepuBHOCTH saoboro nuueitHoro ¢ynxumonana (M3 nuHEHHOCTH
cjlleayeT HENPepHBHOCTH). Teopus CBEPTKH M TNpPOU3BEXEHMS
06obmennux dyHxuui, Mcnoabsywwas npeobpasosanue Pypre, Ouna
BHepBHEe pa3Bura Braamumuposum [206]. B cayvae oanoMepHmX
o6obwenunx ¢yHkumit Mu ciaegopasu xuure lenspanma, Ipaesa u
lareuxoro-Hanupo [82] u crarse Cuupnopa [193] B MHOroMepuoM
cayyae. Cmoiicrsa pgByMepHo# ¢yHkuuMx I'pPMHA paccMATPHBAIKCH
Buxynosum [35].

I'napa II

Housatue ncepponvpdepeHUMANLHOrO ONEPATOpa HA NPOCTpaH-
cTBE Qz 6uno sBegeno Bnamumuposum [208]. Heobxomumue cmepe-
HMA M3 CIHEeXTPaJbHONH TEOPDMM, MCIHOJL30BAHHHE B 3TOM TIJasBe,
MOXHO HaitTM B kmurax Puga u Cadimona [175], Nandopma u leap-
ua [60] u Mocugu [237].

Henoxanvuuit oneparop ApobHoro auddepeHUMPOBAHUI U MH-
rerpuposanns D*. 6un onpemenew u usyuen Bnagummponum [206]
(cm. raxxe [15, 168, 196, 245}).

Cnextpaneuas Teopus omeparopa D*, a > 0, xeiicTBywumero
Ha Qp, 6una mocrpoena Bnaawmupomum [207], npu stom 6un mHak-
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men aBHEiR Bum cofcrBemmux ¢ymxumit (cm. tawxe [218]). Qpro-
HODMMDOBaHHMI 6a3uc cobcTBennmux ¢ymxumit omeparopa U% (Bxmo-
yasg p = 2) ans Dp BIEpBHE NPMBOXUTCA B m. 5 § 9.

CnexTpansHasgs Teopus ncesxpogudpdepeHunaypHOTO oneparopa
Buna a*+V(z) Ha OTKPHMTO-3aMKHyTOM MHOXeCTBe ( (OTrpaHMYEHHOM
UM HEOrPAHMYEHHOM) C OI'DAHMYEHHHMM CHM3Y U CTPEMIUMMHMCH X
+» ua Geckomeumoctu dymxumamu a{€) u V(x) 6una nocrpoexna B
[208] . Hajimenm Takxke SBHHE BHDAKEHMUST I cobcrennux Qynx-
uM# U COOCTBEHHHX 4YMCEJ OMneparopa Da, a > 0, B aucke B7 M
Ha OKPYXHOCTH 57 (nna p = 2). B nacToswmest riaBe BOCIPOM3-
BOOSATCS 9T pe3yAbTaTH, BKJNYAL CJaydail p = 2, NPUBOOUTCH
o6pamenue 0oCHOBHOM TeopeMN B (ojiee CMABHONM QopMe.

MeTox TmocTpoenus MHBApDHAHTHHX coGCTBEeHHNX  QyHXuUMM
W(|$|p) p-amuueckoro omeparopa llpemunrepa D* + V(z) 6un
pa3sut BramuMmupoBuM u nybamkyerca 3pecs Bnepswe. [anreHelmee
pa3BMTHE CIeKTpaibHO# Teopum omeparopa D* + V(z) B Qp 6es
yciaosus Ha 6eckomeunocty 6uno caenamo KouyGeem [123].

Pazbuenxe mnons Qp Ha cexTopu Ouno npexnoxeno Bramu-
muposuM [207].

CrauvonapHsue M HECTAUMOHAPHHE p-aguyeckue ypaBHEHMA
Hipeaunrepa paccmarpupamucey Bragumuposum u Bonosuuem [214].

rnasa IXI

Tlo mMoBNIY OCHOBAMMEt KBAHTOBOM MEXAHMKM CM., HANDHMED,
Iupax [52], Maxxu [137], Macnos [149], Xonmeso [107].

dopManu3M p-agMYECKON KBAHTOBON MEXaHMKH, OCHOBAHHHI Ha
Tpoiike (L?(QP), ¥(z), U(t)), 6un npennoxen BnagnmupoBuM u
Bomosnuem [212, 213]. 3rtor dopManuaM BO3HMK KaK KBAHTOBAHME
P-afMYeCKoOM KJaCCUYecKoit Mexamuuku. HeMmmHOro orauMvawoumics ot
9TOr0 NMOAXOX paccMarpuBajcsa Ppoitrgom u Oncomom [74], Anaxo-
xoM ¥ ap. [3] u Mepuxom [154]. BMecto nunaMuveckoro omepa-
TOpPAa B 3THX MNOAXOAAX MCINOJML3YeTCS YHUTAPHOE IpeJCcTaBlIeHMe
KOMMYTATMBHO# PDYNNH X, TakuM 06pasoM, OHM NPUMEHUMH TOJIBKO
ANIs KBAADATHYHHX TaMWIbTOHMAHOB. Pa3nuMuusue BO3MOKHOCTH TMOC-
TPOEHMS p-aOMYeCKol KBAHTOBOM MexaHMkH paccmarpusan lapusu
[168]. Jarpamxes ¢opManusm u OeAHMAHOBCKME HHTErPaJH 1O
TPAEKTOPMAM KopOTKO o6cyxnamuce [213], BHOCHEXCTBMM 3STOT
nonxon passuBasca 3emenosum [240]. Jpyras BO3MOXHOCTE NOCT-
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‘POEHMS P-aAMYECKO! KBAHTOBON MEXAHMKK, OCHOBAHHAA HA BEpO-
ATHOCTHMX Mepax Ha npocrtpancTBe o06o6menHux QyHKumit, Ttaxxe
oTMeuanacs B [213].

MoMuMo0 p-amguYEeCKOHk KBAHTOBON MEXAHUKM C KOMIUIEKCHO3HAU-
HHUMM BOJIHOBHMM (YHKUMAMM NpeACTABAIE€T MHTEPEC M PaCCMOTpe-—
HME KBAHTOBOM MEXAHMKM C pP-aAMYHOSHAUHNMM BOJIHOBMMH yHKIIM-
amu. [212]. O6umit mogxod k KBAHTOBON MEXaHMKE C p-aAHIHO-
3HAYHNMM QYHKUMAMM, OCHOBAHHNI HA TeOPMM TayCCOBHX pacmpe-
aenenuit, 6un pasmsutr Xpemnuxosum [114, 116 120]. p-aauuecxkoe
runs6epToBo mpoctpancTeo obcyxnanoce Baiomom [29]. Bce yka-
3aHHHE BHIE MOAXOAH 3KBMBAJIEHTHH B CJIyYae IO0JIS BEWEeCTBEHHHX
YuCeN, B CAy4Yae Xe Mo p-agUvecKuX 4YMUCeJa B HACTOSWMHA MO-
MEHT MMEeTCs JiMwb HeNoJaHAs MHEGOPMALMS O CBIE3M MEXIY Dasiui-
HEMM noaxomaMu. OTMeTHM, YTO NpM NOCTPOEHMM P-aJUYECKON
KBAHTOBON MEXAaHMKM CYWECTBEHHO MCINOJIb30BAJIMCH MAEU M pe-
synsraru [.Beiuta [227], Maxku [136], Curana [187] u A.Beitns
[225]. MNMo-Buammomy, Tteopus Xaxe u Jlenrneumaca [81] Oymer
NMOJEe3Ha NpH JajdbHelweM pa3BUTHUM p-aAuve€CKod KBAHTOBOM Mexa-
HUKH .

B nocnemnee BpeMa 3HAUUTENLHHE YCUIMS OWIM HANpaBIEHH
Ha M3y4YeHMe CHEeKTPaJBbHOW TEeOpMHM B P-alAKdYeCKOl KBaHTOBOM
Mexauuke. HeoXuIaHHMM CBOHCTBOM 3TOH TEODUM SABJISETCS HaIM-
yue 6OraToro CnexkTpa Ijs BEChMa NMPOCTHX cucTeM (p-aauveckuit
FapMOHHYECKHMA ocuwasitTop). CnexkTpanpHas Teopus OJA p-afu-
Yeckol KBAaHTOBOM MeXaHMkM OHjIa NOCTpoeHa aBropamu [218],
cxonHMe pe3yneTarH Owiau momydenw Postem u gp. [182] u Me-
puxom [151].

Hccnenosauue p-aauveckux cucrem Beiuis B koHedeoMepHOM M
6eckoHEUHOMEPHOM CIyYasiX, M3YYCeHUE KOTEPEeHTHHX COCTOSHMUI M
cob6cTBeHHNx $yHkumMit B cayvae p = 3 (mod 4) OGmno nposemeno
3enenonnM [241-243].

PopMyIMpPOBKA DP-aOQMYECKON TEOpUM CTPYH C pP-aaMYHO3HAY-
HMMM ¥ KOMIUICKCHO3HAUHHMU AMIUTMTYJaMM KaX CBEDPTKM Xapakre-
pos Owna mnpeanoxena Bososuuem [219-221]. &poing u Oncon
[73] sBHecau cywecTBemHMN BKIAgZ B 9TY TEOPHO, DaCCMOTDEB
p-aguyeckue B-PyHKUME B KauecTBe CTPYHHNX aMIUIUTYX. PpoiuHa
NPemJIOKUT MCHOJb30BATE P-AAMYECKUN AHAJIM3 AJS YHPOWEHUS BH-
YHCJEHHH B CJIy4Yae pAacCCMOTDEHMS BeueCTBeHHHX cucteM. CBa3sp
p-anuqeéxoﬁ TEOPMH CTPYH ¢ rumnore3oit Beitns B Teopum wyucen
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o6cyxnamacs Tpoccmanom [95]. Hmes aaensHOro moxxona BHO-
Bunyta Manunum [145]. Baxmas azesnnHas ¢opmyna Omna ormeuena
Pponngom um Burremom [75]. IpobGneMu perymapusauumu 3Toit ¢$op-
MYJM M AaJbTEDHATHBHAA AaNEJbHAA opMyna OHJM paCCMOTDEHH
Apedresoit, JIparoBuueM ¥ BosoBuuem [16].

IlaTuTOouEUHAA P-aaMYECKAs CTPYHHAS AMIUIMTYZa DPaCCMaATpU-
Bayacs Mapunapu u Napusu [146] u ®psmnronmom u Okama [65].
N-Toueunas p-agvMueckas aMIUIMTYda MU3ydajiachk P$pIMOTOHOM u
Oxana [65, 68] u Bpexke u ap. [40, 42]. Oun nomyuwnu sddex-
TUBHY0 TEODMI C 3aMedaTeTbHHM COJIMTOHHHM pemenueMm. HHTepec-
HHe crarbu ®pomnrtona, Hummmo, Okxana u Y6puako [69, 164,
165, 167] MOCBAWEHH pP-aZMYECKUM O-MONENSIM.

HeitcrBue, paccmorperHoe B m. 4 § 16, u3yvyanocs B KBaH-
ToBo# Teopuu mnoida llapusu [168], Apedresoit u Bonomuuwem [15],
Jepuepom u Muccaposwm ]131], B Teopuu cTpPyH - CHOKOHHHM
[196] u 3amrom [245]. Ykasamnoe meiicTBMe MCTONL3KET OMepa-
Top D, npemnoxeHuwit BraguMupoBHM. p-aguuecKue MHOTrOMETJIEBHE
aMIINTYAs® Ha nepese bBpowa - Turca paccmarpuBanuck Yexosum,
MuponoBum u 3abpomunum [238, 44, 45].

lysxkta 4 - 6 § 14, nDoCBAWEHHHE MHOTONETJIEBHM AMIJIMTY-
OaM, SBJAAOTCA OYEeHb KDATKMM BBeIeHMeM B OOWHMDHYIO COBpEMeH-
HYI0 JUTEPATYPY IO TEODHMM CTDPYH. YKakeM HEKOTODPHE MCTOYHMKM
MaTepuaJsia, NMPEACTABJIEHHOT0 B 9TUX pasgenax. XopomMM KpaTKuM
BBEJeHMEeM B TEODUIO CTPYH aBisercs nasuuit oh3op llepka [184].
3aMeyaTenbHHH MCTOYHMK MHPODMAUMM 110 TEOPUM CTPYH - KHUTA
Tpuna, Wsapua, Burrenma [92]. MuoronerseBse BHUUCICHMA,
OCHOBAHHHE HA METONE KOHTHMHYAJBHHX MHTEIPAJIOB, MPELI0KEHHOM
TNlongaxosum [173], npemcraBasowT CaMOCTOATEABLHYO 06gaCTh
MCCIlegoBaHMil; (osee OEeTANLHO pa3iMYHHEe aCHeKTH MHOrometrse-
BNX BHUMCJIEeHMIt paccMoTrpenw B [6, 31, 87, 108, 143, 203].
MHOronerseBHE BHYMCIEHUS TECHO CBS3aHH C TeEeOMeTpMell KoM-
mrekcHux MHorooGpasuit [93, 162]. CeoiicTBa NpPOCTPAHCTBA MO-
Zynei, paccMoTpeHHHe B n. 5 § 14, monyuens Mamdopmom [160,
161] u Hdenuuem u Mamdpopmom [50]. Ilo mosoxy p-ammyeckux
rpynn llorrku u p-aawveckoit yuupopmuzauuu cm. Mamun [141] un
Teppuuun u Bam nep Iyt [85].

Xectkas anajmuTuyeckas reomerpus Ouna. BBexeHa TeitTom
[198] . Oua paccmarpuBanacs B paBorax leppuuuna u Bam gep
NMyra [85], Bowa, I'bmuepa u Pemvepra [28] um ®pesnena u Ban
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gep llyra [72]. Teopus p-amauveckux AupPepeHUUATBHHX ypaBHE-
uuit npexcrasiena B xuure [sopka [61].

Kepse [86] BMABMHYN UAEw MCIOJb30BAHMA pP-aAMIECKUX Ie-
PEMEHHHNX I/ pPACWMPEHUs KOHGOPMHON CHUMMETDUM HA MHOI OMEDHHII
cirydai. '

Mogxox X p-aIMYECKON TEOPHMM CTDYH C p-aZUYHO3HAYHHMU

AMIUTMTYLAMH , MCTOJb3ylouuit raMMa-¢pynxuuo Mopurw, 6ma mpemsno-
xer Bomosuuem [221] u Ipoccmanom [95]. MocpemcTBoM Qopmys
I'pocca - Ko6auua 5TOT nogxoa NPUBOAUT K TEOPUM CTPYH HAX
nonamu lanya. Crpyunsme aMmmauryas l'anya - Beneumano - Axobu
[221] moryr OuMTH BHpaXeHH B TepMuHAX AelcrBus PpobeHuyca ua
MPOCTPAHCTBE STAMBHHX KOTFOMOJIOTME. IJTOT MNOAXOX CBA3aAH C
teopueit MoTuBoB M L-¢ymkumit [158, 100, 48, 49, 28].
, BUTTEH BHABUHYJ NPEAIOJOXEHME, YTO HA MAJHX DPACCTOSHUAX
B KBAHTOBON TEODHM IIQJIA NOABIAAETCA $a3a, B KOTOPOH BocCCTa-
HABJMBAaeTcH ofmas KOBAPDHAHTHOCTHE. 3JTa dasa onucHBaercd
TOMOIOTUYECKOH KBAHTOBOI Teopued mosa - teopueit 6e3 noxain-—
HHX PACHPOCTPAHAOUMXCA cTeneHell cBoGoam. Ita Teopusa ceasana
C XOroOMOJIOTMAMM DAa3JMYHHX NpoctpaHcTs Moxyneit [233], [51].
Mo-BuauMMoMy, €CTECTBEHHHIl CledyouMit War -~ PaccCMOTDETh aHa-
JIOTMYHHE TEOPUM HaX P-aJMYECKHUMM YUCJIAMU U JOPYTUMM YUCJIO-
BHMM TOnaAMM. OTMETMM, 4YTO METOAH COBDEMEHHONR KBAHTOBON Te€O-
PMM IO OKA3aJUCh TNOJE3HWMM TPH UCCJACAO0BAHHMM CBOMCTB NPO-
CTPAaHCTBE MOXyiedl pHMAHOBWMX moBepxmocrteit [99, 170, 234,
124] .

Haparpa¢ 15, xacawumitca cBi3eil MEXAYy ¢-aHAJIM30M M KBAH-
TOBHMM TDYNNaMK, B OCHOBHOM cjiexyeT pabore Apedrepoit wu
Bonosuua [22]. Jpyrue CBA3M MEXIY STMMH TEOPHAMU OTMEUAJIKChH
Maxmounanegom [134] u ®poistugom [78, 79]. B nocneazuue roas
MPOUCXOXWIO HHTEHCMBHOE DPa3BUTME TEODMM KBAHTOBHX T pPYII.
Nlpupenem savmp Hexoropue ccunxu: [Apunpenss [58], Ixumbo
[80], ®amnees, Peweruxun u Taxramxan [62], Bopomosuu [235],
Manun [144]. ¢-medopMMpOBAHHNIE OCUMWIIATOP PACCMATPHBAJICA
Buneuxapuom [34] u Max¢epnaimom [135]. O06umit mogxoa x
HEKOMMYTATHBHO# reoMmeTpuu passuBainca Kommom [47]. Hexom-
MyTaTHBHOe AMb¢depeHUMANBLHOE MCYMCIEHME paccmarpusaioch Bec-
coM u 3ymuno [224]. 0 BO3MOXHHX IPUMEHEHHAX KBAHTOBHX FPYMI
B TeopuM mnois cM. ApedreBa u Bonosuu [24]. Kypmeumaep [125]
obcyxnan CBA3b MENAY ¢-aHAJIIU30M M KBAHTOBHMH T'DYHNAMM.
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Cnyuvaitnue npoueccH ¥ oGoGwennne cayvaitRMe NpoueccH pac-
CMATDMBAJIMCH MHOTUMK aBTopaMu. (OrMeTMmM, B 4YaCTHOCTH, Ann-
6esepuo u ap. [4], Tensbanx u Bunenxun [83], Tuxman u Cko-
poxox [88], Axkkapau, ®pureitpo u Jvwouc [2], Xuma [103] u
Xeitep [102]. BepoATHOCTHMH IOAXOA X KBAHTOBON TEOPHM Nons
paccmarpuBaercs B kmurax Ismmva u lxadppe [89] u Caitmona
[91].

B nocnegnee BpeMa HOBHE HHTEDECHHE NOAXORH K OMMCAHUO
CTPYKTYpH UPOCTPAHCTBA-BpeMeHu OwiM BHIBMHYTH B pabortax
Beunera, Hunascoma un Mueexa [33], Anesapeua, Cecnmeseca u
Bepnaryepa [4] u Anmema, KybOmumuna um Pemrtesma [111]. Ocmos-
Haf KBAHTOBAA NEPEMEHHAd B 3TOM NOAXOZEe - METPHKA Ha Mer-
PHYECKOM TpOCTpaHCTBe. TakKoil MOXXOX /[OKEH eCTEeCTBEHHO
BKIOYATE B cebd U yapTPaMeTpHKY.

lleppue waru B H3yUYeHMM p-alfiMYeCKMX YDABHEHMH IJMHWTElHHa
M KBAHTOBOH p-aauvyeCckoil T'DaBHTAUMM ONIM NPeInpHHATH B pabo-
tax ApedwseBoji, BosoBuya, [parosuya u $psmurona [20, 71, 21,
54, 57].
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